The exercises of ,Quantum Mechanics, The Theoretical Minimum*“

Preface

This file contains the exercises of ,,Quantum Mechanics, The Theoretical Minimum® and is specific in
this respect. On the other hand, the topics generally deal with quantum mechanics and maybe are
helpful for reasons of training too.

| tried to make the exercises explicit so most of them can be tackled without specific knowledge of
the book itself. | also tried to write a kind of “deep dive” solutions that give you more information
than just the correct result.

Hope | can help you with learning quantum mechanics.

| would like to thank Sunjiv Varsani, Dhruv Patel, Kenneth Verbist and Dr. Wolfgang Lindner that
helped for minimizing the number of errors in this paper ...

Dieter Kriesell
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The exercises of ,Quantum Mechanics, The Theoretical Minimum*“

Exercise 1.1
a) Using the axioms for inner products, prove {(A| + (B|}|C) = (A|C) + (B|C).
b) Prove that (4|A) is a real number.

Exercise 1.2
Show that the inner product satisfies linearity and interchange.

Inner product:

b,
* * * b * * *
(A|B) = (alaz ...anl) 2 =ai;b, +a3b, + -+ apb,
by
Linearity: (CI{]A) + |B)} = (C|A) + (C|B)

Interchange: (B|A) = (A|B)*

Exercise 2.1
Prove that the vector |r) is orthogonal to vector |I):

) = —=lw) + = 1d)
M =g !
b=l = ld)

Exercise 2.2
Prove that |i) and |o) satisfy the conditions in Egs. 2.7, 2.8, and 2.9.

Are they unique in that respect?

Eq. 2.7:
(ilo) =10
Egs. 2.8:
(olu)ulo) =3 (old){dlo) = >
(il)uli) =5 (ilaxdliy = ;
Egs. 2.9
(olr)(rlo) =3 (oliXlo) = 3
(i)l =5 (i) =

. 1 [ , 1 i

i) = 75 |u) + 5 1d) and (i| = (u| 5 —(d| 5
1 [ 1 i

|0} = 5 lu) = 7 1d) and (o] = (ul 75+ (d| ;5
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The exercises of ,Quantum Mechanics, The Theoretical Minimum*“

Exercise 2.3
Assume that |i) and |o) are given as:
i) = alu) + Bld) and (i| = (u|a” + (d|B"
lo) = ylu) — &|d) and {o| = (uly" — (d|6*
a) Use Egs. 2.8 to show that

1
b) Use the above result and Egs. 2.9 to show that:

a*'f+af*=0

c) Show that a* must be pure imaginary.
Egs. 2.8:

(olu)ulo) =3 (old)dlo) = 2

(ilupuli) = (ild)dli) =1
Egs. 2.9

(olr)(rlo) =3 (ol1){l]o) =1

(ilryrliy =5 (il =
Exercise 3.1

Prove: If a vector space is N-dimensional, an orthonormal basis of N vectors can be constructed
from the eigenvectors of a Hermitian operator.

Exercise 3.2
Prove that g, of Eq. 3.16 is the unique solution to Egs. 3.14 und 3.15.
Eq. 3.16
_ ((02)11 (02)12) _ (1 0 )
z (021 (02)21 0 -1
Eq.3.14
((Uz)n (%)12) (1) _ (1)
(0)21 (02)21/\0 0
Eq.3.15
((Uz)n (%)12) (0) __ (0)
(021 (0)21/ M 1
Exercise 3.3

Calculate the eigenvectors and eigenvalues of g;,.
Assume the eigenvector 1, has the form:
(cos a)
sina

a is an unknown parameter. Plug this vector into the eigenvalue equation and solve for a in terms
of 6.
Why did we use a single parameter a?

Notice that our suggested column vector must have unit length.
_ (cos 6 sin@ )
sin@ —cos@

(no —cose) Cina) = (iine)

n

To show:
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The exercises of ,Quantum Mechanics, The Theoretical Minimum*“

Exercise 3.4

Let n, = cos@, n, = sinfcos¢p, and n,, = sinfsing.

Angles 8 and ¢ are defined according to the usual conventions for spherical coordinates.
Compute the eigenvalues and eigenvectors for the matrix g,:

o = < n, (n, — iny))

(n, + iny) -n,

Exercise 3.5

Suppose a spin is prepared so that g,,, = +1. The apparatus is then rotated to the 7 direction and
0, is measured. What is the probability that the result is +17?

Note that g, = ¢ * M, using the same convention we used for g,,.

Exercise 4.1
Prove that if (the time operator) U is unitary, and if |A) and |B) are any two state-vectors, then the
inner product of U|A) and U|B) is the same as the inner product of |A) and |B). One could call this
the conservation of overlaps. It expresses the fact that the logical relation between states is
preserved with time.
U is unitary:
vtu =1
UlA) = (A|UT

Exercise 4.2
Prove that if M and L are both Hermitian, the (extended) commutator i[M, L] is also Hermitian.
Note that the i is important. The commutator is, by itself, not Hermitian.

Hermitian: the diagonal is pure real and: M = M

Exercise 4.3
With the definition of Poisson brackets check that the identification in Eq. 4.21 is dimensionally
consistent. Show that without the factor #, it would not be.
Eq. 4.21
[F,G] & ih{F,G}

. 2
] =)-s =<

52

Exercise 4.4

Verify the commutation relations:
[ax, ay] = 2io,
[ay, O'Z] = 2i0,
[0z, 0x] = 2i0,

%=1 o)v=( 9= 2)
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The exercises of ,Quantum Mechanics, The Theoretical Minimum*“

Exercise 4.5
Take any unit 3-vector 7 and form the operator

H = 70’ . ﬁ
Find the energy eigenvalues and eigenvectors by solving the time-independent Schrodinger

equation. Recall o - 7 in component form:

Exercise 4.6

Carry out the Schrodinger Ket recipe for a single spin.

The Hamiltonianis H = hTwaz and the final observable is g,.

The initial state is given as |u) (the state in which g, = £1).

After time t, an experiment is done to measure g,,.

What are the possible outcomes and what are the probabilities for those outcomes?

Exercise 5.1

Verify that any 2 X 2 Hermitian matrix L can be written as a sum of four terms,
L = aoy + boy, + co, + dI

where a, b, c and d are real numbers.

The four Pauli matrices:

o= () o= o= )= )

A general Hermitian matrix (r, ) are real numbers:

(we )
w* 1
Exercise 5.2

1) Show that (A A)? = (A?)and (A B)? = (B?)
2) Show that [4, B] = [A4, B]
3) Using these relations, showthat AA A B > % [(W|[A, B]|W¥)|

The square of uncertainty (or standard deviation) of A, (A A)?2:

(A4 =) @P@) = ) (a—(AD*P(4)

a

Exercise 6.1
Prove that if P(a, b) factorizes:

P(a,b) = Py(a)Py(b)
then the correlation between a and b is zero:

(0405) — (04){0p) =0

Average:

(0) = ) anP(an)
(08) = ) baP(by)

19 = Y anbuPlanb)
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The exercises of ,Quantum Mechanics, The Theoretical Minimum*“

Exercise 6.2
Show that if the two normalization conditions are satisfied:

aya, Fazay =1

BuBu + BaPa =1
then the state-vector is automatically normalized as well:
ayPyluu) + ayfalud) + agByldu) + agfqldd)

In other words, show that for this product state, normalizing the overall state-vector does not put
any additional constraints on the a's and f's.

Exercise 6.3
Prove that the state |sing) cannot be written as a product state.
1
Ising) = —= (Jud) — |du))
V2

The shape of a product state:
ay Py luu) + ayfglud) + agfyldu) + agBqldd)

Exercise 6.4
Use the matrix forms of g, 7,, g, and the column vectors for |u) and |d) to verify:

ou)=1|u) and  o,|d) = —|d)
oxluy =|d) and  oyld) = |u)
oylu) = ild) and oyld) = —ilu)

Then, use:
Tlu)=|u) and  7,|d) = —|d)
xluy=1d) and  7,|d) = |u)
7ylu) = ild) and 7y |d) = —i|u)

to write the equations for all possible combinations of the tensor product states o, |uu) = |uu)
etc.

Exercise 6.5

Prove the following theorem:

When any one of Alice’s and Bob’s spin operators acts on a product state, the result is still a
product state.

Show that in a product state, the expectation value of any component of & or T is the same as it
would be in the individual single-spin states.

Exercise 6.6
Assume Charlie has prepared the two spins in the singlet state. This time, Bob measures t,, and
Alice measures o,.. What is the expectation value of 0, 7,,?
What does this say about the correlation between the two measurements?
1
Ising) = —= (lud) — |du))
V2

(sing| = %«ucu ~(du)
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The exercises of ,Quantum Mechanics, The Theoretical Minimum*“

Exercise 6.7
Next (after Charlie has had prepared the two spins in the singlet state), Charlie prepares the spins
in a different state, called |T;), where
1
IT1) = —=(lud) + |du))
)

T stands for triplet. The triplet states are completely different from the states in the coin and die
examples.

What are the expectation values of the operators 0,7,, 9,7y, and gy T,,?

Notice what a difference a sign can make.

Exercise 6.8
Calculate the expectation values of the operators 0,7,, 05Ty, and 0,1, for the other two
entangled triplet states:

1
|T;) = ﬁ(luw +[dd))

1
|T3) = ﬁ(luu) — |dd))

(Addendum: at the end of this exercise we check the expectation values for the singlet state too.)

Exercise 6.9
Prove that the four vectors |sing), |T;), | T, ), |T5) are eigenvectors of & - 7.
What are their eigenvalues?

Ising) = 7 (lud) — |du))
IT1) = 5 (jud) + |du)) IT2) = 25 (juw) + |dd)) IT3) = 7 (fuu) — |dd))

Exercise 6.10

A system of two spins has the Hamiltonian:
wh

H=—2030"T
2
Question 1)
What are the possible energies of the system, and what are the eigenvectors of the Hamiltonian?
Question 2)

Suppose the system starts in the state |uu).
What is the state at any later time?
Answer the same question for initial states of |ud), |du), |dd.

Exercise 7.1

Write the tensor product I ® 7, as a matrix, and apply that matrix to each of the |uu), |ud), |du)
and |dd) column vectors. Show that Alice’s half of the state-vector is unchanged in each case.
Recall that I is the 2 X 2 unit matrix.

Exercise 7.2

Calculate the matrix elements of o, ® 1, by forming the inner product analog to:
(uulo,lluu) (uul|o,Ilud) (uu|o,I|du) {(uu|o,l|dd)
(ud|o,lluu) (ud|o,llud) (ud|o,I|du) (ud|o,I|dd)
(dulo,lluu) (dul|o,Ilud) (du|c,I|du) {dulo,I|dd)
(dd|o,Iluu) (dd|o,Ilud) (dd|o,I|du) {(dd|o,I|dd)
o, operates to the left, I to the right.

0,1 =
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The exercises of ,Quantum Mechanics, The Theoretical Minimum*“

Exercise 7.3
Consider the equation:

(A® B)(a® b) = (Aa ® Bb)

A and B represent 2 X 2 matrices (or operators), and A and b represent 2 X 1 column vectors.

a) Rewrite the equation:
(A® B)(a ® b) = (Aa @ Bb)

in component form, replacing the symbols A, B, a, b with the following matrices and column
vectors:

AllBll A11812 AIZBll AIZBIZ
A11321 AllBZZ A12321 AlZBZZ
A21B11 Az1B1z AzpBiy AzzBrp
AZIBZI AZIBZZ A22321 AZZBZZ

A®B =

ay1b1y
a1 bll)_ ay1byy
(a21)®(b21 | az1b1q
az1byy

b) Perform the matrix multiplication Aa and Bb on the right-hand side. Verify that each result is a
4 X 1 matrix.

c) Expand all three Kronecker products.

d) Verify the row and column sizes of each Kronecker product:
o A®B:4%x4
e a®b:4x1
o Aa®Bb:4x1

e) Perform the matrix multiplication on the left-hand side, resulting in a 4 X 1 column vector. Each
row should be the sum of four separate terms

f) Finally, verify that the resulting column vectors on the left and right sides are identical.

Exercise 7.4
Calculate the density matrix for:
|¥) = ajuu) + Bluu)

Answer:
Yy =a; p*(w) =a”
Y(d) =p; Y (d) =p"
a‘a af
Para = (ﬁ*a ﬁ*ﬁ)

Now try plugging some numbers for a and 5. Make sure they are normalized to 1. For example,
1 1
“=5F=7

page 8 of 106
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Exercise 7.5

a) Show:
2

(g 2) =(%2 bOZ)

1/3 0
g =< 0 2/3)

p?,  Tr(p),  Tr(p?

b) Now, suppose:

Calculate:

c) If p is a density matrix, does it represent a pure state or a mixed state?

Exercise 7.6
By the standard rules of probability, the probability for a:

P(a) = ) ¥ (@, bp(a,b)
b
This is just a diagonal entry in the density matrix:

P(a) = paq

Use P(a) = pgq to show that if p is a density matrix, then:
Tr(p) =1

Exercise 7.7
We have the density matrix:

1/2 0
p:< 0 1/2>

Calculate p?. How does this result confirm that p represents an entangled state?

Exercise 7.8
Consider the following states:

1
Y1) = 5 (luw) + |ud) + |du) + |dd))

1
l2) = ﬁ(luu) + |dd))

1
[¥s) = 2 (B + 41dd))

For each one, calculate Alice’s density matrix and Bob’s density matrix. Check their properties.

Exercise 7.9

Given any Alice observable A and Bo observable B, show that for a product state, the correlation

C(A, B) is zero.

Exercise 7.10

Given a measuring apparatus with the states |b) for initial blank state, |+1) for “result of spin

measurement is up” and |—1) for “result of spin measurement is down”.
Verify that the state-vector

oy |u, b) + aq|d, b)
represents a completely unentangled state.
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Exercise 7.11
Calculate Alice’s density matrix for g, for the “near-singlet” state.

Exercise 7.12

Verify the numerical values in each rap sheet.

This is a very specific exercise that refers to so called “rap sheets”. The solution here is for reasons
of completeness only. It is a superset of the solution to exercise 7.11.

Exercise 8.1
Prove that the position operator X and the momentum operator D are linear operators.

X: X (x) = xp(x)

do(x)
D:D =
@(x) I
Exercise 9.1
Applicate the Hamiltonian
h? 9% (x)
_ - F
2m  0x2 Y
to the wave function:
iv,
P(x) =eh
Show that this wave function is a solution, if we set:
p2
~2m

Exercise 9.2

Prove the following equation by expanding each side and comparing the results:
[P?2,X] = P[P, X] + [P, X]P

P is the momentum operator, X is the position operator — both are matrices.

[P, X] is the commutator relation: [P, X] = PX — XP

Exercise 9.3
Show that the right-hand side of

d d
VGO, PRp() = V() (=it ——) 90 = (=i VCO(@)
simplifies to the right-hand side of:
AV (x)
[V (), PR () = ih—

Hint: First expand the second term by taking the derivative of the product.
Then look for cancellations.

Exercise 10.1
Find the second derivative of x:
x = A-cos(wt) + B - sin(wt)
Show thereby that it solves:
—w?x =%
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Exercise 1.1
Using the axioms for inner products, prove {(A| + (B|}|C) = (A|C) + (B|C).

a)
b) Prove that (4|A) is a real number.
k k % % k k k % k k

a)
{{A] +(BJ}IC) =
[(CI{]4) + |B)}]"
(ClAY +(C|B)" =

(Alcy™ +(B|CY™ =
(AIC) + (BIC)

b)
a;

(A1) = (aiay . ap,) | ©
an

aja, + aza, + -+ ana, =

la|? + |az|? + -+ lay|* €R
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Exercise 1.2

Show that the inner product defined by Eq. 1.2 satisfies all the axioms of inner products.

Inner product:

b,
* * * b * * *
(A|B) = (a1a2 ...anl) 2 =aib, + asb, + -+ apb,
by
Linearity: (CI{]A) + |B)} = (C|A) + (C|B)

Interchange: (B|A) = (A|B)*

* k k k % k k% % %

Linearity:
(CI{1A) + |B)} =
a, + by
x % a, +b
(cics cn)| 2 2
a, + by
ci(a; + by) +c3(ay + by) + -+ cpla, + by) =
ciaq + ciby + cza, + c;by + -+ cpa, + cpby, =
ciaq +ca, + -+ cpa, +ciby + c3by + -+ by, =
a; by
* % * az * % * b
(clc2 cnl) + (clc2 cnl) 2 =
a, b,
(ClA) +(C|B)
Interchange:
by
* * % * b2 *
(AlB) = (a1a2 ...anl) =
by,

(aiby + azby, + -+ apb,)" =
a;*by + ay"b; + -+ ay'by, =
a by + ayb; + -+ a,b;, =
bia, + bya, + -+ bja, =

a;
a;

(bibs..b;)| 2| =

(Bl4)
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Exercise 2.1

Prove that the vector |r) is orthogonal to vector |[):

1 1
) zﬁlu)_l_ﬁld)
1) = = ) — = |d)
N AR

* k% k k % k k% % %

If |r) is orthogonal to |1), then the scalar product (r|l) must be 0.

(r|l) =

((ul 5+ 1) (1 - =1b) =

11 11
== () - ==

N (dld) =

11 1
\/f\/fmld) + ﬁﬁ(d“‘) BN

1 1 d 1 d 1 dldy =
> ) = 5 (uld) + 5 (@) = 5 (dld) =

L 0+0 1—0
2 2

page 13 of 106



The exercises of ,Quantum Mechanics, The Theoretical Minimum*“

Exercise 2.2

Prove that |i) and |o) satisfy all the conditions in Egs. 2.7, 2.8, and 2.9.
Are they unique in that respect?

Eq. 2.7:
(ilo) =
Egs. 2.8:
(olu)ulo) = (old)dlo) =2
(ilu)uliy = (ildxdli) = 3
Egs. 2.9
(olr)rlo) =3 (oli)llo) =1
(ilryrliy =3 (i) = 3

|§) = 55 )+ —|d) and (i] = (u| 5 — (d] 55

lo) = 75 Iu) — —|d) and (o] = (ul 7+ (d| 55

k k %k %k %k 3k k k ¥ %

Eq.2.7:(ilo) =0
(ilo) =

(w15~ 1) (5t - =1) =

i 1 i i
N AN

1
V22

e L S S
2 2 2 2 7

11
(ulu) —

ﬁﬁ (uld) —

Egs. 2.8 (o|u)(ulo):

1
(ol = ((ul =+ (d] =) () =

i
V2 ﬁ)
(%wu) +é<d|u>) -

-
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The exercises of ,Quantum Mechanics, The Theoretical Minimum*“

. |
(ulo) = () (51w - 1) =

"

1 i
ﬁ(uhl) - E(Md) =

—0=

sl -

1
N

1
(olufulo) = —

V2

2 2

Sl -

Egs. 2.8 (o|d){d|o):
(old) = ((u —+(d —i
| —= | —=

(5l + = (ala) =

) 1) =

O

. |
(dlo) = (D (51w - 1) =

NN

1 i
ﬁ(dlu)—ﬁ(dld) =

0—

oL
V2. V2

i —i

(old)dlo) = ——=3

Egs. 2.8 (i|u)(uli):
] B 1 B i

(5o s et -

(lu)) =

-3
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Egs. 2.8 (i|d){d|i):

Egs. 2.9 (o|r)Xr|o):

1 i
(ult) = () () + 1) =

NPAN

1 i
ﬁ(ulu) —ﬁ(uld) =

. ) 11 1
(il = =5

1 i
(1) = (Gl 7=~ (dl 7=) (1) =

(5l == taia) =

-3

1 i
(dliy = ((d) (ﬁm) +ﬁ'd)) _

1 i
ﬁ(dlu)—ﬁ(dld) =

0—

~l L

L
V2

ildydliy = ——L =1
Hendin =R "2

. 1 i i 1 .
|£) =ﬁ|u) +%|d) and (i| = (ulﬁ_ul\/%
1 i 1 ,
lo) = %5 1u) = 71d) and (o] = (u| 75+ (d] 35
1 1 1 1

Ir) = Zlu) + Fld)and (r| = (u| =+ (d| 5

1) = 5 [u) — = |d) and (1] = (u| = — (d] &
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Egs. 2.9 (o|r)Xr|o):

(o|r) = ((u|%+ (d|%> (%w) +%|d)> =

Ly =L i)+ ey + =) =
N AN N A NG Yo AN, IV A

Larlosloosla-
22 T2 20T

1+
2
(rl0) = ({ul 5+ a1 =) (o - =1y) =
11 1 i 11 1 i
ﬁﬁ(ﬂu)—ﬁﬁ(ﬂd)'i'ﬁﬁ(dhl)—ﬁﬁ(dm)=
1. _i.0+1.0_i.1:
2 2 2 2
1—1i
2
L
(olrifrio) = ot L1222

Egs. 2.9 (o|l){l]o):

11 11 i1 i1
ﬁﬁw'u)_ﬁﬁ(uld)+ﬁﬁ(dlu>_ﬁﬁ(dld>:
LR LI

2 2 2 2
1—1i
2
(o) = (@l - Wi =) (5 o - 1)) =

EE A I DR UL D U
vz i = ) - g e + s dld) =

11 i0+10+i1—
2 2 2 2

1+

2
1—i 1+i 1-(@G-D? 2 1
(o|lI)l]o) = 5 o= ) =275
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Egs. 2.9 (i|r){(r|i):

(ir) = (tul 7= — () =) (10 + 1)) =

V2 V2/ \\2 V2
1 1
??( ulu) + ??( uld) — \/—\/E(dhl) TT( |d) =
1 1

i i

1-—1i
2
L 1 1\/1 i ~
(rliy = ((ul 5+ (a1 ) (ﬁ|u> +5ld)) =
11 1 1
() + S Guld) + <l + = (dld) =

V22 V22 V22 V22

! 1+l 0+1 0+l 1=
2 2 2 2

1+

2
, L1014 1—(1 D2 2 1
(ir)(rli) = > > 7 =13

Eqgs. 2.9 (i|1)(1]i):

(il = (M%— (dlx/i_) (%m) —%|d)) -

??( ulu) — ??( uld) — \/_\/_(dlu)+T?(d|d)

11101011_
2 P20 0T

1+
2

() = (tl 7= 1 =) (5 1) + = 1) =
V2 V2/ \\2 V2

1 1 1 i 11 1
ﬁ?<u|u)+ﬁﬁ<uld>_ﬁﬁ(dlu> TT(dld)

11+i0 10 i1—
2 2 2 -

2
1—i
2
140 1-i 1-(GDr 2 1
(EiNt) = — = 2 =7=3
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Are |i) and |o) unique in that respect?

I think that this question goes to the phase ambiguity. |i) and |o) can be multiplied by any z of the
form z = e'® without disturbing the relationships 2.7, 2.8 and 2.9.
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Exercise 2.3

Assume that |i) and |o) are given as:
i) = alu) + Bld) and (i| = (u|a” + (d|B~
lo) = ylu) — &|d) and (0| = (u|y" —(d|5"

a) Use Egs. 2.8 to show that

1

b) Use the above result and Egs. 2.9 to show that:

a'f+aB*=0
c) Show that a* 8 must be pure imaginary.
Egs. 2.8:
(olu)ulo) = (old)(d|o) = 3
GIOIES (ildxdliy = 1
Egs. 2.9
(olr)(rlo) = 3 (oli){llo) = 2
(ilrrliy =3 (i) = 3

k %k %k % %k % k k ¥ %

a) Use Egs. 2.8 toshowthata*a = B*f =y y =66 = %

(olu)ulo) = =
2
(ol = (Guly® — (d]5")lu) =
Y (ulu) — 6*(dlu) =
g0y

(ulo) = (u|(ylu) — 6]d)) =
y{ulu) — 6(uld) =
y-1-6-0=y
(oluulo) = vy
According to equation 2.8 this gives y*y = %

1
{old){d]o) =7
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(old) = ((uly” —(d[6")|d) =
y*(uld) — 6*(d|d) =
y 0—6°1=—6"

(dlo) = (d|(y|u) — 6|d)) =
y{dlu) — 6(d|d) =
y-0—-6-1=-6
(old)Xd|o) = 676

1

According to equation 2.8 this gives §*§ = 3

1
(iluuli) = 5

(ilu) = (ula” +(d|B*)|u) =
a*(ulu) + p{(d|u) =

a’-1+p*-0=a"

(uli) = (ul(alu) + Bld)) =
a(ulu) + pluld) =
a-1+f:-0=a
(o|lu){u]o) = a*a
According to equation 2.8 this gives a*a = %

1
(ildxdliy =

(ild) = ((ula™ +(d|B")]d) =
a*(uld) + p*(d|d) =
a0+ -1=p"

(dli) = (d|(alw) + B|d)) =
afd|u) + p{d|d) =
a-0+p-1=p
(ilaidliy = B*B

1

According to equation 2.8 this gives §*f8 = 5

b) Use the above result and Egs. 2.9 to show that
a'f+af*=0
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i) = alu) + B|d) and (i| = (u|a” + (d|B*

|r)y = %lu) +%|d)and (r| = (u|%+ (‘ﬂ%

1 1
(i) = (ula + (1) (=) + 1)) =

@ )+ quld) + Pty + By =
N AN AV, A, A

C vl o0
V2 V2 N2 W2
LA
ARG

(i) = (510 + 1)) Cula + (1) =

) + - quldy + 2y + gy =
N A, AV, A, A

il+io+£ +
V2 V2 V2 V2
a
—+
2

£
N7

(ilrKrli) =

1
2
(i)l = (—+—)( +£) -
V2
(@ +) @+ f) =
AN A
1
2@ + )@+ ) =
%(a*a +a'B+pa+pB) =

1 1
(ilrXrli) = E(a*a +B B +a’f+pa)= >
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* « 1
From part a) we know that a*a = 8" = 5

111 ) -
2\2 2 2
1 1
§+§+a*ﬁ+ﬁ*a=1
1+a*'f+Ba=1

a'f+La=0

c) Show that a* 8 must be pure imaginary.
leta=r+is,a*=r—is,f=t+iu, " =t—iu.
a*B+Ba=0->T—is)(t+iw)+(r+is)(t—iu) =0
(rt+iru—ist+su)+ (rt—iru+ist+su) =0
2rt+2su=0
rt+su=20

rt = —su
r=—2-
t
su
a’f=@—is)(t+iu) = (_T_is) (t+iw) =

isu?
—su—T—lSt+su =

isu? [su? [su? + st?
———ist=—i|—+ st | =—1l|\—]—
t t t
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Exercise 3.1

Prove: If a vector space is N-dimensional, an orthonormal basis of N vectors can be constructed from
the eigenvectors of a Hermitian operator.

* k k %k k % k k % *k
The eigenvectors of a Hermitian operator form a complete set of linear independent vectors, out of

these can be constructed an orthogonal basis and, by dividing through their length an orthonormal
basis. This holds for finite dimensional vector spaces.

For the example of the R® we want to show how to construct the change of basis vectors.

1 1 0
Let <0> , (1) and (1) be a set of vectors By, B, and Bs that form a basis B of R3.

§---6

They are linear independent:

We transform this:

1 1 00 1 0 =10 2 0 00 2 0 00 2 0 00
0 1 10— 01 1/10» 0 1 1/0~ 0 1 110~ 0 1 o]0
1 0 10 1 0 10 1 0 10 0 0 10 0 0 10

which makes clear that the only solution to thisisa=b=c=0.

The linear independent vectors define a matrix P, a linear map:

1 10
P=({0 1 1
1 0 1

X1
Let <x2> be a vector with respect to this basis B: x = x;B; + x,B, + x3B3.
X3

X1 1 0 0
Then P <X2> give the coordinates of x in the canonical basis E4, E; and Ea: (0) ) (1) and (0)
X3 0 0 1
X1 1 1 0\ /%1 X1+ X
X3 1 0 1/ \x3 X1+ X3
0\ /1 1
1/ \0 1
0\ /0 1
1)]{1]=1(1
1/ \0 0
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(9)-(6 3 )6)-C)

To get this the other way around we must find the inverse matrix P~1.

1 1 0 1 0 O
0 1 1]/{0 1 0 line 3 minus line 1
1 0 1 0 0 1
1 1 0 1 0 O
0 1 1 [{0 1 0 line 3 plus line 2
0 -1 -1 0 1
1 1 0 0 0
0 1 1] 10 line 2 minus line 3/2
0O 0 2 1 1
1 1 1
1 00 2 2 2
01 0] 1 1 1| line 3 divided by 2
0 0 2 \z 2 ‘5/
1 1 1
/1 1 1
2 2 E\
0L Ol 3 73
0 0 1 k 1 1 1)
2 2 2

Our inverse matrix P~1:

1(1 -1 1)
1 1 -1
-1 11

Applied to the linear independent vectors By, By, B3 this must give the canonical basis Ey, E;, E3.

Check:
1 1/1 -1 1\/1 1/2 1
P‘10=§1 1 -1 0=§0=0
1 -1 1 1/\1 0
1 1/1 -1 1\/1 1
P‘11=§1 1 -1 1=§2=1
0 -1 1 1/\0
0 1/1 -1 1
P‘11=§1 1 —-1|{1]==l0]=]|0
1 -1 1 1/\1 2 1
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Exercise 3.2

Prove that g, of Eq. 3.16 is the unique solution to Egs. 3.14 und 3.15.

Eq. 3.16
@) (@)
7=(or )= %)
Eq.3.14
@)1 (@)
(o o) (o)=(o)
Eq. 3.15
@)1 (@)
(oo @) D=-@)
Eq.3.14
@ D@ =()-a=1ec=0
Eq. 3.15

The result is the matrix

Proof by contradiction eq. 3.14:

let (Z) witha # 1and b # 0

and(y 2 ()=o)
1-a+0-b=1-a=1contradiction
0-a—1-b=0-b=0contr.
The same holds for eq. 3.15:

let (Z) witha #0andb # 1

and (5 ) ()= (%)
1-a+0-b=0-a=0contr.

Ora—1-b=-1- b =1contr.
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Exercise 3.3
Calculate the eigenvectors and eigenvalues of o,,. Assume the eigenvector 4, has the form:
(cos a)
sina
a is an unknown parameter. Plug this vector into the eigenvalue equation and solve for a in terms of

6. Why did we use a single parameter a? Notice that our suggested column vector must have unit
length.

n

=(Gno coso)

To show:
(6059 sin@ )(cosa) — 3 (cosa)
sin® —cos@/\sina/ "1\sina
k %k %k %k sk *k %k %k k 3k

(cos@ sin@)(COSOI)_(cos@-cosa+sin9-sina)
sin@ —cos@/\sina sin@-cosa —cosf -sina

(cos 0 - cosa + sin6 - sin a) _ (cos a)
sinf - cosa — cos@ - sina I\sina

This must be valid for every coordinate, so we get two equations:
cos B -cosa +sinf -sina = A, -cosa
sinf - cosa —cosf-sina = A, rsina

Trigonometric identities:

cos 0 -cosa+sinf -sina = cos(6 — a)
sinf - cosa — cos O - sina = sin(6 — a)
We have:
cos(@ —a) =4, cosa

sin(f —a) = 1, - sina

. . . . L 6
Sin and cos are nonlinear functions, the only possible solutionis: 1; =1 and a = pr

7] 7]

(COSG sinH) COSE _ COSE
sinf —cos@ N N
smz smz

For the second eigenvalue/eigenvector we use that both eigenvectors must be orthogonal.
cosa\ /a
(sina) (5) = ©
sina/\b
a-cosa+b-sina=0
Again, as sin and cos are nonlinear functions, possible solutions are

a=—sina;b =cosa

a=sina;b=—cosa
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We try the firstone:a = —sina ;b = cosa

(cos 6 sinf ) (— sin a) _ (—cos 0 -sina + sin @ - cos a)
sinf —cos@ cosa —sinf-sina —cosf - cosa

(—cos 6 -sina + sinf - cos a) _ (— sin a)
—sinf -sina — cosfO - cosa 2\ cosa

Using the trigonometric identities again we get:
sin(@ —a) = A, - (—sina)
—cos(0 —a) =1, -cosa

. . . 0
with the solution: A, = —1 and againa = 2

Check the second solutiona = sina ;b = — cos a:

(6059 sinH)(sina)_(cos@-sina—sin@-cosa)
sinf —cosf/ \—cosa sin@ -sina + cos 8 - cosa

(cos@-sina—sin@-cosa)_ (sina)
sin@ - sina + cos @ - cos 2\—cosa

Using the trigonometric identities again we get:
—sin(@ —a) = A, -sina
cos(0 —a) = A, - (—cosa)

. : 9
with the same solution: 4, = —land a = >

Why did we use a single parameter a? Notice that our suggested column vector must have unit
length.

Working with polar coordinates in a plane we need two parameters to determine a vector. One
parameter is the length that is fixed to one, so we have as second parameter the angle.
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Exercise 3.4
Let n, = cos@, n, = sinfcos¢p, and n,, = sinfsing.
Angles 8 and ¢ are defined according to the usual conventions for spherical coordinates.

Compute the eigenvalues and eigenvectors for the matrix g,,:

o = ( n, (n, — iny)>

(nx+iny) -n,
k sk %k %k sk k %k sk sk %k

With the above definitions this transforms to:

_ ( cos 6 sin @ cos¢ — isin@ sind))
" \sin 6 cos¢ + sin O sing —cos6

The determinant of the matrix

( (cos8)—2 sinf cos¢p —isinf sin(;b)
sin 8 cos¢ + sin 0 sing —(cosB) — A

must be zero in order the matrix to have eigenvectors.

|( (cos8)— A sinf cos¢p — isinf sin¢)|
sinf cos¢ + sin 8 sing —(cosf)—41

=0
((cos ) — A)(— (cosB) — 1) — (sin b cos¢p — i sin O sing)(sin O cosp + sin O sing) =
—c0s?0 + 12 — (sin?0cos?¢p + sin?fsin?P) =
—c0s20 + 2% — sin?6(cos?*¢p + sin’¢) =
—cos%6 + 1? — sin?0 =
A% — (sin®0 + cos?0) =
-1

The characteristic polynomial is 22 — 1 = 0 with the solutions 1 = F1.

. . . . cosa
As candidate for eigenvector we choose the same as in exercise 3.3: (sin a)
Eigenvalue 1 = +1

( cos 6 sin @ cos¢ — isin 6 sinqb) (cos a) _ (cos a)
sinf cos¢ +isin O sing —cos 6 sina/ ~ \sina

leads to two equations:
cos O cosa + (sinf cos¢ — isinf singp) sina = cosa
(sin 8 cos¢ + isin 6 sing) cos @ — cos O sina = sina
First equation:
cos @ cosa + sinasinf cos¢p — isinasinf sing = cosa

Second equation:
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sin@ cos¢ cosa + isin @ sing cosa — cosf sina = sina
We eliminate the imaginary part of the first equation:
sinasinf cos¢ — isinasin 8 sing =
sina sin 0 (cos¢ — i singp) =
sina sin 6
because
(cosp — i sing) = e~
and
le=i#| = 1
The same holds for the second equation:
sinf cos¢ cosa + isinf sing cosa =
sinf cos a (cos¢p + i sing) =
sinf cosa
The two equations simplify:
First equation:
cos B cosa +sinasinf = cosa
Second equation:

sinf cosa — cosfsina = sina

Some more trigonometric identities

1
cosBcosa = E(cos(ﬁ —a)+cos(6 +a))

1
sinf@sina = 5 (cos(@ —a) — cos(0 + a))

applied to the first equation
cos B cosa +sinasinf = cos(f — a)
we get
cos(f0 —a) = cosa

with the solution:

S
I
N D

More trigonometric identities:

1
cos 0 sinf = 5 (sin(8 — a) + sin(6 + a))
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1
cos Osina = 5 (sin(a — 0) + sin(6 + a))
With sin(x) = —sin(—x) we write
1
cosfsina = —3 (sin(6 — a) + sin(6 + a))

and apply to the second equation:
cos 0 sin@ — cos Bsina = sin(f — a)
We get
sin(f — a) = sina
with the solution:

0
*=3

The computation for the eigenvalue A = +1 is omitted (see exercise 3.3).
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Exercise 3.5

Suppose that a spin is prepared so that g,,, = +1. The apparatus is then rotated to an arbitrary 71
direction and g, is measured. What is the probability that the result is +17?

Note that g, = ¢ * M, using the same convention we used for g,,.
k 3k %k k k %k %k %k k k
We rotate the coordinate system twice.

Rotation doesn’t change the length of vectors and preserve the relative dependencies between
vectors (see exercise 4.1. is a rotation matrix unitary?).

We rotate one time in a way that 71 will be the z-axis, a second time in a way that 71 will be in the x-z-
plane.

This is the situation of exercise 3.3 with the solution

CcoS =~

with the probability
2

P(+1) = |(uli)? = (cosg)
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Exercise 4.1

Prove that if (the time operator) U is unitary, and if |A) and |B) are any two state-vectors, then the
inner product of U|A) and U|B) is the same as the inner product of |A) and |B). One could call this
the conservation of overlaps. It expresses the fact that the logical relation between states is
preserved with time.

U is unitary:
utu =1
U|A) = (A|UT
k sk %k %k sk sk %k sk sk %k
(A|B) = (A|I|B) = (A|UTU|B)

with (A|UTU|B) being the inner product of U|4) and U|B).
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Exercise 4.2
Prove that if M and L are both Hermitian, the (extended) commutator i[M, L] is also Hermitian.
Note that the i is important. The commutator is, by itself, not Hermitian.

Hermitian: the diagonal is pure real and: M = M

* k k k % k k% % %

Proof for a 3 X 3-matrix:

a b c g h u
M:=<b* d e)andL:=<h* Ji k)witha,d,f,g,j,lbeingreal.
c e f u okl

ag + bh* + cu ah + bj + ck* ai + bk + cl

ML=\ b*g+dh*+eu” b*h+dj+ek™ b'u+dk+el

c'g+e’h*+ fu* c*h+e*j+fk* cu+e’k+fl

ga+hb*+uc* gb+hd+ue* gc+ he+uf

LM =| h*a+jb"+kc* h'b+jd+ ke h'c+je+kf

u*a+k*b*+1Ic* u'b+k*d+le* u'c+ke+lf

ML — LM =

ag + bh* + cu—ga — hb* —uc” ah+ bj+ck* — gb — hd — ue” ai + bk + cl — gc — he —uf
b'g+dh’ +eu —h'a—jb* —kc® bh+dj+ek’—h'b—jd—ke bu+dk+el—h'c—je—kf
c’g+eh+ fu' —ua—k'b*—Ic* c*h+e’j+fk*—u'b—k'd—le* c'utek+fl—-u'c—k'e—If

... with some transformation work ...

bh* — hb* + c*u — uc* h(a—d)+b(j—g)+ck*—ue* u(a—f)+c{l—g)+bk—he
—h*(a—d)—b*(j—g)—ck+u'e b*h — h*b + ek™ — ke* e(l—))+k(d—f)+bu—h'c
—uwa—f)—c'(l—g)—b'k*+h’e* e (Il—j)—k*({d—-f)—bu*+ hc” c‘u—u'c+e'k—k'e

The entries (1,1), (2,2), (3,3) are completely imaginary, because the differences bh* — hb* etc. are
imaginary and become thus become real if we multiplicate them by the imaginary unit i.

We check this with z; = x + iy, z, *= u + iv, x, y, u, v are real numbers.
2172y — 2" 7y =
x+iy)yu—iv)—(x—y)u+iv) =
xu —ixv +iyu +yv — (xu + ixv — iyu + yv) =
xu—ixv+iyu+yv —xu—ixv+iyu—yv) =
—2ixv + 2iyu) =
2i(yu — xv)
This is a complete imaginary number.

We multiplicate the matrix with the imaginary unit i:

i(bh* — hb* + cu — uc*) ih(a—d)+ib(j—g) +ick* —iue* iu(a—f)+ic(l—g)+ ibk —ihe
—ih"(a—d)—ib*(j—g) —ic’k +iu'e i(bh —h*b + ek™ — ke™) ie(l —j)+ik(d—f)+ib*u—ih'c
—iu(a—f)—ic*(l—g) —ib*k* + ih*e* ie*(l—j)—ik*(d — f) — ibu* + ihc* i(c'u—u*c+e*k —k*e)
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Multiplication of the whole matrix with the imaginary unit makes the entries on the diagonal real.
We have to show that the entries away from the diagonal (1,2), (2,1), (1,3), (3,1), (2,3), (3,2) fulfil
the Hermitian criterion: (1,2)* = (2,1) etc.

(1,2)" = (2,1):
(1,2) =ih(a—d) +ib(j — g) + ick™ — iue”
Note that a, d, j, g are real numbers.
(1,2)" =—=ih*(a—d) —ib*"(j—g) —ic’k + iu'e
We compare this with (2,1):
21) =—-ih*(a—d) —ib*(j—g) —ic’k + iu"e

This is correct. The same holds for (1,3)* = (3,1) and (2,3)" = (3,2).
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Exercise 4.3

With the definition of Poisson brackets and check that the identification in Eqg. 4.21 is dimensionally
consistent. Show that without the factor #, it would not be.

Eq. 4.21
[F,G] & ih{F,G}

_kg-m?

[(A]=]"s s

52
* k% k k % k k% % %

(not a proof, more a reflection about ...)

In Wikipedia we find

N

:_Af _N\(9f OH | of oH\ of
f _E_k=1<aqkapk+apkaqk) ot
. df of
f_E_{f’H}-I_at

In “Classical Mechanics, The Theoretical Minimum” we find:
Py (22 or oy
: 0q; 0p;  0p; 0g;
F ={F, H}

We can conclude that F has no explicit time-dependency and in fact it is defined as F (g, p) leading to
L=o.
Following calculus rules F must be something like i—f, so

[Fl~ 3
and accordingly, the unit of {F, H}.
On the other hand, we find in “Quantum Mechanics” (4.19):
. _dL

L=="=——[LH
It (L. H]

(and I hope that the multiplication with L doesn’t change

kg-m?
s

H is an energy, so the unit of H is —;

2
that). Divided by the unit of A: kng this results in:

kg -m?
[Hl —5z  kg-m?'s 1
[]_kg-mz_kg-mz-sz_s

S

. . . aL .
giving the correct dimension for s L.
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Exercise 4.4

Verify the commutation relations:
[ax, ay] = 2io,
[ay, O'Z] = 2io,
[0z, 0x] = 2io,

=1 o)o=( 9= 2

[0, 0y] = ox0y, — 00, =
00 -C DA o=
(6 2)-(5 D=

5=

[O'y, O'Z] = O'yO'Z - O'ZO'y =
G D6 -6 DE 9=
((i) (l)) B (_Oi _Oi)

(201' Zoi) = 210y

[0, 0x] = 0,05 — 050, =
(6 G -G )b )=
(_01 é) - ((1) _01) -
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Exercise 4.5

Take any unit 3-vector 7 and form the operator

H_ha) N
—2 0"

Find the energy eigenvalues and eigenvectors by solving the time-independent Schrédinger equation.
Recall o - 71 in component form:

onza-ﬁ=<

n, (ny — iny)>

(n, + iny) -n,

k k %k % %k %k k k ¥ %

ho hw( n, (ny — iny)>

9T (ny +iny) —n,
The time-independent Schrodinger equation (4.28)
H|E;) = Ej|E;)
hw n, (ny —iny)
7<(nx +iny) —n, 1E;) = Ej1E;)

The characteristic polynomial of the matrix o;,, must be zero:

< n,—24  (n,— iny)>‘ _

(ny+iny,) —n,—4

(n, — D(—n, — ) — (ny + in,,)(n, —in,) =
2—(mZ+ni+n2)=0

22 = (nZ +ni+n2)

/1=i\/(n§+n32,+n§)

Because nis a unit vector A = +1

The eigenvectors we get out of the equation

z_)L (x_' )
((n:+iny) inz in/){ >(Z)=(8)
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eigenvalue A = +1
( np—1 (- iny)> (a) _ (0)
(ny +in,) -n,—1 J\b 0
We get two independent equations:
I:(nz—l)-a+(nx—iny)-b=0
II:(nx+iny)-a—(nZ+1)-b =0
Upper line:
(nz—l)-az—(nx—iny)-b
—(nz—l)-az(nx—iny)-b

(1—nz)-a=(nx—iny)-b

(ny — iny)
a=——=:b
(1 - nz)
The result inserted in the lower line:
. (nx - iny)
n,+in,) - —=-b—(n,+1)-b=0
( x y) (1 - le) z
(nx + iny)(nx — iny)
b=, +1)-b=0
(1 - le) “

(nx + iny)(nx - iny)

d-n) —(ny,+1)|=0

) <(nx +iny,)(n, —iny) — (n, + (A — nz)>
(1 - nz)

b ((nx +in,)(ny —iny) —(n, + DA —ny) ) =

b(nZ+ni+ni—1)=0

b-0=0
Valid for all b. Back to the upper line:
4 (nx - iny) _
(1 - le)
This defines the first eigenvector |1, ):
(nx - iny)
A=\ "a-np)
1
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eigenvalueA = —1
( n, +'1 (ny — iny)> (a) _ (0)
(ny +in,) -n,+1 J\b 0
We get two independent equations:
I:(nz+1)-a+(nx—iny)-b=0
II:(nx+iny)-a—(nZ—1)-b =0
Upper line:
(nZ+1)-a=—(nx—iny)-b

_—(nx—iny) b
T+ D

The result inserted in the lower line:

(nx+iny)-_((nnZ—_i__llr;y)-b—(nZ—1)-b=0

—(n, + iny)(ny — iny) _
(n,+1)

b—(n,—1)-b=0

—(ny, + iny)(ny — in)
(n, +1) -

(n,—1)]=0

(n,+1)

) <—(nx +iny,)(n, —iny) — (n, — D(n, + 1)>

b (—(nx +in,)(n, —iny) — (n, — D(n, + 1)

b(—nZ—-n2-nZ+1)=0

b-0=0
Valid for all b. Back to the upper line:
—(n, —in
a= (nx —iny) b
(n;+1)
This defines the second eigenvector |1;):
—(nx - iny)
2)=\|"(n, + 1
1
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Additional we check whether the eigenvectors are orthogonal.

(nx — iny)
4D =|"1-n)
1
—(nx — iny) (iny — nx)
) =\"(m,+1 |=| +1D
1 1

We need the bra (1, | and conjugate it:

4l = <M 1)

(1 - le)

(iny - nx)
2= | "(n,+ 1
1

The scalar product:

(A1|/12> =

(ny +iny) > M B
(Gt (: +1) J

(ny + iny)(in, —ny)

Q-+ -

—nZ —n}
——z t1=
1—n;g

—nZ—n3+1-n;

1—n2

1—(nf+n} +n2)

0
1 —n2

Both vectors are orthogonal to each other.
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Exercise 4.6

Carry out the Schrodinger Ket recipe for a single spin.
The Hamiltonianis H = hTwaz and the final observable is g,.

The initial state is given as |u) (the state in which g, = £1).
After time t, an experiment is done to measure Oy.

What are the possible outcomes and what are the probabilities for those outcomes?

* k% k k % k k% % %

For easier calculation we omit the factorTw and work with H = g, only. We will correct this in the

end.
Recipe step 1. Derive, look, guess, borrow or steal the Hamiltonian operator H

The Hamiltonian is given:

Hzazz(é _01)

Recipe step 2. Prepare an initial state |¥(0))
I L 1
The initial state is given: |u) or (0)

Recipe step 3. Find the eigenvalues and eigenvectors of H by solving the time-independent
Schrédinger equation:

H|E;) = Ej|E))

The characteristic polynomial of the matrix o, must be zero:

|(1 5/1 _10_ ,1)| -

A-HD1-1H-0=
A2—-1=0
%=1
A=%1
The eigenvectors we get out of the equation
(5" L)) =)

eigenvalue 1; = +1

(o o))

We get two independent equations:

o)

[:0-a+0-b=0
1I:0-a—2-b=0-b=0
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This defines the first eigenvector |1, ):

= ()

eigenvalue 1, = —1
1+1 0 ay _ (0
(o i+ =0)
We get two independent equations:
I:2:a+0:-b=0-a=0
II:0-ra+0-b=0

This defines the second eigenvector |4,):

=)

Obviously both eigenvectors are orthogonal to each other:
_ (0 =
(ld2) = (10)-(7) =0

Recipe step 4. Use the initial state-vector |¥(0)), along with the eigenvectors |Ej) from step 3, to
calculate the initial coefficients a;(0):

a;(0) = (E;|¥(0))
As both eigenvectors are real, we can change |4;) to (4;] and |A,) to (4,].

a,(0) for Eigenvector |1;)
a1(0) = (E;|¥(0)) = (A441]u) =
(10) ((1)) =1
a, (0) for Eigenvector |1,)
a;(0) = (E;|P(0)) = (4;]u) =
1) (é) ~0

Recipe step 5. Rewrite |[¥(0)) in terms of the eigenvectors |Ej) and the initial coefficients a;(0):

HOESWAOLS:

]
W) =1-12) +0-122) = (§) = Iw

Recipe step 6. In the above equation, replace each a;(0) with a;(t) to capture it’s time-dependence.
As a result, |¥(0)) becomes |¥(t)):

W) = ) g©)]E)

]
W) = a1(8) - 1) + a2(0) - 2) = 2 (®) () + @20 (}) = (Ol + ay (O)]d)
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jt.

Recipe step 7. Using Eq. 4.30, replace each a;(t) with aj(O)e_ﬁE

P(O) = ay(®) 141) + a;(6) - 122 = a0 7 (1) + ay0)e i () =

e (D)4 0-e (9 = (1) = i)

Finally, we multiply the factor hTw and get:

|P() =e 2 |lu)=e 27|u)

Question: After time t, an experiment is done to measure a,,. What are the possible outcomes and
what are the probabilities for those outcomes?

We omit the time-changing phase and follow “3.7 Reaping the Results” modified in a way that:

_ s _ . T _
n, = cos, ny = sin, n,=0
This gives
T .m
cos— —i-sin—
_ 2 2 0 —iy._
m=\ . m m =\ 0/ T
i-sin— —cos—
2 2

Calculating the eigenvectors of gy,:
()G =26)
I:—ib = la
Il:ia = Ab
Solving this pair of equations leads to eigenvalues:
A=41
The corresponding eigenvectors are:

A=+1:

Normalization:

The normalized eigenvectors are:
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()
V2 \=i
We calculate the probability of observing g, = +1:

2

1 1
P(+1) = [wln)l? = ‘ﬁ(m 0) (i))

2_1

2

vz

1 .
|ﬁ'(1+0'1)

Analog the probability of observing ,, = —1:

2

1 1
P(-1) = [uld;)? = ‘5<(1 0) (_l.))

| L a-o ')|2 !
—_ J— 1 —_ =
\2 2
The possible outcomes of the measurement are +1 with probability each 50%.

iw

We ignore the phase-factor ez -.
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Exercise 5.1

Verify that any 2 X 2 Hermitian matrix L can be written as a sum of four terms,
L =aoy + boy, + co, + dl

where 3, b, c and d are real numbers.

The four Pauli matrices:

0= D= D= )= Y

A general Hermitian matrix (r,7") are real numbers:

(e 7)
W* rl
k k %k % %k 3k k k ¥ %

Verification:

L = aoy + boy, + co, +dl =
a(f o)*p(7 G)+ele S)+aly 1=

(@ 96 06 2+ G o=
(i 4=

Obviously, it’s correct that w* and w are complex conjugated: a + ib and a — ib. Further r and r’ are
real numbers. As Hermitian matrices are not necessarily unitary, the coefficients a, b, c and d are free
variables so we can expressanyrandr:r=c+d,r' =d —c.
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Exercise 5.2

1) Show that (A A)? = (A?)and (A B)? = (B?)
2) Show that [4, B] = [A, B]
3) Using these relations, showthat AAA B > % [(W|[A, B]|W¥)|

The square of uncertainty (or standard deviation) of A, (A A)?2:

(A4 =) @P@) = ) (a—(A?P(A)

a

* k% k k % k % % % %

1) Show that (A A)? = (4?)

First (A A)2:

(DAY = (@ = (AD*P(@) =

D (@~ 2a(4) +(4)P() =

> @@ —2(4) ) aP(a) +(4)* ) P(@) =

a

D @P@ — 2(A)4) + (4)* =

a

Z a?P(a) — (A)? =

(A7) —(A)?
We get (A A)? = (A%) — (A)%
On the other hand:
(A%) =((A—(AD?) =
(A2 — 2A(A) +(4)?) =
(A%) = 2(A)(A)) + ((AXA)) =
(A%) — 2(ANA) + (AXA) =
(A%) — 2(A)* +(A)* =
(A7) —(A)?
We get: (A%) = (A%) — (A)%.

We can conclude (A A)? = (A?). The same holds for (A B)? = (B?).
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2. Show that [4, B] = [A, B]
[A,B] = AB—BA=(A—(A)(B—(B)) — (B—(B)(A—(A)) =
AB — A(B) — (A)B + (AXB) — (BA — B(4) — (B)A + (BX(4)) =
AB — A(B) — (A)B + (A){B) + B(A) + (B)A — (B)}{(A) =
AB — BA — A(B) + (B)A — (A)B + B(A) + (A)XB) — (B){A) =
AB — BA — A(B) + A(B) — B(A) + B(A) + (A)(B) — (AXB) =
AB — BA = [A, B]

3. Using these relations, show that AA A B > %I(‘Pl[A, B]|W)|
The Cauchy-Schwarz inequality:
2|X||Y| = KX]Y) + (Y [X)]

Let |¥) be any ket and let A and B be any two observables (€ R). The associated variables A and B
are built in a way that the expectation values of A and B are zero. We define |X) and |Y) as follows:

X) = A|¥)
(X| =(P|A" =(¥|4
|Y) = iB|¥)
(Y| =(¥I(-iB")
Notice the i in the definition of Y.
Now, substitute into the Cauchy-Schwarz inequality to get
2y(A%X(B?) = (P|iAB|¥) — (P|iBA|Y)| =
2\(A*)B?) = |i(P|AB|¥) — (¥|BA|¥))| =
2y(A?XB?) = |(P|AB|¥) — (¥|BA|Y)| =

The minus sign is due to the factor of i in the definition of |Y). Using the definition of a commutator,
we find that

2/(A?)(B?) = [(W|[4, B]|W)|
We use (A A)? = (A?) and (A B)? = (B?) and replace the left side of the inequality:
2/ (A A)%(Aa B)? = (W|[A, B]IW)|
We use [4, B] = [4, B] and replace the right side of the inequality:

2{(A A)?*(AB)? =z (P[4, B]|W)]
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We simplify the left side:
2(AA)(AB) = KYIIA, B]|W)I

We get the result:

(& A)(A B) = S (WI[4, B]1¥)
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Exercise 6.1
Prove that if P(a, b) factorizes: P(a, b) = P,(a)P,(b)
then the correlation between a and b is zero:

(040p) — (a4 ){0g) = 0

Average:

(020 = ) anPlan)

n

(08) = ) baP(by)

(0205) = ) > anbuP(anby)

k %k %k %k %k %k k k ¥ %

Assuming we have n objects in A and b:

(00(05) = D" anP(an) D buP(by) =

n

alp(al) Z bnp(bn) + aZP(aZ) Z bnp(bn) + ot anP(an) Z an(bn) =

a;P(ay)byP(by) + a;P(ay)b,P(by) + -+ + a; P(a,) b, P(by,) +
a,P(ay)biP(by) + a,P(az)b,P(by) + - + aP(az) b, P(by,) +

anp(an)blp(bl) + anp(an)bzp(bz) + -t anp(an)bnp(bn) =

a;byP(a;)P(by) + a;b,P(a;)P(by) + -+ + a; Pb,P(ay)P(by) +
a;b,P(az)P(by) + azb,P(az)P(by) + -+ + azbyP(az)P(by) +

anblp(an)P(bl) + aanP(an)P(bz) +-t anbnp(an)P(bn) =

alblp(albl) + aleP(albz) + e + alan(albn) +

azblp(azbl) + azbzp(azbz) + b + azbnp(azbn) +

anblp(anbl) + anbzp(anbz) + -t anbnp(anbn) =

D anbuP(anby) = (0205)
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Exercise 6.2

Show that if the two normalization conditions are satisfied:
a, o, +ajag =1
BuBu + BaPa =1

then the state-vector is automatically normalized as well:

ayBuluu) + ayBalud) + agByldu) + agBqldd)

In other words, show that for this product state, normalizing the overall state-vector does not put
any additional constraints on the a’s and 's.

* k% k k % k k% % %

Normalization means that

a;ﬁaauﬁu + a;ﬁ;auﬁd + a;ﬁsadﬁu + a;ﬁ;adﬁd =1

From (6.4) we know that

(apay + agag)(Bufy + BaBa) =1

We multiply the brackets:
((Z;(lu + a:tad)(.gljﬁu + ﬁ;ﬁd) =
i + ayauBafa + agaafubu + agaafaPa =

By Py + al*tﬁc*iauﬁd + a(*iﬁljadﬂu + a:lﬁ;adﬂd =1

This is exactly the normalization condition.
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Exercise 6.3

Prove that the state |sing) cannot be written as a product state.
jsing) = —=(Jud) — |du)
sing) = —(|lud) — |du

NG

The shape of a product state:

ayBuluu) + ayBalud) + agByldu) + agBqldd)

* k k k % k k¥ % %

If the singlet state can be composed out of a product state, the following equation should be valid:
1
V2

It follows that @, 8, = 0 and a4 = 0, as the vectors |[uu) and |dd) do not appear in the singlet
state.

ayPuluu) + ayBalud) + agByldu) + agBqldd) = —(lud) — |du))

ayPBy=0-a, =0o0rf, =0 orboth.

agBs=0-a; =0o0r f; =0orboth.

From a4 # 0 it follows that a;, # 0 and B; # 0, from a5, # 0 it follows that ¢y # 0 and B, #
0.

We get a contradiction and can conclude that it is not possible to combine the singlet state out of the
parameters of a product state.
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Exercise 6.4
Use the matrix forms of oy, 7,, g, and the column vectors for |u) and |d) to verify:
ozlu) =u) and  g,|d) = —|d)
oxluy =|d) and  oy|d) = |u)
oylu) = ild) and ayl|d) = —ilu)
Then, use:
T,ju)=|u) and  7,|d) = —|d)
Telu)=|d) and  T.|d) = |u)
Tylu) = i|d) and Tyld) = —i|u)

to write the equations for all possible combinations of the tensor product states o, |uu) =

k k %k % %k 3k k k ¥ %

Written as matrices and column vectors:
=0 %) =G 9 =0 o

=) =0

ozlu) = ((1) _01) é) = (0 11 -1+J(r—01.)0- 0) - (é) = [u)

(
"Z'd)=( (1) (0 10-2?_01-)1. 1)=( ) ( )=_|d>

w0 =0 9))=G1 1000 = ()=
=3 )(1)=0510:) =)=
o= =)= (=) =00

i1 =( )@= 0550 ) = (@) =-1) = -mo

The complete list of tensor product states:

o |luu) = |luu) o,|lud) = |ud) o,|ldu) = —|du) o,|dd) = —|dd)
ox|uu) = |du) ox|ud) = |dd) ox|du) = |uu) ox|dd) = |ud)
oyluu) = i|du) gylud) = i|dd) oyl|du) = —iluu) oyldd) = —ilud)
T luu) = Juu) oud) = —Jud) T ldu)=|du)  T,ldd) = —|dd)
T, luu) = |ud) T, lud) = |luu) T, |du) = |dd) T, |dd) = |du)

Ty luu) = ifud) 7y lud) = —iluu) 7 |du) = ildd) 7, |dd) = —i|du)
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Exercise 6.5
Prove the following theorem:

When any one of Alice’s and Bob’s spin operators acts on a product state, the result is still a product
state.

Show that in a product state, the expectation value of any component of ¢ or 7T is the same as it
would be in the individual single-spin states.

* k k k % k k% % %

This proof only performed for g,.

Equation (6.5) tells us the shape of a product state:

|P) = ayfyluu) + ay Balud) + agByldu) + agBgldd)

and

(P| = (uulay By, + (ud|ay Bg + (dulag By + (dd|agBg
A single state has the shape:
|4) = ay[u) + agld) and (A] = (ula;, + (d|aj

The operator o,:

(1 0
9z = (0 _1)
We check the result of the expectation-value definition for both the generic product-state P and the
generic single state A.

The single state:
(0,) = (Ala,|A) =
(Alog|(ay|u) + aqld))) =
(Al(aylu) — aqld))) =
((ulay + (dlag)l(ay|u) — aqld))) =
(ulagaylu) — (ulayaqld) + (d|agay u) — (dlagaqld) =
ayo, —0+0—ajzay
Oy — Aglg
The product state with the behavior that Alice’s operator only acts on her half of the product state:
(02) = (Plo.|P) =
(Ploz|(ayBuluu) + ay Balud) + agByldu) + agBqldd))) =
(Pl(ayBuluu) + ayfalud) — agByldu) — agBqldd))) =

((uula By + (udlas By + (dulagBy + (ddlag iy fuluu) + ayfalud) — agfyldu) — aafaldd)) =
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(uu|ag, B o lun) + (uula, B, Balud) — (uula, Bcg By ldu) — (uula; BragByldd) +
(ud|ay, B0, By [uw) + (ud|ay, B0, Ba|ud) — (ud|as, B, aqfy|du) — (ud|ag; B aqBa|dd) +
(dulayBua, B, Juu) + (dulay B y|lud) — (dulayBiaqB,|du) — (dulagBiaqBaldd) +

(dd|agBia,f, [uu) + (dd|agBionfylud) — (ddlagBiaaf, |du) — (dd|agBiaafaldd) =

(uuluu)ay, Bray fy, + (uulud)ay By oy, By — (uuldu)ay Braq By — (uuldd)ay BraqBa +
(ud|uw)ay, Bgayfy, + (udlud)a; BaayBq — (ud|du)ay Baaq By — (ud|dd)ay, Baaqfq +
(duluu)ayB; ay, By + {dulud)ayp a,fq — (duldu)ayB; aqfy, — {duldd)ayB; aqfq +

(dd|uuay By By + (ddlud)azB ey Ba — (ddldu)ayfyaaBy — (ddldd)ay By aqfa =

With orthogonality in (uu|ud) etc. we get
ay fuayfy + ayfaayfa — ayB,aqfy — ayBiaaBa =
a3, Qy BBy + @y BaBfa — aza, Py — azaqBBa =
@y &y (BuPu + BaBa) — aaaa(B,Bu + ByBa) =
(ayay — agaq)(Bubu + BaPa) =

(auoy — agag)

This is the same result as in Alice’s system.

Reflections:
1 1
|uu) is not simply the stacked vector (1) , but instead 8 . It’s built out of the tensor product:
0 0
1 1
(1) Q (1) 1 (0) _ 0
0 0 0 (1) 0
0 0

The same holds for the other combinations.

1 0
0 -1
tensor product of both Alice’s and Bob’s operator 7, = (

) can’t act on a state-vector with four components. Instead we need the

1 0
0 -1

The operator 0, = (

): 0,Q71,.
We concentrate on Alice and let Bob alone, his operator will be the identity: 7, = (1 0).

0 1
=0 =( )8 V)=

1o 1) oG )

°G 1) 16 1)
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1 0 O 0
01 O 0
0 0 -1 O
0 0 0 -1

We have the four state-vectors:

= (2)e (2 -

=)o ()-

Now we can check the effect of this new ag,; on the combined vectors |uu) etc.

1
0
0
0
0
1
0
0
0
0
1
0
0
0
0
1

10 0 0\ /1 1
o1 0o o\[lo) (o
ozl =15 o 1 o Jlo]™|o
00 0o -1/\o 0
10 0 0\ /0 0
01 0 o0|[1 1
azlud) =g o —1 o Jlo]™ o
00 o -1/\o 0
10 0 0\ /0 0 0
{o1 0 o\[o) [o)_ (o
oaldw)=\o o —1 o /{17 =11
00 o -1/\o 0 0
10 0 0\ /0 0 0
o1 0 o0l\fo 0 0
azldd) =1 o —1 o lo]=l o ]™ |0
o0 0o -1/\1 —1 1

The results are as expected.

We will check one special case. As the operators g, and 7, both change the sign of the “d”-

— _(1 0 1 0 .
component, so 0,7, = 0,1, = (0 _1) ® (0 _1) should leave |dd) intact.

o ) o )

0,T, = =
NGy 1G5
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1 0 0 0
0O -1 0 O
O 0 -1 0
0 O 0 1
We check:
1 0 0 0
0O -1 0 O
0,T,ldd) = 0 0 -1 0
0 0 0 1

and get the correct result:

0,T,|dd) = |dd)
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Exercise 6.6

Assume Charlie has prepared the two spins in the singlet state. This time, Bob measures 7,, and Alice
measures o,.. What is the expectation value of 0,7,,?

What does this say about the correlation between the two measurements?

Ising) = \/—15<|ud> ~ lduy)
(sing| = %((udl ~(dul)

* k k k % k k% % %

(oxry) = (sing|0xry|sing) =

(sing|omy | 5 (fuet) — tawy) =

<sing Oy

% (~ifu) = i]dd)) =

fuu) + |dd))) =

—i
¢

<sing| \7—%(|du) + |ud))> =

<sing Oy

|sing) is not an eigenvector of g,T,,.
1 —i _
(5 (Gudl = (aub)| = 1dw + jud) =
%i ((ud|du) + (ud|ud) — (du|du) — (du|ud)) =
;(0+1—1—0))=0

The expectation value (0,1, ) is 0.

What does this say about the correlation between the two measurements? The two measurements
are not correlated, the results of the measurements are independent.
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Exercise 6.7
Next (after Charlie has had prepared the two spins in the singlet state), Charlie prepares the spins in a

different state, called |T; ), where

1
IT1) = ﬁ(lud) + |du))

T stands for triplet. The triplet states are completely different from the states in the coin and die
examples. What are the expectation values of the operators g,7,, 05Ty, and g,,7,,?

Notice what a difference a sign can make.

k k %k % %k %k k k ¥ %

(T4 | :\/E

((ud| + (dul)

The expectation value of (g,7,):

(0,7;) = (T1lo,7,|Ty) =

g

g

021z

1
75 () +1dw)) =

, %(—|ud>+ du) =
(1s] 75 (- tud) ~ 1aun)) =

|T,) is eigenvector of g, T, with eigenvalue of -1.
1 1 B
(5 (Gudl + (aub)| 75 (—lud) — [dup) =
%(—(udlud) — (ud|du) — (du|ud) — (du|du)) =

! 1 1) =-1
S(-1-0-0-1)) =

The expectation value (0,7,) is —1, correlation.

The expectation value of (g, T,):
(0xTx) = (T1loxTx|T1) =

Ox Ty

2
g

(r %(

|T;) is eigenvector of g,.T, with eigenvalue 1.

1 p—
75 (fud) + |dw)) =

Ox

1
5 () + 1da))) =

du) + [ud))) =
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1

1
(5 (Gl + e | 75

= (Idu) + Jud))) =

%((udldu) + (ud|ud) + (du|du) + (dulud)) =

1
SO+1+1+0)=1

The expectation value (0,1, is 1, correlation.

The expectation value of (a, 7, ):

(oyTy) = (T1|0yry|T1) =

1 _
75 (lud) + [du))) =

g

(r
(r %(—udu) - ifudy) =

(r] 3¢

|T;) is eigenvector of g, T, with eigenvalue 1.

Oyly

| 5 (~1w) + 1)

du) + fud))) =

1 1 _
(5 (Gt + (| 75 () + fud) =
%((udldu) + (ud|ud) + (du|du) + (du|ud)) =

1
SO+1+1+0)=1

The expectation value (g, 7, ) is 1, correlation.

What a difference a sign can make: if we change the singlet state to the triplet state, the behavior
changes. With the singlet state, the correlation was always —1, now the expectation values changes:
(0,7,) would become —1, (0, 7,) = 1 and {0, 7,) = 1.
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Exercise 6.8

Calculate the expectation values of the operators 0,7,, 0,7y, and 0,1, for the other two entangled
triplet states:

1

T;) = ﬁ(luu) + |dd))
1

|T3) = ﬁ(luu) — |dd))

(Addendum: at the end of this exercise we check the expectation values for the singlet state too.)

k 3k %k k k %k %k %k k k
. 1
First |T,) = \/—7(|uu) + |dd))
The expectation value of (0,7,):

(asz> = <T2|O-ZTZ|T2> =

2

2

2

0,1,| 5 () + |da))) =

\/_
1
75 () —1da)) =

Oz

1 _
75 () + 1da))) =

|T,) is eigenvector of g,T, with eigenvalue 1.

1 1 _
(5 Gl + (| 75 () + 1) =
%((uuluu) + (uu|dd) + (dd|uu) + (dd|dd)) =

1
SA+0+0+1) =1

The expectation value {(o,7,) is 1, correlation.

The expectation value of (g, T,):

(GxTx) = (TzlaxTxsz) =
1
V2

1 J—
75 (ud) +1dw)) =

(r. (luw) + |dd)) =

2
2

OxTx

Oy

1
75 (1dd) + ju))) =

|T,) is eigenvector of g, T,.
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1

1
(5 (G + Gaa)| 75

= (Idd) + uw)) =

%((uuldd) + (uujuu) + (dd|dd) + (dd|uu)) =

1
SO+1+1+0)=1

The expectation value (0,1, is 1, correlation.

The expectation value of (a, 7, ):
(oyy) = (Ty|oy1y|T2) =

(2] | 75 (G + 1) =
(-

Oyly

\/Z
oy | 5 (ud) = law)) =

i

vz
1
75 (ldd) — puwy)) =

<T2 (i|dd) + i|uu))> -

.
|T,) is eigenvector of g, 7, with eigenvalue —1.
1 1 _
(5 G + ¢daD| 75 (~ldd) ~ ) =
%(—(uuldd) — (uu|uu) — (dd|dd) — (dd|uu)) =

1
5(-0-1-1-0)=~1

The expectation value {0, 7, ) is —1, correlation.
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Second |T3) = |luu) — |dd))

1
7 (
The expectation value of (g,7,):

(O-ZTZ> = <T3|GZTZ|T3> =

<T3 0,7 %(luw - |dd))> -
<T3 o, %(qu) + |dd))> _
(1| 75 () — 1) =

|T3) is eigenvector of g, T, with eigenvalue 1.
1 1 _
(5 (Gl = (| 75 () ~ 1) =
%((uuluu) — (uu|dd) — (dd|uu) + (dd|dd)) =

%(1—0—0+1))=1

The expectation value {(g,7,) is 1, correlation.

The expectation value of (g, T,):

(0xTx) = (T30, T4|T3) =

(13]osa| 75 () — 1aan)) =
(7s]o| 75 Cue) — 1)) =
(13| 75 () = ) =

|T3) is eigenvector of g, T, with eigenvalue —1.
1 1 3
(5 (Gl = (| 75 () — o)) =
%((uuldd) — (uujuu) — (dd|dd) + (dd|uu)) =

1
;0-1-1+0)=-1

The expectation value (o, ,) is —1, correlation.
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The expectation value of (g, T, ):

(oyTy) = <T3|‘7yry|T3> =

2

<T3|ay|\/L§(|ud) + |du))> -

Oyly

1 _
75 (luw) ~ |da))) =

(r; %(udd) ~ ) =

(13| 75 (~1de) + ) =
|T5) is eigenvector of g, 7,, with eigenvalue 1.
1 1 _
(5 Gl = D] 75 (~lde) + o)) =
%(—(uuldd) + (uujuu) + (dd|dd) — (dd|uu)) =

1
S(-0+1+1-0)=1

The expectation value (g, 7, ) is 1, correlation.

Addendum: for the singlet state we check these expectation values too.

Assume Charlie has prepared the two spins in the singlet state. What are the expectation values of
operators 0,T,, 0xTy, and oy Ty?

Ising) = %(Iud} ~ lduy)
1

(sing| = \/E((udl — (dul)

<0xTx) = (singlaxrxlsing) =

(sing|ors| 75 (fue) — tauy) =
<sing o. i(|uu) — |dd))> =
12

(sing| 75 1wy — ud))) =

|sing) is eigenvector of 0,7, with eigenvalue -1, the expectation value of (g, T) is -1.
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(oyTy) = (sing|0yry|sing) =

(sing|oyrs| 7 75 (lud) - du) =

(sing|oy | 45—l ~ 1day) =

ng] s -t + ) =
(sing| 75 (1) — jua)) =

|sing) is eigenvector of g, 7, with eigenvalue -1, the expectation value of (g, 7y) is -1.

(0,7;) = (singlo,7,|sing) =

Oz1z

(sing (|ud) - |du))>

0z

(sing \F( jud) — |du))) =

<sing| %(—md) + |du))> =

|sing) is eigenvector of 0,7, with eigenvalue -1, the expectation value of (g, T,) is -1.

We get the following matrix:

() zz xx yy
T, -1 1 1
T, 1 1 -1
T3 1 -1 1
sing -1 -1 -1
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Exercise 6.9
Prove that the four vectors |sing), |T;), |T2), |T3) are eigenvectors of & - T:
G T = 0yTy +0,T, + 0,7,
What are their eigenvalues?
Ising) = % (|ud) — |du))
IT2) = = (Jud) + |du)) IT) = = () + |dd)) IT3) = 75 (luw) — |dd))
* oKk Kk Kk Kk %

The complete list of tensor product states:

o |luu) = |uu) o,lud) = |ud) o,|du) = —|du) o,ldd) = —|dd)
ox|uu) = |du) ox|ud) = |dd) Oxldu) = |uu) oxldd) = |ud)
oyluu) = i|du) gylud) = i|dd) ayl|du) = —iluu) oyldd) = —ilud)
T,|uu) = |uu) T,|ud) = —|ud) T,|du) = |du) T,|dd) = —|dd)
Txluu) = |ud) Txlud) = |uu) Tx|du) = |dd) Ty|dd) = |du)
Ty luu) = ifud) 7y lud) = —iluu) 7, |du) = i|dd) 7y |dd) = —i|du)

Applied to |sing):
1
V2

1 1
OxTx|sing) = oxTx —=(|ud) — |du)) = o —=(Juu) — |dd)) = —Z(Idu) — |ud)) = —|sing)

2 2

1 1 1
0y Ty|sing) = ayryﬁﬂud) —|du)) = ayﬁ(—ﬂuu) —ildd)) = ﬁﬂdu) — |ud)) = —|sing)

6,7, I5ing) = 0,7, = (lud) — |du)) = aziz(—wd) ) = i2<—|ud> + 1du)) = —|sing)

Vz z 7z
Result: ¢ - T|sing) = —3|sing)

|sing) is eigenvector of g - T with eigenvalue -3.

0 - T applied to |T; ) gives:

1 1 1
0xTx|T1) = O-xfxﬁ(lud) +|du)) = Gxﬁ(luu) +|dd)) = ﬁ(ldu) +[ud)) = |Ty)

1
vz

1 1
oy Ty|Ty) = 0,7, —= (Jud) + |du)) = ayﬁ(—iluu) +ildd)) = —2(|du) + |ud)) = |Ty)

7%

1 1 1
0,7,|T1) = szzﬁ(lud) +|du)) = O-zﬁ(_lud) +|du)) = ﬁ(—lud) — ldu)) = —|T1)

Result: g - T|Ty) = |Ty)

|T,) is eigenvector of ¢ - T with eigenvalue 1.
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0 - T applied to |T,) gives:

1
(Iud> +|du)) = —=(ldd) + |uw)) = |T)

0xTx|T2) = O-xTx\/— (luw) + |dd)) = \/E 2
oyTy|Ty) = UyTy\/—(luw +|dd)) = Uy\/—(l|Ud) —ildu)) = T(_ldd> luu)) = —|T3)
0,7,|T2) = Usz\/—(|uu> + |dd)) = \/_(|uu) |dd)) = \/—1§(|uu) +|dd)) = |T,)

Result: O-Z . ‘?sz) = |T2)

|T,) is eigenvector of g - T with eigenvalue 1.

0 - T applied to |T3) gives:

0xTx|T3) = GxTx%(luw |dd)) = \/—(Iud> — |du)) = T(Idd) — |uu)) = —|T3)
oyTy|Ts) = Ty\/—(luu> |dd)) = Uy\/—(llud) +ildu)) = ?(—Idd) + uu)) = |T3)

1
ﬁ(luu) |dd)) =

Result: - T|T3) = |T3)

UZTZ|T3) =037, (luu) + |dd>) = _(luu> |dd>) = |T3>

2 V2

|T5) is eigenvector of ¢ - 7 with eigenvalue 1.

|sing) is eigenvector with eigenvalue -3,

|T1), |T2) und |T3) are eigenvectors with eigenvalue 1, they are degenerated.
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Exercise 6.10

A system of two spins has the Hamiltonian:
wh ,

H = — 0T
Question 1)
What are the possible energies of the system, and what are the eigenvectors of the Hamiltonian?
Question 2)
Suppose the system starts in the state |uu).
What is the state at any later time?
Answer the same question for initial states of |ud), |du), |dd.

k ok %k k sk ok %k k 3k 3k

Question 1)

The Hamilton-operator for the 2-spin-system:

=01
From exercise 6.9 we know the eigenvectors and eigenvalues:
|sing) with eigenvalue -3, |T;), |T,) und |T3) with eigenvalue 1.
L . 3wh . wh
This gives the energies to — — for |sing) and each - for |Ty), |T,) and |T3).

Question 2)
wh - =
Hluu) = -0 T|uu)

We use 0 - T = 0T, + 0,7y, + 0,T, and apply this to |uu) (we omit the factor %h and add it in the
end):

0y T luu) = oyfud) = |dd), gives 20,7, uu) =2 |dd)

, . wh wh
ayry|uu) = ayl|ud) = —|dd), gives 70y1y|uu) === |dd)
0,T,|uu) = o,|luu) = |uu), gives %hazrzluu) = %h |uw)

Building the sum, we get:
wh
Hluu) = > [uu)
The other combinations analog:
wh ,
Hlud) = -0 T|ud)

0, T |ud) = o, |uu) = |du), gives %haxrxwd) = %ﬁ |du)
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ayry|ud) =0y, — i|uu) = |du),

0,7;lud) = o, — lud) = —|ud),

Building the sum, we get:

OxTx|du) = ox|dd) = |ud),
0yTy|du) = oyi|dd) = |ud),
Uszldu) = Uzldu> = —|du),

Building the sum, we get:

UxTxldd> = ledu) = |uu);
ayry|dd) =0y, — i|du) = |uu),
0,7,|dd) = 0, — |dd) = |dd),

Building the sum, we get:

. A h
gives %ayrylud) = % |du)

. i A
gives %azrz|ud) = —%|ud)

wh
Hlud) = wh|du) — - |ud)

a)h =d -
H|du) = 70-r|du)
gives %haxrxldu) = %ﬁ |ud)

. A h
gives %ayry|du) = % |ud)

. A h
gives %ozrz|du) = —w? |du)

wh
H|du) = whlud) — - |du)

wh - -
H|dd) = 70-r|dd)
gives %haxrxldd) = %ﬁ |uw)
wh

. A
gives 70y1y|dd) = % |uu)

gives w?hozrz|dd) = %ﬁ |dd)

wh
H|dd) = whlud) + - |dd)
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Question 2 targets to chapter 4 with the aim of developing the time depend Schrédinger-equation.
We use “4.13 Recipe for a Schrodinger Ket” to perform this.

Recipe:

1. The Hamilton-operator:

—2 7"
2. We prepare an initial state | (0)):
[(0)) = |uu)
3. We calculate eigenvectors and eigenvalues of H:
E; = |sing) = % (Jlud) — |du)) with eigenvalue -3
E, =|T,) = %(|ud) + |du)) with eigenvalue 1
E; = |T,) = \/%(luu) + |dd)) with eigenvalue 1
E, = |T3) = %(|uu) — |dd)) with eigenvalue 1

4. We calculate the initial coefficients a;(0) = (Ej|l/)(0)>

a.(0) =0:
@1(0) = (B, [$(0)) = {singluu) = %uud) ~ \du))luw) =
= L ((ud — (du)lunr) = = (ud ) — (duluw) = —= (0 — 0) = 0
—\/Eu uluu—ﬁuuu uuu—\/E =
a,(0) =0:
@>(0) = (E; [ (0)) = (T luu) = %(Iud} + ldu))uw) =
= L (ud + () ) = — (Gud fuw) + (duhua)) = —=(0 +0) = 0
—\/Eu u|uu—\/§uuu uuu—ﬁ =
© ==
s =75
3(0) = (E3lyp(0)) = (Tyluu) = %Uuu) T |dd))uu) =
= L (e + (dd) ) = —= () + (dd ) = —=(1 +0) = —
\/iuu |uu—\/§ uuluu uu =7 =5
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(0) = 1,
a,(0) = 7z

a4 (0) = (E4[1(0)) = (T3|uu) =

1 1 1
7 ((uuluu) - (dd|uu)) = 7 1-0)= 7

1
V2

(| — (ded)uu) =

5. We rewrite [(0)) in terms of the eigenvectors IEj) and the initial coefficients a;(0):

4

1¥(0)) = Z a;(0)| E;) = O|sing) + 0|T;) L L
£, G ONE s

=1

1

IT2) +\/§

|T5)

6. We replace each a;(0) with a;(t), as a result [ (0)) becomes [1)(t)).

4

() = ) (] 5)

j=1

7. We use equation 4.30: a;(t) = aj(O)e_EEf(t) and replace each a;(t) with equation 4.30, using the
basic vectors (eigenvectors):

4

() = Y &) )| )

J=1

We use: a1 (0) = a,(0) =0, a3(0) = a,(0) = %, E, =—-3,E,,E3,E, =1

1 _i 1 _i
[¥(t)) = O|sing) + 0|T;) +ﬁe‘ht|m t e R Ts) =

LT + e R Ty
= —0¢ —e =
2 \/E 3

V2
1 i,
=5e i (Jluu) + |dd) + Juu) — |dd)) =
2 _i;
= Ze 7 (juu)
Summed up:

(D) = e 7 (Juu))

In the same way we calculate the other initial states |ud), |du) und |dd).

Initial state |ud):

a.(0) = % = a,(0) and a3(0) = 0 = a,(0), because of the products ({uu| — (dd|)|ud) etc.

vanishing resp. resulting in 1.
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1 i
sing) + —e A T,) + 0|T,) + 0|T3) =

V2

t)—i e

L 1 i
=§e h |51ng)+§e h |T1)=

_ %(e-%it(md) ~ dub) + e R (Jud) + |d”>)> =

= %e‘%t (e‘%it(wd) — |du)) + (Jud) + |du>)>

Initial state |du):

a.(0) = —%, a,(0) = % and a3(0) = 0 = a,(0), because of the products ((uu| — (dd|)|du) etc.

vanishing resp. resulting in 1.

1 36 . 1 _i
|¢(t)):_ﬁe h smg)+ﬁe R Ty) +0|Ty) + 0|T3) =
1 3t . 1 _i,
=—§e f smg)+ze R Ty) =

1 3i i
= E<eTf(—|ud> + |du)) + e 7 (Jud) + |du))) =

i

1 2i
= Ee‘ﬁt <e‘#(—|ud> + |du)) + (Jud) + |du))>

Initial state |dd):
L

as;(0) = \/%, a,(0) = — 5 und a4 (0) = 0 = a,(0), because of the products ((uu| — (dd|)|dd) etc.

vanishing resp. resulting in 1.

1 _i 1 _i
[¥(¢)) = Osing) + 0|T;) t5e R T,) - 5° R Ts) =

1 _i 1 _i
=—e ' |T;)——=e "'|T3) =

V2 V2
1 _i,
=5e A (luu) + |dd) — |uu) + |dd)) =
i
=e h'(|dd)) : )

i S8

Note: for the states |uu) and |dd) e "t will give them the shape of a A
i i -l
wave: e 1" (Juu)) - Re (e_5t> (Juu))~cos(t)|uu). S ed
17 T
2 I /"3{» 7."4' ’ -

For the states (Jud)) and (|du)) we get another behavior. 5 3 [ e

1 i 2i
Ee‘ﬁf <e‘ff(|ud) — |du)) + (Jud) + |du))>

starts at time t = 0 in the state |ud) but then begins oscillating between |ud) and |du). The picture
might illustrate this.
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Exercise 7.1

Write the tensor product I ® 7, as a matrix, and apply that matrix to each of the |uu), |ud), |du)
and |dd) column vectors. Show that Alice’s half of the state-vector is unchanged in each case. Recall
that I is the 2 X 2 unit matrix.

k %k %k % %k %k k k ¥ %

o) oG o)

°( o) 1G o)

(el )
S oo
o oo
(= e R )

applied to: Juu) =

S O O

(I ) |uu) = = |ud)

S O R O
S OO
o oo
O R OO
S O O
S O RO

applied to: |ud) =

S O - O

(I ® 7,)|ud) =

SO r O
S O O
o oo
SO R OO
S O R O
S O O

applied to: |du) =

(=N e i)

(I ® 1)|du) = = |dd)

S O RO
S O O
o o O
O R OO
O R OO
o o O

applied to: |dd) =

- O OO

(I ® 7y)|dd) = = |du)

S O r O
S O O
_ o o O
O R OO
o O O
(=2 e R e
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Exercise 7.2
Calculate the matrix elements of o, ® 1, by forming the inner product analog to:

(uu|o,lluu) (uulo,llud) (uulo,lldu) (uulo,l|dd)
(ud|o,I|luu)y (ud|o,llud) (ud|o,I|du) (ud|o,I|dd)
(du|o,Iluu) (dulo,I|lud) (dulo,I|du) (dulo,I|dd)
(dd|o,Iluu)y {(dd|o,I|lud) (dd|o,I|du) (dd|o,I|dd)

0,1 =

o, operates to the left, I to the right.

* k k k % k % % % %

o, & T, according to the rules of the tensor product:

01 0
Uz®Tx:(é 01)®(2 é): 1E§ (}; O((go (1)1)) (1) g 8
- 00 o) 74 o 0 0 -1

0, Q Ty

(uulo,tylun) (uulo,tyelud) (uulo,tyldu) (uulo,ty|dd)
(0, ®71,) = (udlo,tyluu)  (udlo,telud) (udlo,tyldu) (ud|o,t,|dd)
2 (dulo,tyluu) (dulo,telud) (dulo,tyldu) (dul|o,z,|dd)
(dd|o,ty|luu) (dd|o,telud) (ddlo,Tc|du) (dd|o,T,|dd)

o, applied to the left, 7, applied to the right:

(uulud) (uu|uu) (uu|dd) (uu|du)
(ud|ud) (ud|uu) (ud|dd) (ud|du)
(—dulud) {(—duluu) (—duldd) {(—du|du)
(=dd|ud) (—dd|uu) {(—dd|dd) {(—dd|du)

Because of u and d being orthonormal vectors, this condenses to:

01 O 0
1 0 O 0
0 0 0 -1
0 0 -1 O

This gives the same matrix as the tensor-product above.
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Exercise 7.3
Consider the equation:
(A® B)(a® b) = (Aa ® Bb)
A and B represent 2 X 2 matrices (or operators), and A and b represent 2 X 1 column vectors.
a) Rewrite the equation
(A® B)(a® b) = (Aa ® Bb)
in component form, replacing the symbols A, B, a, b with the following matrices and column vectors:

AllBll A11312 AlZBll A12312
AllBZI AllBZZ A12821 AIZBZZ
AZlBll A21812 AZZBll AZZBIZ
A21B21 A21B22 A22B21 A22B22

A®B =

ay1b1q
a1 (b11> _ | @11b21
(a21) ® by1) |\ azibiy
az1bz1
b) Perform the matrix multiplication Aa and Bb on the right-hand side. Verify that each result is a
4 X 1 matrix.
c) Expand all three Kronecker products.

d) Verify the row and column sizes of each Kronecker product:

e A®RB:4%x4
e a®b:4x1
e Aa®Bb:4x1

e) Perform the matrix multiplication on the left-hand side, resulting in a 4 X 1 column vector. Each
row should be the sum of four separate terms

f) Finally, verify that the resulting column vectors on the left and right sides are identical.

k k %k %k k 3k k k ¥ %

a) Rewrite (A @ B)(a ® b) = (Aa ® Bb) in component form:

A (Bll BlZ) A (Bll 812)
All AlZ) ® (Bll BlZ) 1 BZI BZZ 12 BZl BZZ
BZl BZZ

o= _
®B={4,, 4,,

AllBll A11812 AlZBll AlZBIZ
A11321 AllBZZ A12321 AlZBZZ
AZlBll A21B12 AZZBll A22312
A21321 A21BZZ A22321 AZZBZZ

a1b14

_ (%1 b11> ay1bzq
(@®b) = (a21) ® (bz1 ~\ az1biy
az1b;4
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b) Perform the matrix multiplication:
Aa = (An A12) (all) _ (A11a11 + A12a21)
Az1 Azz/) \A21 Az1a11 + Azz05q
Bb = <B11 B12> <b11) _ (311b11 + Ble21>
By1  Baz) \byy Bj1b11 + Byobay

(A11a41 + A12a21) (B11b11 + Bizbsq)
(A11a41 + A12a21) (Ba1b11 + Byzbyy)
(Az21a11 + Az2021)(By11b11 + Bizby1)
(Az1a11 + A32021)(B21b11 + Boobaq)

(Aa® Bh) =

A11011B11b11 + A11011B12ba1 + A12051B11b11 + A12051 812051
A11a11B21b11 + A11a11 B2y by + A12021B1b11 + A12021B2,b54
Az1a11B11b11 + A21011B12b21 + A22021B11b11 + Aypa51 812054
Az1a11B21b11 + Ay1a11B22b51 + Appa51B21b11 + Azpa51B2,b44

c) Expand all three Kronecker products: (A ® B), (a @ b) and (Aa @ Bb)
... already done ...

d) Verify:

ARB=4x4,(a@®b)=4x1,(Aa®Bb)=4x1

e) Perform the matrix multiplication (A ® B)(a ® b):

AllBll AllBIZ AIZBll A12B12 allbll
A11B21 AllBZZ A12821 A12B22 a11b21
A21B11 A21B12 AZZBll A22B12 a21b11
A21821 A21B22 A22B21 AZZBZZ a21b21

Ay1B11ay1b11 + A11B12ay1by1 + A1pB11a51b11 + A12B12051 02,
A11B31a11b11 + A11B22011 021 + A12B31021b11 + A13822051D54
Az1B11a11b11 + Ag1B12011b21 + AzpB11a21b11 + A22B12021D54
A1By10a11b11 + A31B22011b21 + A23B21021b11 + A32 822021024

f) Finally, verify the identity:

Left side:
A11a11B11b11 + A11011B12by1 + A13051B11b11 + A12051B12D54
_ [ A11@11B21b11 + A11G11Byobp1 + A12021B21 D011 + A12021B23b24
A1011B11b11 + A31a11B12b21 + A22a21B11b11 + Azp051B15b7,
A1a11By1b11 + Az1a11B22051 + Azp051B21b11 + A2021B25b2,
Right side:

Ay11B11a11b11 + A11B12a11b21 + A13B11051b11 + A12B12051 b2
A11B210a41b11 + A1 Byza11b31 + A12B21051b11 + A13B22a21b24
A1B11a11b11 + Az1B12a11b31 + A3 B11a31b11 + AypB12a21b24
Az1B1a11b11 + Ay1B2011b21 + Ay By1a51b11 + Ay Byra31b54
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Exercise 7.4
Calculate the density matrix for |¥) = a|uu) + B|uu).
Answer:
YW =a; Pw) = a”
Y(d) =B; p*(d) ="
a'a a’f
b= (grg o)
Now try plugging some numbers for a and £3.

. 1
Make sure they are normalized to 1. For example, a = E’ﬁ =5

k k %k % %k 3k k k ¥ %

The density matrix is defined as
Paar = (al¥)(¥]a’)
with the values of a and a’ being u and d (4 possible combinations).
We calculate the density matrix for:
|¥) = alu) + B|d)
We need the bra too:
(Pl= (ula™ + (u|p”

Then we calculate the elements of the density matrix.

Puu
Puy = (u[PHWP|u) =
puy = (u(alu) + BlaN((ula” +(d|B)|u) =
(a(ulu) + Buld)) ((ulu)a™ +(d[u)B") =
(a+0)(a*+0) =aa”
Pud

Pua = (u|PNP|d) =
pua = (u(alu) + BldNN(ula” +(d|B™)|d) =
(a(ulu) + Buld) (uld)a” + (d|d)B") =
(a+0)(0+ ") =ap”
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Pdu
= (d[P)(¥]u) =
Pau = (d(alu) + BldN)N(ula” +(d|B™)|u) =
(a(d|u) + B(d|d)) (ulu)a” + (d[u)B") =
O+p)(a"+0) =pa"
Paa

Paa = (d|PN¥|d) =
paa = {d(au) + Bl ((ula” + (d|B*)|d) =
(a(d|u) + p{d|d))(u|d)a” + (d|d)B") =
(0+p)(0+pB") =BB"

The density matrix goes like this:
_ (aa* aﬁ*)
Paar = \pa~ pp°

We plug in the example a = — and B = — and get:

V2 V2

11 11

_1V2V2 V242 _(
Par=l11 11
V22 242

N[N =
N[N -

|

Choosing the values a = %and g = % (designed to fit a? + B2 = 1):

p :/gg \ /_ 75
8 8 8 8 64 64
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Exercise 7.5

a) Show:

/

p%  Tr(p), Tr(p?)

c) If p is a density matrix, does it represent a pure state or a mixed state?

Calculate:

k %k %k % %k % k k ¥ %

a) Show that:
2
(gg)z(ﬁ ;)

2 . . . .
(6 o) =G G =6avsa 60t0:0)=(5 )

b) Now, suppose

Ly
_[3
p= 2
0 —_
3
Calculate p2, Tr(p), Tr(p?)
Lo\ /2 o L,
2 _ .. _|3 3 _19
pr=pPrP=L 2 27| 4
03/ \0 3/ \03
1
Tr(p) =T 30 R
T, 2) 373
3
1
, 3 Y9Y 1 4 5
Tr(p®) =Tr 4 =§+§=§¢1
0 —_
9

c) If p ist a density matrix, does it represent a pure stat or a mixed state?

A pure state is defined as a state in which p is nonzero at only one point. This corresponds to a matrix
where only one entry on the diagonal is nonzero. As the sum of the diagonals need to be one for the
matrix to be a density matrix, this one entry must have the value 1 with the rest of all entries being
zero. So, the matrix p presents a mixed state.
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Exercise 7.6

By the standard rules of probability, the probability for a:
P(a) = ) #"(a,b)p(ab)
b

This is just a diagonal entry in the density matrix:
P(a) = paq
Use P(a) = pgq to show that if p is a density matrix, then:
Tr(p) =1

k k %k %k %k %k k k ¥ %

Say that Alice’s system has more than one state but the states a4, a,, ..., a,. The probability for each
one calculated according to P(a) = pgq is

P(a) = ) " (as bb(as b)
b

As Alice’s system must have a state (it couldn’t vanish), the sum over all possible states must be 1:

Zp(ai) —1

Every probability P(a;) corresponds to a diagonal entry Pa;a;» SO the sum over all diagonal elements
in the matrix must be 1. For a pure state with only one entry p, 4, # 0 this means that this entry
must be 1 too.
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Exercise 7.7

We have the density matrix:

1/ 0
p:(f V)

Calculate p2. How does this result confirm that p represents an entangled state?

* k k k % k k% % %

102 1o\ /L, /<1)2 0\ 1
. _|[2 _[2 2 12 |_(2
’ = o =/ \o L 1y’ =
2 2 2 \0 (5)/ 4

In a mixed state more than one entry on the diagonal will be nonzero with the sum giving 1.

Only for pure states the equation p? = p holds, because the one and only “1” replicates itself.
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Exercise 7.8
Consider the following states:

1
Y1) =5 (luw) + [ud) + |du) + |dd))

1
2) = ﬁ(luu) +|dd))

1
[Ws) = 2 (3w + 4/dd))

For each one, calculate Alice’s density matrix and Bob’s density matrix. Check their properties.

* k k k % k k% % %

Alice’s density matrix: calculate the sum pg,, = Xp ¥*(a, b)Y (a’, b)

First, we expand the states |Y,) and |i3) to the full set and get:

1
1) = qu) +5 Iud) +5 Idu) +

dd
5lda)

1 1
[Yp,) = 5 |uu) + 0ud) + 0|du) + % |dd)

[Y3) == |uu)+ |lud) + 0|du) + 0|dd)

The values of Y/(a, b) for the first case [Y4):
Ywu) =5=9ud =y u) =y, d)

para = Z ¥ (@ bY@, b)
b

d d_ll 1.1_1 1_2_1
=y (wwypu,uw) + P (u, )Yy, d) EE-I_E E—Z‘Fz—z—z
11 11 1 1 2 1

pua =¥ (d, WP, w) + P (d, DY (u, d)—z Sst35=7%1273
11 11 1 1 2 1
gb(uu)1/)(du)+l/)(ud)1/)(dd)—§ Sto o2t 27173

11 11 1 1 2 1
Pdd—ll)(du)ll)(du)'i'll)(dd)ll)(dd)—z st33=2t15313

The density matrix p of Alice goes like this:

©

I
Nl =N =
N| =N =

Check: a density matrix must be Hermitian and the trace of a density matrix must be 1, both
conditions are fulfilled for this result.

For a pure state holds:
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p?=pand Tr(p?) =1

We check:
1 1\ /1 1 1 1
._(z 2\[2 2\_(z 2
p 1 1){1 1 11
2 2/ \2 2 2 2
1 1
o2 2|2
Tr(p*) =Tr 11 =1
2 2
Alice’s matrix represents a pure state.
Bob’s density matrix: calculate the sum pp,, = X ¥*(a, b)Y (a,b") (7.23")
The values of Y (a, b) for the first case [1;):
1
Ywu) =5 =9ud =y u)=p(dd)

P = ) 9" (@ bb(a,b)

) ) 11 11 1 1 2 1
pu =P W WPpWw) + Y dwPldw) =5 c+o- o=+ =7=7
) ) 11 11 1 1 2 1
Pud:dJ(u,d)ll)(u;u)‘H/J(d;d)lp(d;u)ZE'E‘FE'E:Z‘FZ:Z:E
) ) 11 11 1 1 2 1

pa =¥ (W, d) + Y dwypld d) =S +5 o=+ =2=7
11 11 1 1 2 1

Paa =¥ (W P, d) +y @ dYd d) =55+ o=+ =7=2

The density matrix p of Bob goes like this:

©

Il
N| RN -
N RN| P~

Check: a density matrix must be Hermitian and the trace of a density matrix must be 1, both
conditions are fulfilled for this result. Bob’s matrix represents (like Alice’s matrix) a pure state.

The values of Y(a, b) for the second case |,):

|2) = \/—15 luu) + Olud) + 0|du) + % |dd)
We calculate Alice’s density matrix:
1 1 1
puu =P W WP, u) + P (u, )Yy, d) = NN +0= N

pua =P (d, WP w,u) + " (d, P(u,d) =0+ 0 =

0
Pau = Y (w,wp(d,w) +*(u,d)y(d,d) =0+0=0
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1 1 1 1
Pda :1/) (d,U)l/)(d,U.) +1/J (d;d)lp(dvd) = 0+ﬁﬁ:ﬁzz

The density matrix p of Alice goes like this:

S N -
N+~ O

Check: a density matrix must be Hermitian and the trace of a density matrix must be 1, both
conditions are fulfilled for this result.

For a pure state holds:

p?=pand Tr(p?) =1

We check:
1 0 1 0 1 0
2 _ | 2 2 _| 4 "
’ 0 ! 0 ! . g
2 2 4
1
1 0
2 = —_——
Tr(p®) =Tr 1]=3#1
4
The matrix of Alice represents a mixed state.
We calculate Bob’s density matrix:
W (0 () + 7 (0P, 0) = == +0 = — =
= w, WP (u,u U U) = —— e
Puu \/7 \/7 7 >
Pua =P (W DY, u) +Y*(d, DPd,u) =0+0=0
Pau =¥ W WP, d) + " (d,wy(d,d)=0+0=0
B0, PG d) + 7 (@ DP(d,d) = 0 + === — ==
= u, u, ) , = - e = =
Pdd N AR

The density matrix p of Bob goes like this:

S N R
N+~ O

As with the matrix of Alice, Bob’s matrix represents a mixed state.

The values of P (a, b) for the third case |{3):
3 4
) = |uu) + §| ud) + 0|du) + 0]dd)

We calculate Alice’s density matrix:
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25 25 25

44 9 16 25
=y (u,wWyYu,u) + P Y, d) = tzz

3
5

u1|w

3 4
pua =P (@ W) + " (4 DY d) =0-Z+0-2=0
=y"(wwy(d,w) + ¢ (u,dyd,d) =0
Pdd = l/J*(d, U)l/)(d, U.) + l/)*(d: d)l/)(d, d) =0

The density matrix p of Alice goes like this:

-G )

Check: a density matrix must be Hermitian and the trace of a density matrix must be 1, both
conditions are fulfilled for this result.

For a pure state holds:
2 _ 2y _
p-=pandTr(p*) =1
This is clearly fulfilled for the matrix of Alice. Alice’s matrix represents a pure state.

We calculate Bob’s density matrix:

3 3 9

Y (w, Wy (u,u) + 9 (d,wypd, u)_g cH0=o2

4 3 12

pua =¥ (W DY w) + P (d DYdw) =g = +0-0=—
3 4 12

w =P @wPd) + P (dwpd d) =z = +0-0=—

4 4 16

pag =" (W, P, d) +P*(d, DP(d,d) =g £ +0 =5

The density matrix p of Bob goes like this:
9 12
_ |25 25
P=112 16
25 25
Check: a density matrix must be Hermitian and the trace of a density matrix must be 1, both
conditions are fulfilled for this result.

For a pure state holds:

p?=pand Tr(p?) =1

We check:
9 12 9 12 9 12
2_[25 25 25 25 )_ (25 25
12 16 12 16 12 16
25 25/ \25 25 25 25
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9 12
ro-r(
25 25

The matrix of Bob represents a pure state.
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Exercise 7.9

Given any Alice observable A and Bo observable B, show that for a product state, the correlation
C(4,B) is zero.

Alice prepares her spin in state (4) = a,|u) + a4|d).
Bob prepares his spin in state (B) = S, |u) + B4|d).
The product of these two states (A) - (B) gives:
(aylu) + agld)) - (Bylu) + Bald)) =
(ay|u) - Bylu)) + (aylu) - Bald)) + (agld) - Bulu)) + (agld) - Bald)) =
(ayBuluw)) + (ayfalud)) + (agBuldu)) + (aqByldd))
The product state (AB) is the tensor product of both states, written as
AQB=
{aulw) + agld)} ® {Bulu) + Bald)} =
(ay|u)) (Bulu) + Bald)) + (aqld)) (Bulu) + Bald)) =
(ayBuluw)) + (ayfalud)) + (agByldu)) + (aqByldd))

As the result for the “normal” multiplication and the tensor product is the same, the difference
equals zero.
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Exercise 7.10

Given a measuring apparatus with the states |b) for initial blank state, |+1) for “result of spin
measurement is up” and |—1) for “result of spin measurement is down”.

Verify that the state-vector
oy |u, b) + agld, b)
represents a completely unentangled state.
* % % % % k % % k *
We have two states, the state of the spin and the state of the apparatus:

(ay|u) + ag|d)) and (1|b) + 0|(+1)) + 0](—1))), because in the beginning the apparatus is
certainly in the | b)-state.

We build the product state according to p. 164:
|product state) = {a|u) + agq|d)}®{1|b) + 0|(+1)) + 0|(=1))} =
{og|u) + 0g|d)}®{1|b)} =
oy |u)1[b) + agld)1|b) =
ay|u, b) + agld, b)

Note: product states are not entangled.
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Exercise 7.11

Calculate Alice’s density matrix for g, for the “near-singlet” state.

k k %k % %k %k k k ¥ %

Spin Operator Multiplication Table for the Up-Down-Basis:

o |luu) = |uu) o,lud) = |ud) o,|ldu) = —|du) o,ldd) = —|dd)
oxluu) = |du) oxlud) = |dd) oxldu) = |uu) oxldd) = |ud)
oy luu) = i|du) oylud) = i|dd) oyldu) = —iluu) oyldd) = —ilud)
7 luu) = Ju) 7, lud) = —[ud) T ldu) = |du) 7,ldd) = —|dd)
Teluw) = ud) Telud) = [uu) 7 ldu) = |dd) 7 ldd) = |du)
Ty luu) = ilud) 7y lud) = —iluu) 7y|du) = i|dd) 7, |dd) = —i|du)

The state-vector leads to the following wave-function:

Yuu = Ofuu) Yua = V0.6|ud) Yay = —V0.4|du) Yaq = 0]dd)

As the values are all real, the complex conjugated are identical: ¥, = " etc.

2
Obviously, the wave function is normalized: 02 + V0.6 + (—/0.4)2 + 02 =1

The density matrix:

Y (a, b) takes the form Y(a,b) = Pyuq + Pgu = V0.6|ud) — v0.4|du)
and results in: YV =0, Yyuq = v0.6, Yy = —V0.4, Puq =0
The density matrix of Alice: Pawra = 2p ¥ (a,b)Y(a’,b) (7.23)

expanded a, a’ (with " = 1) due to all coefficients being real):
Puy = P WP, w) + P (u, d)p(u,d) = 0.6
pua =¥ (W, wWP(d,w) +P*(u, d)yp(d,d) =0
Pay =Y (d, WP, uw) + P *(d, d)Pp(u,d) =0
Paa = Y (d,wWPp(d,uw) +¢P*(d, d)P(d,d) = 0.4

gives Alice density matrix:

= 0w =(0" 016

For Alice’s subsystem holds:

p? # pandTrace (p?) < 1
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Exercise 7.12

Verify the numerical values in each rap sheet.

This is a very specific exercise that refers to so called “rap sheets”. The solution here is for reasons of

completeness.

k %k %k % %k %k k k ¥ %

State-Vector Rap Sheet 1

Spin Operator Multiplication Table for the Up-Down-Basis:

o, |uw) = |uw) o lud) = |ud) o,ldu) = —|du) o,ldd) = —|dd)
ox|uu) = |du) ox|ud) = |dd) ox|du) = |uu) ox|dd) = |ud)
ayluu) = i|du) aylud) = i|dd) ayldu) = —iluu) gyldd) = —ilud)
T,|uu) = |uu) T,|ud) = —|ud) T,|du) = |du) 7,|dd) = —|dd)
Tx|uu) = |ud) Tylud) = |uu) Tx|du) = |dd) Ty|dd) = |du)
Ty luu) = ijud) 7y lud) = —iluu) 7y|du) = i|dd) 7, |dd) = —i|du)

The state-vector leads to the following wave-function:

Yau = agfyldu)

Yuu = @y By un)

Yua = ayPalud)

Yaa = agPaldd)

with the normalization
a, o, +aza; =1
BuBu + BaBa = 1
The expectation values:
(0,) = (YPlo,lyP) =
First the part o,|y):
o, |¥) = o, (ayBuluu) + ayBalud) + agByldu) + agfqldd)) =
(ayPyluu) + ayPqlud) — agfyldu) — agBfqldd))
The left part (| added: (Y| = (uu|ay, B, + (ud|a,, B + (du|ay By, + (dd|a;fy;
(uulagy By + (ud|a;,Bg + (dulagBy + (dd|agBa) (aufuluu) + ayfalud) — aqByldu) — aqfaldd))
As only products of the form (uu|uu) contribute, the scalar product results in:
ayPuayPu + anPaduPa — aaBuaPu — daBa®aBa =
&y PuPu + @y BaPa — aaafuPu — dgaPaBa =
@y (Bubu + BaBa) — aaa(BiBu + Baba) =
(ayoy — agag)(BuBu + BaBa) =
(apay — agag)(1) =

(auay — agaq)

page 90 of 106



The exercises of ,Quantum Mechanics, The Theoretical Minimum*“

The expectation values:
(oy) = W’l"yl‘p) =
First the part ayhp):
ayP) = oy (auBuluu) + ayBalud) + agByldu) + agfaldd)) =
(i Buldu) + iayfyldd) — iagfyluu) — iagfqlud)
The left part (| added: (Y| = (uu|a;, By, + (ud|a, By + (dulaz By, + (dd|a;Bg
(uulag By + (ud|ay By + (dulagBy + (ddlayBy) (iayByldu) + iayBaldd) — icgBy [ure) — iayBalud)

As only products of the form (uu|uu) contribute, the scalar product results in:

—layBuaPu — iayBaaPBa + iagPuayBy + iagBaayfa =

—ia,aqPuPu — iayaafaPa + iagayfufu + iagayfafa =

lagayfuPu — iayaafubu + iagayfaPa — iayaafaba =
i(agay — ayag)Pubu + ilagay — ayaq)BaPa =
i(agay — ayaq)(Bubu + Baba) =
i(agay — ayag)(1) =

i(agay, — ayaq)

(0x) = (Ylox|yp) =
First the part o, |Y):
ox[P) = ox(ayPylun) + ayfalud) + agByldu) + agfqldd)) =
(ayPyldu) + ayBqldd) + agfyluu) + agfqlud))
The left part (1| added: (Y| = (uu|ay, By, + (ud|a,, By + (dulayf,; + (dd|a;Bg
(uulag By, + (ud|a;,Bg + (dulagBy + (dd|agBa) (aufuldu) + ayfaldd) + aqfyluw) + agfalud))
As only products of the form (uu|uu) contribute, the scalar product results in:
ayPudaPu + aifadaPa + aaPuuPu + agBaaufa =
ayaaPubu + ayaaPaba + agaufiPu + agaufaba =
@y q(BuPu + BaBa) + aqu(BiBu + Baba) =
(ayaq + agay)(BuBu + BaBa) =
(ayaq +agm)(1) =
(apaq + agay)
Now we must calculate

(Ux>2 + (Uy)z + (Uz)z =
* * . * * 2 * *
(ayaq + adau)z + (l(adau - auad)) + (agay — adad)z =
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(anaa)® + 2ayagaga, + (agay)® — (@gon)® + 205y tq — (ay0a)?
+ () — 2a5,a, 2500 + (@gaa)” =

2 agaa, + 2ana,anag — 2ana,ahag + (ana,)? + (ajag)? =
2 agaa, + 2anagaha, — 2anagaay, + (aha,)? + (ajag)? =
(@) + 205aa @y, + (@aa)’ =
(anan)? + 2aiayagaq + (2gaq)? =
(apay +ajag)? =1
The expectation values: (t,) = (Y|T,|P) =
First the part 7, |):
7,|¥) = T (auBuluu) + ayfalud) + agByldu) + ayfaldd)) =
(ayPuluu) — ayBalud) + agfyldu) — agfqldd))
The left part (| added: (Y| = (uu|a;, B, + (ud|a,B; + (dula; B, + (dd|a;B;
(uulagy By + (ud|ay g + (dulagBy + (dd|agBa) (ayfyluu) — a,Balud) + agfy,|du) — agBfyldd))
As only products of the form (uu|uu) contribute, the scalar product results in:
auPiouPu — aiBaauPa + aafuaPu — agbatafa =
ayayfiBu — anauPaPa + agafuby — agaababa =
a0y (Bubu — BaBa) + aqta(Buby — BaPa) =
(o, + agaq) (Bubu — Baba) =
(D BBy — BaBa) =
BBy — BaBa)
The expectation values: (t,) = (Y|, |p) =

First the part 7, |y)):

Ty Y) = 7y (auBulun) + ayBalud) + agfyldu) + agBqldd)) =
(iayfulud) — iy Bgluu) + iagfy|dd) — iagBy|du)
The left part (| added: (Y| = (uu|a;, B, + (ud|a,B; + (dula; B, + (dd|a;B;

(uulag By, + (ud|a;, g + (dulagBy; + (dd|agBa) (iayfylud) — iayfaluu) + iagfyldd) — iagBaldu)
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As only products of the form (uu|uu) contribute, the scalar product results in:

—layBuauBa + iay BaauBu — iagPyaafa + iagBadaPy =

—layayPuBa + iayauBaBu — iagaafufa + iagaaBaby =

—tayayfifa — iagaaPuPfa + iayayaPu + iagaaBaby =

—iBuBa(ayay + agag) + ifaPu(ayay + agaq) =
(auay + agag)(=iBuBa + iBabu) =
i(BaBu — BuBa)
The expectation values: (1) = (W, |Y) =
First the part g, |Y):
Tel) = Te(@uBuluw) + @y Balud) + agByldu) + agByldd)) =
(ayPylud) + ayPaluu) + agByldd) + aqfqldu))
The left part (| added: (Y| = (uu|a, B, + (ud|a,, By + (dulay B, + (dd|a;fy
(uulay By + (ud|a, By + (dulagBy + (dd|agBa)(aufulud) + ayfyluu) + agByldd) + aqBqldu))
As only products of the form (uu|uu) contribute, the scalar product results in:
ayPuayBa + anPauPu + aaBuaPa + aaBaaPu =
ay oy BuPa + ayauBaPu + ag@aBuPa + aa@aBaPu =
@ty (BuBa + BaPu) + aqa(BiBa + Babu) =
(auay + agaq)(BuBa + Babu) =
(1) (BuBa + BaBu) =
(BuBa + BaBu)
Now we must calculate
(T2)? + (1) +(1,)* =
(BiBa + Babu)? + (((BaBu — BuBa))? + (Bubu — BaBa)? =
(BiBa + Babu)? — (BaBu — BuBa)® + (Bibu — BaBa)* =

(BubBa)® + 2BuBaBabu + (Babu)? — (Babu)? — 2BabubiBa + (BiBa)®)
+ (BuBu)? — 2BuPuPabBa + (Baba)* =

(BiBa) + 2BiBaBaBu + (BiBL? — (BiB)? + 2BiBuBiBa — (BaBa)®)
+ (BaBu)? = 2BufuBiba + BiBa)* =

(BiBu)? + 2BiBuBaba + (BiB)* =
Bibu + Biba)* =1
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The composite expectation value: (1,0,) = (Y|1,0,|P)
o) = (ayPuluu) + ayfalud) — agByldu) — agBqldd))
T,0,|Y) =
Tz (ay By luu) + ay Balud) — agByldu) — agBqldd)) =
(ayPyluu) — ayPalud) — agPyldu) + agfqldd))
The left part (| added: (Y| = (uu|ay B, + (ud|a, By + (dulay B, + (dd|ayfy
(uulay By + (ud|ay By + (dulagBy + (dd|agfa) (aufyluu) — ayBylud) — agfyldu) + aqfyldd))
As only products of the form (uu|uu) contribute, the scalar product results in:
ayPuttyPu — auPauPa — AaPudaPu + aaPadaPa =
ayayPiPu — anauPaBa — aa@afubu + agaaPaba =
oty (BuPu — BaBa) — aa@a(BuBu — BaBa)
The product {a,){z,):
(07) = (auay — agaq)
(tz) = BuBu — BaBa)
(0,012) = (ayay — aqgaq)(Buby — Baba) =
a0y (BuBu — BaBa) — aa(Buby — BaPa)
(T20,):
(1707) = ay oy, (BuBu — BaBa) — @a@a(BuBu — BaBa)
The correlation:

(Tzaz> = (Tz)<o-z) - (Tzaz> - (Tz><az> =0
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State-Vector Rap Sheet 2

Spin Operator Multiplication Table for the Up-Down-Basis:

ozluu) = |uu) zlud) = |ud) ozldu) = —|du) o,ldd) = —|dd)
oxluu) = |du) oxlud) = |dd) ox|du) = |uu) oxldd) = |ud)
ayluu) = i|du) oylud) = i|dd) oyldu) = —iluu) oyldd) = —ilud)
Tz|uu) = |uu) Tz|ud) = —|ud) T,|du) = |du) T,|dd) = —|dd)
Tyluu) = |ud) Tylud) = |uu) Ty|du) = |dd) Tyldd) = |du)
Ty luu) = ifud) Ty lud) = —iluu) 7y |du) = ildd) 7y ldd) = —i|du)

The state-vector leads to the following wave-function:

Y = Oluu) Yua = 75 lud) Yau = — 75 1du) Yaa = 0ldd)

As the values are all real, the complex conjugated are identical: ¥,,,, = " etc.

2
; i iad- 02 1 _1\2 2 _
Obviously, the wave function is normalized: 0“ + (ﬁ) + ( ﬁ) +0°=1

The density matrix:

Y (a, b) takes the form Y(a,b) =Yug +VYau = % lud) — % |du)

. 1 1
and results in: Yuu =0, Yua = 5 Yau = — 75 Yaa =0
The density matrix of Alice: Para = 2p ¥ (a,b)yY(a’,b) (7.23)

expanding a, a’ to uu, ud, du and dd (with ¥* = ¥ due to all coefficients being real):

1 1 1
Puy = P (w, WP, u) + P (u, d)Pp(u,d) = 0'0+ﬁ'ﬁ=§

-1 1
Pua = P, wWP(d,w) + " (u, )P(d,d) =0 —=+—=-0=0

'V

-1 1
Pay = ¥ (d, WP, u) + Y (d,d)Pp(u,d) :ﬁ.0+0.ﬁ=0
Pdd =11b (dvu)¢(d:u)+¢ (d'd)w(d:d) :ﬁﬁ‘l‘oo :E

gives Alice density matrix:

S N -
N|— O©
he)

N
Il
S D
N N )

For Alice’s subsystem holds:

p? # pand Trace (p?) < 1
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The expectation values:

(02) = WloglY) =
(ot~ ) o o -]

((ud|?—( ul )(\/_|ud)+%| du)) =

1
E(udlud) + E(udldu) + E(dulud) — E(duldu) =

1+0+0 1—0
2 2

(ox) = (Wlogly) =
(((udlv—l_—(dul%) o, ((%|ud)—%| du))> -

((ud|?—(du| )(\/_| d) — |uu))=

E(udldd) — E(udluu) — E(duldd) + E(duluu) =

0-0-0+0=0

(oy) = <‘l’|0y|¢> =
(6t 5= tctur ) oo g e = 5] ) =
! uu)) =

((udI%— (dul%) (i%|dd) + iﬁ

1 1 1 1
iz(udldd) + iz(udluu) — ii(duldd) — iz(duluu) =

0+0-0-0=0

(t2) = Wl ) =
<((ud| % — (du| %) T, ((% |ud) — %| du))> =

(<ud|% —(dul %) (—\/—17|ud) —%| aw) =

1 1 1 1
—E(udlud) — E(udldu) + E(dulud) + E(duldu) =

1+0+0+1—0
2 2
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(Tx) = (WPlrylYp) =
<((ud|% - (du|%) - (%|ud) - \/—1_| du))> -

it - a5 o ) -

E(udluu) — E(udldd) — E(duluu) + E(duldd) =

0-0-0+0=0

(ry) = <¢|Ty|¢> =
(6wt Z5 = i 5) || (G = )} =

((ud| % — (du| %) (—i% |uu) - i% dd)) =

1 1 1 1
—iz(udluu) — iz(udldd) + iz(duluu) + iz(duldd) =

—-0-0+0+0=0
The composite expectation values:

(120,) = (Yl 0.lY) =
<((ud| % — (du] %) T,0, (% |ud) — %| du))) =
(<ud|i —(dul i) I,| ( ! |ud) + |du))
e M)\ Gt R

((ud|?—(du| )( \/_|ud)+ﬁ|du))=

1
—Z(udlud) + E(udldu) + E(dulud) — E(duldu) =

1+0+0 1 1
2 2
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(tyoy) = (Y|zy0,|0) =
(1t = D) G - o) -
(<ud|?—<du| H 7yl (= f|dd>+ f|uu>)=
(=== a1 =) (‘7 du) —— ud)) .

\/i
((ud|\/_—(du| )(\/_|du)+\/_|ud))=

1
E(udldu) — E(udlud) — E(duldu) — E(dulud) =

Ty0y

2

0 ! 1+0— 1
2 2 -

(1202) = (blTeo ) =
<((ud| % — (du] %) T, Oy (% |ud) — %| du))) =
(fudl <5~ taul =) ey (5 ) —i|uu>) -

NN,

(<ud| \/—17 —(dul \/—17) (717 |du) -5 ud))

1 1 1
E(udldu) — E(udlud) - E(duldu) + E(dulud) =

0 1 1+0— 1
2 2 N

The correlation:

(Tzo-z) - (Tz)<o-z) =-1-0=-1
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Vector Rap Sheet 3

Spin Operator Multiplication Table for the Up-Down-Basis:

o,|luu) = |uu)
oxluu) = |du)
ayluu) = i|du)
Tz|uu) = |uu)
T, |uu) = |lud)

Ty luu) = ifud)

o,lud) = |ud) o,|ldu) = —|du) o,ldd) = —|dd)
o lud) = |dd) o ldu) = [u) o,ldd) = [ud)
oylud) = i|dd) oyldu) = —iluu) oy|dd) = —ilud)
Tz|ud) = —|ud) T,|du) = |du) T,|dd) = —|dd)
Ty |lud) = |luu) T, |du) = |dd) T, |dd) = |du)
Ty lud) = —iluu) 7y |du) = ildd) 7y ldd) = —i|du)

The state-vector leads to the following wave-function:

Yuu = 0uu)

Yug = V0.6|ud) Yay = —V0.4|du) $aq = 0|dd)

As the values are all real, the complex conjugated are identical: ¥,,,, = ¥*  etc

Obviously, the wav

uu '

e function is normalized: 02 + 0.6 + (—V0.4)2 +0%2 =1

The density matrix:

Y(a, b) takes the form Y(a,b) = Pug + Way = V0.6|ud) — V0.4|du)

and results in:
The density matrix

expanded a, a’ (wit

Yuu = 0, Pug = V0.6, Papy = —V0.4, hgq = 0
of Alice: Para = Sp (@, b)p(a’,b)  (7.23)
h* = 9 due to all coefficients being real):
Puy = P WP, w) + P (u, d)p(u,d) = 0.6
pua =P (wwPp(d,w) +P*(u, d)P(d,d) =0
pau =¥ (WP, w) +P*(d, d)Pp(u,d) =0
Paa = Y (d,wWP(d,uw) +¢P*(d, d)P(d,d) = 0.4

gives Alice density matrix:

pi= (066 0(.)4); pr= (0'36 026)

For Alice’s subsystem holds:

p? # pandTrace (p?) < 1

The expectation va

lues:
(07) = (o lp) =
(ud VOB — (dulyOA)|o, | (VOB ud) — VOF|dw))) =
(ud|y/0,6 — (duly/0,4)(;/0,6[ud) +/0,4|du)) =

0.6(ud|ud) + v0.24{ud|du) + v0.24{du|ud) — 0.4{(du|du) =

06+0+0-04=0.2
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(0x) = (Wloyl) =
{((ud|v0,6 — (du|v0,4)|o,|(V0,6|ud) — V0,4|du))) =
((ud|y/0,6 — (duly/0,4)(v/0,6|dd) — /0 4[uu)) =
0.6(ud|dd) — V0.24¢ud |[uu) — V0.24(du|dd) + 0.4(du|uu) =
0-0-0+4+0=0

(y) = (Ploy|w) =
(IO — (dulNOA) o |(VOB|ud) — VO] du))) =
((ud|,/0,6 — (du|/0,4)(i/0,6|dd) + i\/0,4|uu)) =
i0.6¢ud|dd) + ivV0.24(ud |uu) — iv0.24(du|dd) — i0.4(duluu) =
0+40-0-0=0

(1) = Wlt.l) =
(({ud|V0,6 — (du|v0,4)|t,|(V0,6|ud) — VO0,4|du))) =
(ud]/0,6 — (dul/0,4)(=/0,6]ud) — 1/0,4]du)) =
—0.6(ud|ud) —V0.24(ud|du) + v0.24(dulud) + 0.4(du|du) =
—-06+0+0+04=-0.2

(tx) = (PlrxlYp) =

(((ud|v0,6 — (du|/0,4)|7,|(VO,6|ud) — v0,4|du))) =
(¢ud|y/0,6 — (duly/0,4) (v/0,6[ur) — \/0,4]dd)) =
0.6(ud|uu) — V0.24(ud|dd) — V0.24(du|uu) + 0.4(du|dd) =
0-0-0+0=0

(ty) = W[ty ) =
((udV0,6 — (dulV0,2) |7, | (VO,6[ud) — VO,4|du))) =
((ud|/0,6 — (dul,[0,4)(=ir/0,6|uu) — i/0,4|dd)) =

—i0.6(ud |uu) — ivV0.24(ud|dd) + iV0.24(du|uu) + i0.4(du|dd) =
—0-0+0+0=0
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The composite expectation values:
(t07) = (Wlr0,1P) =
(((ud|V0,6 — (du|v0,4)|z,0,|(v/0,6|ud) — \0,4]|du))) =
(ud|y/0,6 — (duly/0,4)|7,1(V0,6]ud) +/0,4]du)) =
(¢ud|y/0,6 — (duly/0,4)(—/0,6[ud) + /0,4|du)) =
—0.6¢ud|ud) +V0.24(ud|du) + v0.24(dulud) — 0.4(du|du) =
—-06+0+0-04=-1

(tx0x) = (Plrroxlh) =
{(((ud|V0,6 — (du|v0,4)|t,0x|(v/0,6]ud) — VO,4|du))) =
((udl /0,6 — (dul\/0,4)|7|(;/0,6]dd) — /0,4[uu)) =
(¢ud|y/0,6 — (duly/0,4)(v/0,6|du) — \/0,4[ud)) =
0.6(ud|du) — v0.24(ud|ud) — V0.24(du|du) + 0.4(dulud) =
0—+0.24 —v0.24 + 0 = —2-v/0.24 = —/0.96

The correlation:

(t,0,) —(t,)0,) = —1—0.2-(=0.2) = —1 + 0.04 = —0.96
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Exercise 8.1

Prove that the position operator X and the momentum operator D are linear operators.
X: Xo(x) = xp(x)

do(x)
dx

k k %k % %k %k k k ¥ %

D:Dp(x) =

Properties of a linear operator L:

1) LF+9 =Lf+Lg
2) L(tf) =tLf

For X
1)
X(p(x) +0(x)) =x(p(x) +6(x)) =
xp(x) + x0(x) = Xp(x) + X0(x)
2)
X(Z(p(x)) =xzp(x) = zxp(x) = ZX((p(x))
For D
1)
d ]
D(p(x) + 0x)) = 2D
dp(x) do(x) B
I + o Do(x) + 6D(x)
2)
D(zpoy) = LY _ 2o _ o

dx dx
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Exercise 9.1

Applicate the Hamiltonian

h? 021p(x)
“om w2 L¥®
to the wave function:
ip
P@) = eh”
Show that this wave function is a solution, if we set:
p?
~2m

k k %k % %k %k k k ¥ %

We start with the Hamiltonian:

h? 0% (x)
—— = EY(x
2m 0x? Y
We insert the wave function:
ipx
h% 9%e’
- 2m 9x2
We derive partial twice:
Once:
ﬂ
deh ip ipx
=—¢e h
0x h
Twice:

ip bx
a(ﬁ”‘) ipip ibx  p? ipx
—_— Y = ——p h = ——¢ h
ox h h h2

... fill in the result:

2m 2m
We get:
h* 0%p(x) p?
T a2 " 2m Y(x):= EP(x)
We can conclude:
2

p

L _=F

2m
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Exercise 9.2
Prove the following equation by expanding each side and comparing the results:
[P%2,X] = P[P, X] + [P, X]P
P is the momentum operator, X is the position operator — both are matrices.
[P, X] is the commutator relation: [P, X] = PX — XP
ok ok koK ok kK % %
[P?2,X] = P[P,X] + [P, X]P
Left side:
[P?2,X] = PPX — XPP
Right side:
P[P, X] + [P, X]P =
P(PX — XP) + (PX — XP)P =
PPX — PXP + PXP — XPP =
PPX — XPP

Obviously both sides of the equation are the same.
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Exercise 9.3

Show that the right-hand side of

d d
VGO, PG = V() (=i ——) 90 = (=i VGO (@)

simplifies to the right-hand side of:

Vo), PR = in

Hint: First expand the second term by taking the derivative of the product
Then look for cancellations.

k %k %k % %k %k k k ¥ %

d d
V60, PloG) = V() (=i o) @) = (~ih ) Ve

We calculate the derivations:

V(x) (—m %) o(x) — (—ih %) V() (x) =

V(x )(—m ‘Z(x)>+ih<dv(x) () + d‘”—() Vix ))

—ih dq;ix) V(x)+ih dtich) p(x) +ih (p( )

V(x) =
v

ih dff)-cp(x)

We get
av(x)

V@), Plo@) = ih—>>- p(x)
or

[V(x), P] = ik d‘;ix)
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Exercise 10.1
Find the second derivative of x:

x =A-cos(wt) + B - sin(wt)
Show thereby that it solves:

—w?x =¥

ok ok Kk Kk Kk %
We calculate:
x = A-cos(wt) + B - sin(wt)
x =—A-sin(wt) w + B-cos(wt) *w =
a)(B -cos(wt) —A- sin(a)t))
¥ =w(—=A-cos(wt) w—B-sin(wt) - w) =

—w?(A- cos(wt) + B - sin(wt)) =

—w?%x
The same calculation with complex numbers:
x = elwt
X = iwe'®t
¥ = i2w2ieiwt — _w2eia)t — —(sz

page 106 of 106



