FAQ Quantum Mechanics

These worked examples follow “Rechenmethoden der Quantentheorie, Siegfried Fligge, Springer,
Berlin, 1965”. Library of Congress Catalog Card Number 65-24546, title-nr. 7288

Hope | can help you with learning quantum mechanics.
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FAQ Quantum Mechanics

Solve a wave packet in one dimension without potential by superposition of plane waves.

In FAQ 1 we found a particular solution W (7, t) of the time dependent Schrédinger equation:

how K2 Aw
i dt  2m

The solution was:
W (7, 6) = C - el(k-w1)

Note:

k? - h
keR

w:
2-m’

We reduce to one dimension x and get the complete solution by integrating over all possible k:
* i(k-x—ﬂ-kz)
Y(x,t) = f ck)-e 2m” Jdk

The function C (k) is a free parameter with the property needed that for |k| — oo the function
approaches zero at least like 1/k'

By help of C (k) we can select one specific solution.

Wesett = 0:
W(x,0) = f Clk) - e

This is a wave packet concentrated at position x = 0
We want the wave packet to have momentum py = A - k.

A wave function fulfilling this condition:
X2
Y(x,0) =A-exp<—2—az+1-k0 -x)

We check:
The probability density p:
p=9Y¥ =

x? x?
(A-exp(—ﬁ+i-k0-x>><z4*-exp(—z—az—i-ko-x>) =
X2
|A|?exp (‘;)

xZ
p = |Al*exp <—;)

Result:
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Note: A might be a complex number.

We plot with the real parameters A = 5,a € {1,2,3,4,5}:

3

Y

We see the gaussian with variance va centered around zero. The smaller a, the sharper the
localization.

We check the probability current j:

. h * *
j=5— (W grad¥ — Wgrad¥") =

h (‘P*dl{’ lPd‘P*>—
2mi dx dx B

ho( o x? d x?
o A" -exp —ﬁ—l-ko-x Tx A-exp —ﬁ+l-k0-x —A
< ikex) LA _
exp(—oz+i ko x| exp| =53~ ikox =
h . x? x? x
e A" -exp —ﬁ—l-ko-x A-exp —ﬁ+l-k0-x (—§+l-k0) —-A
xz . * x2 . X .
exp —ﬁ+l-k0-x A*-exp —Z—aZ—L-kO-x (—E—l'ko) =
oo x? x? x
%lfll exp —ﬁ—l-ko-x exp —ﬁ+l-k0-x (—;+l-k0)
xz 3 xz - x 3
—exp —Z—az+1-k0-x exp —Z—aZ—l-kO-x (—;—l'ko) =
h x? x x? x
— Al - - 4. — - - . =
o O [ R ()
h S x x?\ x? x x2\ x?
ﬁlfll — e\ T3 +i-kg-exp ) +g-exp — +i ko exp —=/|=
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ho ke - 142 X%\
mi b0 P\ T2) "
h ke - 142 x?
m ° exp a?
From the result for the probability density p we got:
— 2 xz
p=lAl"exp| -

For the probability current we get:

J=p m o
The velocity v of the wave packet:
A ,
vV=—" ko = i
m p
The momentum p of the wave packet:
= ko =—
p= 0=,

The wave packet represents one particle, so we need:

f pdx =1
We calculate:
[e9) co x2 co x2
f_ pdx =f_ |A|%exp <—;> dx = |A|2f_ exp <_E> dx =
|AI>+a-Vm =1
From this we calculate |4|?:
1
|AI? = ——=
a-\rm

We know that:

Y(x,0) = f mC(k)ei'k'xdk

is a Fourier transform of C (k).

We build the inverse Fourier transform:

1 (® .
ck) = —f Y(x,0)e "**dx
2w )_o

We use the function:

xZ

2
X .
Y(x,0) = A-e 2a7H0% = 4. 07247 . glkox

D. Kriesell

page 4 of 16



FAQ Quantum Mechanics

We calculate the integral:

1 ® —iﬂ'-k X i
C(k) = %'A f e 2a2 07 emlk Xy =
1 © _x*
oA f e 2aZel*(ko=k) gy
T —o0

We take a look at Wikipedia: https://en.wikipedia.org/wiki/List of integrals of exponential functions:

o] 2
f e—(ax2+/3x)dx — \/Eef_a
o a

We use this and get the spectral function:

x2

C(k) = L. A- j e 2a?e ¥ koK) gy =
2m o

1 _(k_k)Z.E
ERYIN Rl

2n
2
A-a . e—(ko—k)z'a?
V2w
We interpret:

x? ]
W(x,0) = A-e 2a%-glkox

%2

For x > a the expression e 242 will tend to zero. The function exists in the surrounding of x = a like
a particle at position a.

We have an uncertainty of about a:
Ax =a
Note: a gives the inflection point of the Gaussian.
The expression e?*o* gives an additional modulation.
We plot for A = 1,a = 2,ky = 0, replacing e"*0* by cos(i - kg - x):

Y
Y

1,51

1,251

D. Kriesell page 5 of 16


https://en.wikipedia.org/wiki/List_of_integrals_of_exponential_functions

FAQ Quantum Mechanics

ThesameforA =1,a = 2,ky = 2,3,4:

1 1
/ f i
o \ o \ 0 \I 0
ii's \ AN i ‘5 f‘\ A D| ‘| \I“'
sl | . [ N |
25+ | ﬂ ot | f / | 0257 | N
AN P AN ,“,f‘.,‘\, L ﬂll“.u‘f‘«\ ;
] \\-z -;“E‘Zs \“1 z”, 3 4 3 = 4\ 3] -2 ‘I‘ -10!2: |‘1 JI ARV E 3 EA] -3‘\ f ro.‘s | 1|\ {“, ‘JJ] \& s s
\ | s \ f’ I‘l Ifns | \I‘ v \Is ‘I }‘ U
1 1 | |
-0,75 \V‘ I‘%‘ns I\/ I‘q'?s H
v Vv
We interpret:
. 2
A-a ) e_(ko_k)z.a7
Vam

This expression exists in the surrounding of k = k, with an uncertainty Ak = 1/a resp. Ap = h/a.
We plot forky =0,A=1,a = 2:

X

-1,25 -1 -0,75 -05 -0,25 0 025 05 075 1
-0,257

1,25 1,5

Modifying k results in a shift along the x-axis:

v

0,251

I N " J N n N
-1,25 -1 -0,75 -0,5 -0,25 0 025 05 075 1

-0,257

Independently from a we get the uncertainty relation:
Ax-Ak =1

Ax-Ap=nh
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We work with lim W(x, 0):
a—oo

x2 ]
Y(x,0) = A-e 2a%-elkox

We get the particular solution:
Y(x,0) = A-etkox

This is an oscillating wave through the whole space. In this case we have a~Ax — oo and Ak — 0,
the spectrum becomes infinitely sharp.

Taking the limit of the spectral function, lim C (k) we get:
a—oo

A-a 2 a?
lim C(k) = lim —- e~ %0=0"7 =
a—oo ( ) aﬁwm
6(k — ko)

We remember:

o fork =k,

8k — ko) = {0 else

This is the Dirac function holding:

f_ 0;6(k)dk ~1

We work with lin}) Y(x,0):
a-—

x? ]
Y(x,0) =A-e 2a%-: glkox

We check this graphically and plot the exponentials f(x,a) = cos(x) * exp(x)/exp(x?/2a?)
fora =0.1,0.2,...,1.0:

We see the function converging to a Dirac-style function with:

{A forx =0

xZ
limA-e 2a - gtko¥ =
0 else

a—-0

We get:
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A forx=0

¥(x,0) = {0 else

We insert this into the integral:
1 r® ik
Cc(k) =—f Y(x,0) e " *dx
2w )_,
We get:

A

This the uncertainty of momentum, an arbitrary constant.

We calculate W(x, t):

oo

W(x, t) = f (k) - ez ) g

We use C(k):
A-a 2.a?
_ ~(ko—k)2 %
Clhk)=—-¢e ° 2
(k) or
We calculate:
A-a [® a? t-h
1\ - - _ 2 . ey — - .
(x, 1) mf_ooexp( (ko — k) > +i-k-x—i T
We inspect the exponent:
a? t-h
—(ko—k)2'7+i-k-x—i-2_m-k2=
ko @ ok =L 2 e
5 oka [ Xx—l o =
ko*a? , o, t'h a?
- +k(kg-a“+i-x)—k=|i 2-m+7 =
w2 (i t-h_l_a2 K(kg - a? +i )+k02a2
_ . hti) . . 5
Lot ora‘+i-x 3

This looks like a quadratic expression in k: (& — )% = a? — 2af + >

We try completing the square:

t-h a® )
+— ) —k(ko-a®+i-x)

2 m 2

We find:

D. Kriesell
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From this we can calculate the "#" needed:

N

t- a®
2af = 2k i-2_ +— B =k(kg-a®+i-x) -

k(kg-a?+i-x) ko a?+i-x
B = 1- 1

.t a?\2 . t-h  a®\2
Zk(l'z_ +7> 2(l'm+7>

We rewrite the exponent:

t-h  a? ) koZa?
—| k2 bt —k(kg-a?+i-x)+ -

N

2

—
—

2
1
t-h a®\? ko a?+i-x \ ky-a®+i-x)? kzaz\
—|k<i- +—>— > _la lx)2+0
2 S L t-h a 2
\ Z(i.t'h+a_2)2/ 4(l.m+7)
2'm - 2

We get W(x, t):

A-a (® a? t-h
LP(x,t)=ﬁf exp(—(ko—k)z-7+i-k-x—i-2_m k2>dk—>

2
/ 1
(l.a o | . 2

k(' t h+a)2 ko a*+i-x (ko-a?+i- x)2 ko 2q2 \ldk
— | expj-— i —| - -
Var ) 7| 2m” 2 1 )/I

2(._t-h+a_2>§ 4(i Lhy
P2m T2

2'm m
We now have the exponent in quadratic form — we solve it by help of the error function

We substitute:

e t-h_{_a2 ko a?+i-x
RNz m T 2 1

We get:

. o 2 i 2 2
‘P(x,t)=%f exp(—(zz— (k() ac+i- x) kO a \dk

\\ 4(i2t7’21+2) /

We notice that the exponent is an expression like z? — ¢

dz
We get 7
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We insert dk into the integral:

A-a (® / (ko-a® +i-x)? koza2 \ 1
‘P(x,t)=—f expl— z% — - - . Tdz =
Vom ) 4(i-2t.f;+a7) 2 ( t-h az)f
i- +_
2'm 2
Aa 1 -fooexp(—(zz— (ko-a2+i-x)2_k02a2 \|\’dz
1 . 2
\/E (lth+a2>§ —o00 k \ 4(12t::l+a7> 2 /)
2-m ' 2

We calculate the integral:

expl —| z? -

. th a? 2
\ +(i 7+ 5)

We take a look at Wikipedia: https://en.wikipedia.org/wiki/List _of integrals of exponential functions:

J‘“’ / (ko-a® +i-x)%  ko*a?

e
)

jooexp(—(zz +c))dz =+m-e°

Note: z vanishes.

We work with our function:

VA — dz =

. 2
4(i rn h+%) 2

J‘Oo / (ko-a®+i-%)? ko’a? \
exp| —

‘2 m

(ko a®+i-x)? ko’a?

V- exp 4 ._t-h+a_2_ 2
"2m T2
We get the full solution:
A-a 1 ko a?+i-x)? kyla?
‘-I»’(x’t)z r—' 1'\/E-exp (0 t-h )2 - 02 =
2m . t-h | a?\? 4<i'm+a7>
(l 2-m+7)
A-a (ko a®+i-x)* koa?
1 exp th _a® 2 |
th . N2 4(i- : +—)
(l W+a) 2'-m 2
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We work with the exponent:

(ko -a?+1i-x)? koza2
. 2\
4(i Loh +a—) 2

2 m”T 2
koz-a‘*+2-k0-az-i-x—x2 koza2 3
. th  a? 2

4(1 —2m+7)

. 2
koz-a4+2-k0-a2-i-x—x2—2-k02-a2-<i- L n +a7)

Tt R, -
2-1 W+2a
2-ky a? i x—x%—ky’ aZ-L-M>
m =
. t-h 2
2-1 W+2a

x2—=2-ky-a?-i-x+kyt-a?-i L h
2-i-E 1 g0
2 g i(2x— . LR
_x koal(Zxkom)
2.1 %+2a2
We get the result:
t-h
A-a xz—ko-az-i-(Zx—ko-W)
Y(x,t)=———— " exp—
1 t-h )
. t-h 2 2'i-—+ 2a
(l-—+a2) m
m

We interpret the result.
We calculate the probability density p = |W(x, t)]?:

[W(x, t)|? = P*(x, )P (x,t) =

Ai-a'eXp _x2+k0'a2'i'(2x—ko'%) . A-a - exp _xz—ko'az-[-(zx_ko.%) =
i (i t-h .

. t-h 1 t-h
t-h —2-i-—+2a? 2 21—+ 2a?
(-5 + ) m +a?)
4-a)? ( x2+ko-a2-i-(2x—ko-%) xz—ko-az-i-(Zx—ko-%)
1P| T th - th
t-h .t h 2 —2'1"7‘{'20.2 2'1:'7‘1'2&2
((_l rar) (- +az))

We do this in parts.
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First the factor in front:

Then the exponent:

. t-h t-h
~ x2+ ko a®-i -(Zx—ko-W) ~ x2—ko-a®-i- (Zx—ko —) ~
AL 2 . 5 B
-2 —+2a 2 7+2a
t-h t-h
~ x2+ky-a?-i (Zx—ko m)+x —kyra®-i- (2x W) _
0. ﬂ+2a2 Z.i.ﬂ 242
m

<x2+k0-a2-i-(2x—ko-%)>(2-' H+2a ) (xz—ko-a2-i-(Zx—kO-%))(—2-1’-%4—2612)
T th Tt h -
(—2‘1‘74‘2(12)(2'1'74'2(12)
x22i%+x22a2+koazi(foko%)Zi%+2koa“i(2x+kot- ) xR h+x22a + koa? L(Zerk0 m )Zlﬁfzkoa t(Zx kcC h)

(4 . (%) + 4—a“> -

4x2a? — 4kya® (2x—k0t h) h

m) m _
(4.(%) +4a4>
xz—kO(Zx ko%)%

We combine the result:

I N R

Note. In case 4 is complex valued we must replace A2 by |A4|?.

D. Kriesell page 12 of 16



FAQ Quantum Mechanics

We interpret the probability density p.

The exponential part gives the center of the ko \2
wave packet resp. the particle. X — Om : t)
It is located at time t = 0 at position x. exp| — 2
t-h 2
(maz) t1)a
The particle is moving in direction x with group ko-h
velocity v,. Vo ==,
The wave packet broadens over time.
Reason for this behavior is the denominator: 5 1
. 2
(1 G )
a*m
For small values of t the denominator has value b2 %
~1. lim (1 - (2—) ) 1
t—-0 a
For large times t this becomes proportional to t. . %
im (1+ () ) =
t—>oo a
We remember: x?
Y(x,0) =A-e 2a%-elkox
From this we get the uncertainty in position: Ax~a
We remember: Clk) = A-a o~ o102 aT
2
From this we get the uncertainty in the wave 1
Ak~ —
number k:
We combine this with the group velocity v,: ko-h
UO = m
We get Avy: Ak -h h
g 0 Avy = -
m m:-
The wave packet broadens after time t:
P Ax(t)~t - Avg~ ——
We interpret the probability current j.
W h d
e j= _ lp_lp*)
remember: 2mi d0x
We use: .
A-a xz—ko-az-i-(Zx—ko-%)
Y(x,t) =
1 t-h 2
t-h 22 20 o + 2a
(-5 +e?)

D. Kriesell
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t-h
x2+k0-a2-i-(2x—k0-7)
Y (x,t) =
t-h —2-i-ﬂ+2a2
(—l +a2) m
We calculate 3 kg 2 kyoa?i-2x+ kgt i LR
a . a—l{J: - — m _
al{,' x 2 LW+2a2

We rewrite 2 L' X
the first —x+ko-a’-i e ik az'ko-l_1
. . oy ;.+.
factor: i +q2 R, 2 Lt ?4_1
m-a
7] X
WegetalP: +1
.ko
T 7 Y(x,t)
>+1
m-a
The samae way a;:’;{ +1
we get — ¥ — ;; “W*(x,t)
m-a
We calculate i-x
* 0 az'k0+1 %
l{’a‘{-’ l'p—lko 'l'p'l'p:;
i-t-h
We use: p=¥ -y
We get: a;-JICc +1
YW=k | T p
m-a
We calculate _itx
9 *, . a2.k0+1 *
l'IJ_lp. lp- _l-ko .lp.l}] —
ox it -h
m-a
a2-k0+1 )
Lthy
We want to . .
calculate the ¥ _‘p_lpa‘p)
probability
current j:
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i-x ix
V\ficalcuI?te*. o +1 — +1
Tat T ko| o | P k| |
241 L
m-a m-a
X 41 X 41
k . a 'ko 'ko _
PROPL TR ith |7
m-a? m- a?
We calculate i-x i-x
=2 41 22 41
the a® - ko a? - ko _
parentheses: l't'I;l+1 _l't'il_l_l
m-a “a
i'x it-h i'x it-h
(az k0+1)(— a2+1)+<— : k0+1)( 2+1)_
t-h A\ B
(m-az) +1
i*x i't-h i-x it h ix i‘t-h ix i-t-h
aZ-kom-az " az-k, m ztl-Frma @ k0+m-a2+1_
t-h o\ B
(m-az) +1
x-t-h4+1
2_k(,-m-a
t h 2
(m-az) +1
We combine x-t-h
and get the 0 0 ko-m-a4+1
& WYY Y= fypr 2 ——
result: ox ox (t-h) 41
m- a?
We now have x-t-h 41
j: o h o kymeat T
=—i-k 2 =
] . Y 2
2mi (t-h) 1
m-a?
x-t-h
h ko-m-a“-i_1
m 0P t-h\?
(m-az) +1
We note that:
ko = vy
We rewrite: x-t-h
. ko m-ar Tl
= v, >
t-h
(m-az) +1

We interpret

On the one hand, the gradual change of the current density with time is due to the fact that p
changes. Therefore, there is more or less matter at the location in question.
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On the other hand, the average velocity changes at each position. We know the maximum of the
wave packet being at position x = v - t.

We insert this into j and use vy = kOTh
ko'h 2
L2, —t
:";Ffﬁl m —+1
—vyp- o-m-a - ko-m-a _
_ _ko'hy = Vo 2 - 2 -
X=vqyt,Vg=—nr— . .
(o= (thz)+1 (th2)+1
m-a m-a
2,42
Tz t1
v t-h > -k
(m-az) +1

At position x = v - t the probability density is vy - p.
The deviations therefore are located at the front and rear slopes.
Remark:

Left of the maximum we have a flow back of the probability current reducing the velocity, right of the
maximum we have an additional flow forward that adds to the velocity.
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