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These worked examples follow “Rechenmethoden der Quantentheorie, Siegfried Flügge, Springer, 

Berlin, 1965”. Library of Congress Catalog Card Number 65-24546, title-nr. 7288 

 

Hope I can help you with learning quantum mechanics. 
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Solve a wave packet in one dimension without potential by superposition of plane waves. 
 

In FAQ 1 we found a particular solution Ψ𝑘(𝑟, 𝑡) of the time dependent Schrödinger equation: 

−
ℏ

𝑖

𝜕Ψ

𝜕𝑡
= −

ℏ2

2𝑚
∆Ψ 

The solution was: 

Ψ𝑘(𝑟, 𝑡) = 𝐶 ∙ 𝑒
𝑖(�⃗⃗�𝑟−𝜔𝑡) 

Note: 

𝜔 =
𝑘2 ∙ ℏ

2 ∙ 𝑚
, 𝑘 ∈ ℝ 

We reduce to one dimension 𝑥 and get the complete solution by integrating over all possible 𝑘: 

Ψ(𝑥, 𝑡) = ∫ 𝐶(𝑘) ∙ 𝑒
𝑖(𝑘∙𝑥−

𝑡∙ℏ
2∙𝑚

∙𝑘2)
𝑑𝑘

∞

−∞

 

The function 𝐶(𝑘) is a free parameter with the property needed that for |𝑘| → ∞ the function 

approaches zero at least like 1 𝑘⁄ . 

By help of 𝐶(𝑘) we can select one specific solution. 

We set 𝑡 = 0: 

Ψ(𝑥, 0) = ∫ 𝐶(𝑘) ∙ 𝑒𝑖𝑘𝑥𝑑𝑘
∞

−∞

 

This is a wave packet concentrated at position 𝑥 = 0 

We want the wave packet to have momentum 𝑝0 = ℏ ∙ 𝑘0.  

A wave function fulfilling this condition: 

Ψ(𝑥, 0) = 𝐴 ∙ 𝑒𝑥𝑝 (−
𝑥2

2𝑎2
+ 𝑖 ∙ 𝑘0 ∙ 𝑥) 

We check: 

The probability density 𝜌: 

𝜌 = Ψ∗Ψ = 

(𝐴 ∙ 𝑒𝑥𝑝 (−
𝑥2

2𝑎2
+ 𝑖 ∙ 𝑘0 ∙ 𝑥))(𝐴

∗ ∙ 𝑒𝑥𝑝 (−
𝑥2

2𝑎2
− 𝑖 ∙ 𝑘0 ∙ 𝑥)) = 

|𝐴|2𝑒𝑥𝑝 (−
𝑥2

𝑎2
) 

Result: 

𝜌 = |𝐴|2𝑒𝑥𝑝(−
𝑥2

𝑎2
) 
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Note: 𝐴 might be a complex number. 

We plot with the real parameters 𝐴 = 5, 𝑎 ∈ {1,2,3,4,5}: 

 

We see the gaussian with variance √𝑎 centered around zero. The smaller 𝑎, the sharper the 

localization. 

We check the probability current 𝑗: 

𝑗 =
ℏ

2𝑚𝑖
(Ψ∗𝑔𝑟𝑎𝑑Ψ −ΨgradΨ∗) = 

ℏ

2𝑚𝑖
(Ψ∗

𝑑

𝑑𝑥
Ψ −Ψ

𝑑

𝑑𝑥
Ψ∗) = 

ℏ

2𝑚𝑖
(𝐴∗ ∙ 𝑒𝑥𝑝 (−

𝑥2

2𝑎2
− 𝑖 ∙ 𝑘0 ∙ 𝑥)

𝑑

𝑑𝑥
(𝐴 ∙ 𝑒𝑥𝑝 (−

𝑥2

2𝑎2
+ 𝑖 ∙ 𝑘0 ∙ 𝑥)) − 𝐴

∙ 𝑒𝑥𝑝 (−
𝑥2

2𝑎2
+ 𝑖 ∙ 𝑘0 ∙ 𝑥)

𝑑

𝑑𝑥
(𝐴∗ ∙ 𝑒𝑥𝑝 (−

𝑥2

2𝑎2
− 𝑖 ∙ 𝑘0 ∙ 𝑥))) = 

ℏ

2𝑚𝑖
(𝐴∗ ∙ 𝑒𝑥𝑝(−

𝑥2

2𝑎2
− 𝑖 ∙ 𝑘0 ∙ 𝑥) (𝐴 ∙ 𝑒𝑥𝑝 (−

𝑥2

2𝑎2
+ 𝑖 ∙ 𝑘0 ∙ 𝑥) (−

𝑥

𝑎2
+ 𝑖 ∙ 𝑘0)) − 𝐴

∙ 𝑒𝑥𝑝 (−
𝑥2

2𝑎2
+ 𝑖 ∙ 𝑘0 ∙ 𝑥) (𝐴

∗ ∙ 𝑒𝑥𝑝 (−
𝑥2

2𝑎2
− 𝑖 ∙ 𝑘0 ∙ 𝑥) (−

𝑥

𝑎2
− 𝑖 ∙ 𝑘0))) = 

ℏ

2𝑚𝑖
|𝐴|2 (𝑒𝑥𝑝 (−

𝑥2

2𝑎2
− 𝑖 ∙ 𝑘0 ∙ 𝑥)(𝑒𝑥𝑝 (−

𝑥2

2𝑎2
+ 𝑖 ∙ 𝑘0 ∙ 𝑥) (−

𝑥

𝑎2
+ 𝑖 ∙ 𝑘0))

− 𝑒𝑥𝑝 (−
𝑥2

2𝑎2
+ 𝑖 ∙ 𝑘0 ∙ 𝑥) (𝑒𝑥𝑝 (−

𝑥2

2𝑎2
− 𝑖 ∙ 𝑘0 ∙ 𝑥) (−

𝑥

𝑎2
− 𝑖 ∙ 𝑘0))) = 

ℏ

2𝑚𝑖
|𝐴|2 (𝑒𝑥𝑝 (−

𝑥2

𝑎2
)((−

𝑥

𝑎2
+ 𝑖 ∙ 𝑘0)) − 𝑒𝑥𝑝 (−

𝑥2

𝑎2
)((−

𝑥

𝑎2
− 𝑖 ∙ 𝑘0))) = 

ℏ

2𝑚𝑖
|𝐴|2 (−

𝑥

𝑎2
∙ 𝑒𝑥𝑝 (−

𝑥2

𝑎2
) + 𝑖 ∙ 𝑘0 ∙ 𝑒𝑥𝑝 (−

𝑥2

𝑎2
) +

𝑥

𝑎2
∙ 𝑒𝑥𝑝 (−

𝑥2

𝑎2
) + 𝑖 ∙ 𝑘0 ∙ 𝑒𝑥𝑝 (−

𝑥2

𝑎2
)) = 
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ℏ

𝑚𝑖
∙ 𝑖 ∙ 𝑘0 ∙ |𝐴|

2 ∙ 𝑒𝑥𝑝 (−
𝑥2

𝑎2
) = 

ℏ

𝑚
∙ 𝑘0 ∙ |𝐴|

2 ∙ 𝑒𝑥𝑝 (−
𝑥2

𝑎2
) 

From the result for the probability density 𝜌 we got: 

𝜌 = |𝐴|2𝑒𝑥𝑝(−
𝑥2

𝑎2
) 

For the probability current we get: 

𝑗 = 𝜌 ∙
ℏ

𝑚
∙ 𝑘0 

The velocity 𝑣 of the wave packet: 

𝑣 =
ℏ

𝑚
∙ 𝑘0 =

𝑗

𝜌
 

The momentum 𝑝 of the wave packet: 

𝑝 = ℏ ∙ 𝑘0 =
𝑣

𝑚
 

The wave packet represents one particle, so we need: 

∫ 𝜌𝑑𝑥
∞

−∞

= 1 

We calculate: 

∫ 𝜌𝑑𝑥
∞

−∞

= ∫ |𝐴|2𝑒𝑥𝑝 (−
𝑥2

𝑎2
)𝑑𝑥

∞

−∞

= |𝐴|2∫ 𝑒𝑥𝑝(−
𝑥2

𝑎2
)𝑑𝑥

∞

−∞

= 

|𝐴|2 ∙ 𝑎 ∙ √𝜋 = 1 

From this we calculate |𝐴|2: 

|𝐴|2 =
1

𝑎 ∙ √𝜋
 

We know that: 

Ψ(𝑥, 0) = ∫ 𝐶(𝑘)𝑒𝑖∙𝑘∙𝑥𝑑𝑘
∞

−∞

 

is a Fourier transform of 𝐶(𝑘). 

We build the inverse Fourier transform: 

𝐶(𝑘) =
1

2𝜋
∫ Ψ(𝑥, 0)𝑒−𝑖∙𝑘∙𝑥𝑑𝑥
∞

−∞

 

We use the function: 

Ψ(𝑥, 0) = 𝐴 ∙ 𝑒
−
𝑥2

2𝑎2
+𝑖∙𝑘0∙𝑥 = 𝐴 ∙ 𝑒

−
𝑥2

2𝑎2 ∙ 𝑒𝑖∙𝑘0∙𝑥 
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We calculate the integral: 

𝐶(𝑘) =
1

2𝜋
∙ 𝐴 ∙ ∫ 𝑒

−
𝑥2

2𝑎2
+𝑖∙𝑘0∙𝑥𝑒−𝑖∙𝑘∙𝑥𝑑𝑥

∞

−∞

= 

1

2𝜋
∙ 𝐴 ∙ ∫ 𝑒

−
𝑥2

2𝑎2𝑒𝑖∙𝑥(𝑘0−𝑘)𝑑𝑥
∞

−∞

 

We take a look at Wikipedia: https://en.wikipedia.org/wiki/List_of_integrals_of_exponential_functions: 

∫ 𝑒−(𝛼𝑥
2+𝛽𝑥)𝑑𝑥

∞

−∞

= √
𝜋

𝛼
𝑒
𝛽2

4𝛼 

We use this and get the spectral function: 

𝐶(𝑘) =
1

2𝜋
∙ 𝐴 ∙ ∫ 𝑒

−
𝑥2

2𝑎2𝑒−𝑖∙𝑥(𝑘0−𝑘)𝑑𝑥
∞

−∞

= 

1

2𝜋
∙ 𝐴 ∙ √2𝑎2𝜋 ∙ 𝑒−

(𝑘0−𝑘)
2∙
2𝑎2

4 = 

𝐴 ∙ 𝑎

√2𝜋
∙ 𝑒−

(𝑘0−𝑘)
2∙
𝑎2

2  

We interpret: 

Ψ(𝑥, 0) = 𝐴 ∙ 𝑒
−
𝑥2

2𝑎2 ∙ 𝑒𝑖∙𝑘0∙𝑥 

For 𝑥 ≫ 𝑎 the expression 𝑒
−
𝑥2

2𝑎2  will tend to zero. The function exists in the surrounding of 𝑥 = 𝑎 like 

a particle at position 𝑎.  

We have an uncertainty of about 𝑎: 

∆𝑥 ≅ 𝑎 

Note: 𝑎 gives the inflection point of the Gaussian. 

The expression 𝑒𝑖∙𝑘0∙𝑥 gives an additional modulation. 

We plot for 𝐴 = 1, 𝑎 = 2, 𝑘0 = 0, replacing 𝑒𝑖∙𝑘0∙𝑥 by 𝑐𝑜𝑠(𝑖 ∙ 𝑘0 ∙ 𝑥): 

 

  

https://en.wikipedia.org/wiki/List_of_integrals_of_exponential_functions
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The same for 𝐴 = 1, 𝑎 = 2, 𝑘0 = 2,3,4: 

             

We interpret: 

𝐴 ∙ 𝑎

√2𝜋
∙ 𝑒−

(𝑘0−𝑘)
2∙
𝑎2

2  

This expression exists in the surrounding of 𝑘 = 𝑘0 with an uncertainty ∆𝑘 = 1 𝑎⁄  resp. ∆𝑝 = ℏ 𝑎⁄ . 

We plot for 𝑘0 = 0, 𝐴 = 1, 𝑎 = 2: 

 

Modifying 𝑘0 results in a shift along the 𝑥-axis: 

 

Independently from 𝑎 we get the uncertainty relation: 

∆𝑥 ∙ ∆𝑘 = 1 

∆𝑥 ∙ ∆𝑝 = ℏ 
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We work with lim
𝑎→∞

Ψ(𝑥, 0): 

Ψ(𝑥, 0) = 𝐴 ∙ 𝑒
−
𝑥2

2𝑎2 ∙ 𝑒𝑖∙𝑘0∙𝑥 

We get the particular solution: 

Ψ(𝑥, 0) = 𝐴 ∙ 𝑒𝑖∙𝑘0∙𝑥 

This is an oscillating wave through the whole space. In this case we have 𝑎~∆𝑥 → ∞ and ∆𝑘 → 0,  

the spectrum becomes infinitely sharp. 

Taking the limit of the spectral function, lim
𝑎→∞

𝐶(𝑘) we get: 

lim
𝑎→∞

𝐶(𝑘) = lim
𝑎→∞

𝐴 ∙ 𝑎

√2𝜋
∙ 𝑒−

(𝑘0−𝑘)
2∙
𝑎2

2 = 

𝛿(𝑘 − 𝑘0) 

We remember: 

𝛿(𝑘 − 𝑘0) = {
∞   𝑓𝑜𝑟 𝑘 = 𝑘0
0           𝑒𝑙𝑠𝑒       

 

This is the Dirac function holding: 

∫ 𝛿(𝑘)𝑑𝑘
∞

−∞

= 1 

 

We work with lim
𝑎→0

Ψ(𝑥, 0): 

Ψ(𝑥, 0) = 𝐴 ∙ 𝑒
−
𝑥2

2𝑎2 ∙ 𝑒𝑖∙𝑘0∙𝑥 

We check this graphically and plot the exponentials 𝑓(𝑥, 𝑎)  =  cos (𝑥) ∙ 𝑒𝑥𝑝(𝑥)/𝑒𝑥𝑝(𝑥2/2𝑎2)  

for 𝑎 = 0.1, 0.2,… ,1.0: 

 

We see the function converging to a Dirac-style function with: 

lim
𝑎→0

𝐴 ∙ 𝑒
−
𝑥2

2𝑎2 ∙ 𝑒𝑖∙𝑘0∙𝑥 = {
𝐴   𝑓𝑜𝑟 𝑥 = 0
0        𝑒𝑙𝑠𝑒      

 

We get: 

𝑎 = 0.1 

𝑎 = 1 
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Ψ(𝑥, 0) = {
𝐴   𝑓𝑜𝑟 𝑥 = 0
0        𝑒𝑙𝑠𝑒      

 

We insert this into the integral: 

𝐶(𝑘) =
1

2𝜋
∫ Ψ(𝑥, 0) ∙ 𝑒−𝑖∙𝑘∙𝑥𝑑𝑥
∞

−∞

 

We get: 

𝐶(𝑘) =
𝐴

2𝜋
 

This the uncertainty of momentum, an arbitrary constant.  

We calculate Ψ(𝑥, 𝑡): 

Ψ(𝑥, 𝑡) = ∫ 𝐶(𝑘) ∙ 𝑒
𝑖(𝑘∙𝑥−

𝑡∙ℏ
2∙𝑚

∙𝑘2)
𝑑𝑘

∞

−∞

 

We use 𝐶(𝑘): 

𝐶(𝑘) =
𝐴 ∙ 𝑎

√2𝜋
∙ 𝑒−

(𝑘0−𝑘)
2∙
𝑎2

2  

We calculate: 

Ψ(𝑥, 𝑡) =
𝐴 ∙ 𝑎

√2𝜋
∫ 𝑒𝑥𝑝 (−(𝑘0 − 𝑘)

2 ∙
𝑎2

2
+ 𝑖 ∙ 𝑘 ∙ 𝑥 − 𝑖 ∙

𝑡 ∙ ℏ

2 ∙ 𝑚
∙ 𝑘2)𝑑𝑘

∞

−∞

 

We inspect the exponent: 

−(𝑘0 − 𝑘)
2 ∙
𝑎2

2
+ 𝑖 ∙ 𝑘 ∙ 𝑥 − 𝑖 ∙

𝑡 ∙ ℏ

2 ∙ 𝑚
∙ 𝑘2 = 

−
𝑘0
2𝑎2

2
+ 𝑘0𝑘𝑎

2 −
𝑘2𝑎2

2
+ 𝑖 ∙ 𝑘 ∙ 𝑥 − 𝑖 ∙

𝑡 ∙ ℏ

2 ∙ 𝑚
∙ 𝑘2 = 

−
𝑘0
2𝑎2

2
+ 𝑘(𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥) − 𝑘2 (𝑖 ∙
𝑡 ∙ ℏ

2 ∙ 𝑚
+
𝑎2

2
) = 

−(𝑘2 (𝑖 ∙
𝑡 ∙ ℏ

2 ∙ 𝑚
+
𝑎2

2
) − 𝑘(𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥) +
𝑘0
2𝑎2

2
) → 

This looks like a quadratic expression in 𝑘: (𝛼 − 𝛽)2 = 𝛼2 − 2𝛼𝛽 + 𝛽2 

We try completing the square: 

𝑘2 (𝑖 ∙
𝑡 ∙ ℏ

2 ∙ 𝑚
+
𝑎2

2
) − 𝑘(𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥) +
𝑘0
2𝑎2

2
 

We find: 

2𝛼𝛽 ≔ 𝑘(𝑘0 ∙ 𝑎
2 + 𝑖 ∙ 𝑥) 

𝛼2 ≔ 𝑘2 (𝑖 ∙
𝑡 ∙ ℏ

2 ∙ 𝑚
+
𝑎2

2
) → 𝛼 = 𝑘 (𝑖 ∙

𝑡 ∙ ℏ

2 ∙ 𝑚
+
𝑎2

2
)

1
2

 



FAQ Quantum Mechanics  

D. Kriesell  page 9 of 16 

From this we can calculate the "𝛽" needed: 

2𝛼𝛽 = 2𝑘 (𝑖 ∙
𝑡 ∙ ℏ

2 ∙ 𝑚
+
𝑎2

2
)

1
2

∙ 𝛽 = 𝑘(𝑘0 ∙ 𝑎
2 + 𝑖 ∙ 𝑥) → 

𝛽 =
𝑘(𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥)

2𝑘 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)

1
2

=
𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥

2 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)

1
2

 

We rewrite the exponent: 

−(𝑘2 (𝑖 ∙
𝑡 ∙ ℏ

2 ∙ 𝑚
+
𝑎2

2
) − 𝑘(𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥) +
𝑘0
2𝑎2

2
) → 

−

(

 
 

(

 
 
𝑘(𝑖 ∙

𝑡 ∙ ℏ

2 ∙ 𝑚
+
𝑎2

2
)

1
2

−
𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥

2 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)

1
2

)

 
 

2

−
(𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥)2

4 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)
+
𝑘0
2𝑎2

2

)

 
 

 

We get Ψ(𝑥, 𝑡): 

Ψ(𝑥, 𝑡) =
𝐴 ∙ 𝑎

√2𝜋
∫ 𝑒𝑥𝑝 (−(𝑘0 − 𝑘)

2 ∙
𝑎2

2
+ 𝑖 ∙ 𝑘 ∙ 𝑥 − 𝑖 ∙

𝑡 ∙ ℏ

2 ∙ 𝑚
∙ 𝑘2)𝑑𝑘

∞

−∞

→ 

𝐴 ∙ 𝑎

√2𝜋
∫ 𝑒𝑥𝑝

(

 
 
 
 

−

(

 
 
 

(

 
 
𝑘 (𝑖 ∙

𝑡 ∙ ℏ

2 ∙ 𝑚
+
𝑎2

2
)

1
2

−
𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥

2 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)

1
2

)

 
 

2

− (
(𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥)2

4 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)
−
𝑘0
2𝑎2

2
)

)

 
 
 

)

 
 
 
 

𝑑𝑘
∞

−∞

 

We now have the exponent in quadratic form – we solve it by help of the error function. 

We substitute: 

𝑧 ≔ 𝑘 (𝑖 ∙
𝑡 ∙ ℏ

2 ∙ 𝑚
+
𝑎2

2
)

1
2

−
𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥

2 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚 +

𝑎2

2 )

1
2

 

We get: 

Ψ(𝑥, 𝑡) =
𝐴 ∙ 𝑎

√2𝜋
∫ 𝑒𝑥𝑝

(

  
 
−

(

 
 
𝑧2 − (

(𝑘0 ∙ 𝑎
2 + 𝑖 ∙ 𝑥)

2

4 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)

−
𝑘0
2
𝑎2

2
)

)

 
 

)

  
 
𝑑𝑘

∞

−∞

 

We notice that the exponent is an expression like 𝑧2 − 𝑐 

We get 
𝑑𝑧

𝑑𝑘
: 

𝑑𝑧

𝑑𝑘
= (𝑖 ∙

𝑡 ∙ ℏ

2 ∙ 𝑚
+
𝑎2

2
)

1
2

→ 𝑑𝑘 =
𝑑𝑧

(𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚 +

𝑎2

2 )

1
2

 



FAQ Quantum Mechanics  

D. Kriesell  page 10 of 16 

We insert 𝑑𝑘 into the integral: 

Ψ(𝑥, 𝑡) =
𝐴 ∙ 𝑎

√2𝜋
∫ 𝑒𝑥𝑝

(

  
 
−

(

 
 
𝑧2 −(

(𝑘0 ∙ 𝑎
2 + 𝑖 ∙ 𝑥)2

4 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)
−
𝑘0
2𝑎2

2
)

)

 
 

)

  
 
∙

1

(𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚 +

𝑎2

2 )

1
2

𝑑𝑧
∞

−∞

= 

𝐴 ∙ 𝑎

√2𝜋
∙

1

(𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)

1
2

∙ ∫ 𝑒𝑥𝑝

(

  
 
−

(

 
 
𝑧2 −(

(𝑘0 ∙ 𝑎
2 + 𝑖 ∙ 𝑥)2

4 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)
−
𝑘0
2𝑎2

2
)

)

 
 

)

  
 
𝑑𝑧

∞

−∞

 

We calculate the integral: 

∫ 𝑒𝑥𝑝

(

  
 
−

(

 
 
𝑧2 −(

(𝑘0 ∙ 𝑎
2 + 𝑖 ∙ 𝑥)2

4 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)
−
𝑘0
2𝑎2

2
)

)

 
 

)

  
 
𝑑𝑧

∞

−∞

=; 

We take a look at Wikipedia: https://en.wikipedia.org/wiki/List_of_integrals_of_exponential_functions: 

∫ 𝑒𝑥𝑝(−(𝑧2 + 𝑐))𝑑𝑧
∞

−∞

= √𝜋 ∙ 𝑒−𝑐 

Note: 𝑧 vanishes. 

We work with our function: 

∫ 𝑒𝑥𝑝

(

  
 
−

(

 
 
𝑧2 −(

(𝑘0 ∙ 𝑎
2 + 𝑖 ∙ 𝑥)2

4 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)
−
𝑘0
2𝑎2

2
)

)

 
 

)

  
 
𝑑𝑧

∞

−∞

= 

√𝜋 ∙ 𝑒𝑥𝑝(
(𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥)2

4 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)
−
𝑘0
2𝑎2

2
) 

We get the full solution: 

Ψ(𝑥, 𝑡) =
𝐴 ∙ 𝑎

√2𝜋
∙

1

(𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚 +

𝑎2

2 )

1
2

∙ √𝜋 ∙ 𝑒𝑥𝑝(
(𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥)2

4 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)
−
𝑘0
2𝑎2

2
) = 

𝐴 ∙ 𝑎

(𝑖 ∙
𝑡 ∙ ℏ
𝑚 + 𝑎2)

1
2

∙ 𝑒𝑥𝑝(
(𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥)2

4 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)
−
𝑘0
2𝑎2

2
) =; 

  

https://en.wikipedia.org/wiki/List_of_integrals_of_exponential_functions
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We work with the exponent: 

(
(𝑘0 ∙ 𝑎

2 + 𝑖 ∙ 𝑥)2

4 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)
−
𝑘0
2𝑎2

2
) = 

(
𝑘0
2
∙ 𝑎4 + 2 ∙ 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ 𝑥 − 𝑥2

4 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)

−
𝑘0
2𝑎2

2
) = 

(
𝑘0
2
∙ 𝑎4 + 2 ∙ 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ 𝑥 − 𝑥2 − 2 ∙ 𝑘0
2 ∙ 𝑎2 ∙ (𝑖 ∙

𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)

4 (𝑖 ∙
𝑡 ∙ ℏ
2 ∙ 𝑚

+
𝑎2

2
)

) = 

(
𝑘0
2
∙ 𝑎4 + 2 ∙ 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ 𝑥 − 𝑥2 − 𝑘0
2 ∙ 𝑎2 ∙ 𝑖 ∙

𝑡 ∙ ℏ
𝑚
− 𝑘0

2 ∙ 𝑎4

2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 2𝑎2

) = 

(
2 ∙ 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ 𝑥 − 𝑥2 − 𝑘0
2 ∙ 𝑎2 ∙ 𝑖 ∙

𝑡 ∙ ℏ
𝑚

2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 2𝑎2

) = 

(
−𝑥2 + 2 ∙ 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ 𝑥 − 𝑘0
2 ∙ 𝑎2 ∙ 𝑖 ∙

𝑡 ∙ ℏ
𝑚

2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 2𝑎2

) = 

−(
𝑥2 − 2 ∙ 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ 𝑥 + 𝑘0
2 ∙ 𝑎2 ∙ 𝑖 ∙

𝑡 ∙ ℏ
𝑚

2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 2𝑎2

) = 

−(
𝑥2 − 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙
𝑡 ∙ ℏ
𝑚
)

2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 2𝑎2

) 

We get the result: 

Ψ(𝑥, 𝑡) =
𝐴 ∙ 𝑎

(𝑖 ∙
𝑡 ∙ ℏ
𝑚 + 𝑎2)

1
2

∙ 𝑒𝑥𝑝 − (
𝑥2 − 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙
𝑡 ∙ ℏ
𝑚
)

2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚

+ 2𝑎2
) 

We interpret the result. 

We calculate the probability density 𝜌 = |Ψ(𝑥, 𝑡)|2: 

|Ψ(𝑥, 𝑡)|2 = Ψ∗(𝑥, 𝑡)Ψ(𝑥, 𝑡) = 

𝐴 ∙ 𝑎

(−𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 𝑎2)

1
2

∙ 𝑒𝑥𝑝(−
𝑥2 + 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙
𝑡 ∙ ℏ
𝑚
)

−2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 2𝑎2

) ∙
𝐴 ∙ 𝑎

(𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 𝑎2)

1
2

∙ 𝑒𝑥𝑝(−
𝑥2 − 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙
𝑡 ∙ ℏ
𝑚
)

2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 2𝑎2

) = 

(𝐴 ∙ 𝑎)2

((−𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 𝑎2) (𝑖 ∙

𝑡 ∙ ℏ
𝑚
+ 𝑎2))

1
2

∙ 𝑒𝑥𝑝(−
𝑥2 + 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙
𝑡 ∙ ℏ
𝑚
)

−2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 2𝑎2

−
𝑥2 − 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙
𝑡 ∙ ℏ
𝑚
)

2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 2𝑎2

) 

We do this in parts.  
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First the factor in front: 

(𝐴 ∙ 𝑎)2

((−𝑖 ∙
𝑡 ∙ ℏ
𝑚 + 𝑎2) (𝑖 ∙

𝑡 ∙ ℏ
𝑚 + 𝑎2))

1
2

=
(𝐴 ∙ 𝑎)2

(𝑎4 + (
𝑡 ∙ ℏ
𝑚 )

2

)

1
2

= 

𝐴2

(1 + (
𝑡 ∙ ℏ
𝑎2𝑚

)
2

)

1
2

 

Then the exponent: 

−(
𝑥2 + 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙
𝑡 ∙ ℏ
𝑚 )

−2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 2𝑎2

)− (
𝑥2 − 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙
𝑡 ∙ ℏ
𝑚 )

2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 2𝑎2

) = 

−(
𝑥2 + 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙
𝑡 ∙ ℏ
𝑚
)

−2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚 + 2𝑎2

+
𝑥2 − 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙
𝑡 ∙ ℏ
𝑚
)

2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚 + 2𝑎2

) = 

−

(𝑥2 + 𝑘0 ∙ 𝑎
2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙

𝑡 ∙ ℏ
𝑚
)) (2 ∙ 𝑖 ∙

𝑡 ∙ ℏ
𝑚
+ 2𝑎2) + (𝑥2 − 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙
𝑡 ∙ ℏ
𝑚
)) (−2 ∙ 𝑖 ∙

𝑡 ∙ ℏ
𝑚

+ 2𝑎2)

(−2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚

+ 2𝑎2) (2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 2𝑎2)

= 

−
𝑥22𝑖

𝑡 ∙ ℏ
𝑚 + 𝑥22𝑎2 + 𝑘0𝑎

2𝑖 (2𝑥 − 𝑘0
𝑡 ∙ ℏ
𝑚 ) 2𝑖

𝑡 ∙ ℏ
𝑚 + 2𝑘0𝑎

4𝑖 (2𝑥 + 𝑘0
𝑡 ∙ ℏ
𝑚 ) − 𝑥22𝑖

𝑡 ∙ ℏ
𝑚 + 𝑥22𝑎2 + 𝑘0𝑎

2𝑖 (2𝑥 + 𝑘0
𝑡 ∙ ℏ
𝑚 ) 2𝑖

𝑡 ∙ ℏ
𝑚 − 2𝑘0𝑎

4𝑖 (2𝑥 − 𝑘0
𝑡 ∙ ℏ
𝑚 )

(4 ∙ (
𝑡 ∙ ℏ
𝑚 )

2

+ 4𝑎4)

= 

−
4𝑥2𝑎2 − 4𝑘0𝑎

2 (2𝑥 − 𝑘0
𝑡 ∙ ℏ
𝑚
)
𝑡 ∙ ℏ
𝑚

(4 ∙ (
𝑡 ∙ ℏ
𝑚
)
2

+ 4𝑎4)

= 

−
𝑥2 − 𝑘0 (2𝑥 − 𝑘0

𝑡 ∙ ℏ
𝑚 )

𝑡 ∙ ℏ
𝑚

((
𝑡 ∙ ℏ
𝑚𝑎)

2

+ 𝑎2)

= 

−
(𝑥 − 𝑘0

𝑡 ∙ ℏ
𝑚 )

2

((
𝑡 ∙ ℏ
𝑚𝑎2

)
2

+ 1)𝑎2
 

We combine the result: 

𝜌 =
𝐴2

(1 + (
𝑡 ∙ ℏ
𝑎2𝑚

)
2

)

1
2

∙ 𝑒𝑥𝑝

(

 
 
−
(𝑥 −

𝑘0 ∙ ℏ
𝑚 ∙ 𝑡)

2

((
𝑡 ∙ ℏ
𝑚𝑎2

)
2

+ 1)𝑎2

)

 
 

 

Note. In case 𝐴 is complex valued we must replace 𝐴2 by |𝐴|2. 
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We interpret the probability density 𝜌. 

The exponential part gives the center of the 
wave packet resp. the particle.  
It is located at time 𝑡 = 0 at position 𝑥. 
 

𝑒𝑥𝑝

(

 
 
−
(𝑥 −

𝑘0 ∙ ℏ
𝑚

∙ 𝑡)
2

((
𝑡 ∙ ℏ
𝑚𝑎2

)
2

+ 1)𝑎2

)

 
 

 

 

The particle is moving in direction 𝑥 with group 
velocity 𝑣0.  
 

𝑣0 =
𝑘0 ∙ ℏ

𝑚
 

The wave packet broadens over time.  
Reason for this behavior is the denominator: 
 

𝐴2

(1 + (
𝑡 ∙ ℏ
𝑎2𝑚

)
2

)

1
2

 

 

For small values of 𝑡 the denominator has value 
~1.  
 

lim
𝑡→0

(1 + (
𝑡 ∙ ℏ

𝑎2𝑚
)
2

)

1
2

= 1 

For large times 𝑡 this becomes proportional to 𝑡. 
 lim

𝑡→∞
(1 + (

𝑡 ∙ ℏ

𝑎2𝑚
)
2

)

1
2

= 𝑡 

We remember: 
 Ψ(𝑥, 0) = 𝐴 ∙ 𝑒

−
𝑥2

2𝑎2 ∙ 𝑒𝑖∙𝑘0∙𝑥 

From this we get the uncertainty in position: 
 

∆𝑥~𝑎 

We remember: 
 𝐶(𝑘) =

𝐴 ∙ 𝑎

√2𝜋
∙ 𝑒−

(𝑘0−𝑘)
2∙
𝑎2

2  

 

From this we get the uncertainty in the wave 
number 𝑘: 
 

∆𝑘~
1

𝑎
 

We combine this with the group velocity 𝑣0: 
 

𝑣0 =
𝑘0 ∙ ℏ

𝑚
 

 

We get ∆𝑣0: 
 

∆𝑣0 =
∆𝑘 ∙ ℏ

𝑚
~

ℏ

𝑚 ∙ 𝑎
 

 

The wave packet broadens after time 𝑡: 
 

∆𝑥(𝑡)~𝑡 ∙ ∆𝑣0~
ℏ ∙ 𝑡

𝑚 ∙ 𝑎
 

 

 

We interpret the probability current 𝑗. 

We 
remember: 
 

𝑗 =
ℏ

2𝑚𝑖
(Ψ∗

𝜕

𝜕𝑥
Ψ −Ψ

𝜕

𝜕𝑥
Ψ∗) 

We use:  
 Ψ(𝑥, 𝑡) =

𝐴 ∙ 𝑎

(𝑖 ∙
𝑡 ∙ ℏ
𝑚 + 𝑎2)

1
2

∙ 𝑒𝑥𝑝(−(
𝑥2 − 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙
𝑡 ∙ ℏ
𝑚
)

2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚

+ 2𝑎2
)) 
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Ψ∗(𝑥, 𝑡) =
𝐴 ∙ 𝑎

(−𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 𝑎2)

1
2

∙ 𝑒𝑥𝑝(−(
𝑥2 + 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ (2𝑥 − 𝑘0 ∙
𝑡 ∙ ℏ
𝑚
)

−2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚

+ 2𝑎2
)) 

 

We calculate 
𝜕

𝜕𝑥
Ψ: 

𝜕

𝜕𝑥
Ψ = (

−𝑥 + 𝑘0 ∙ 𝑎
2 ∙ 𝑖

𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 𝑎2

) ∙
𝐴 ∙ 𝑎

(𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 𝑎2)

1
2

∙ 𝑒𝑥𝑝(−(
𝑥2 − 𝑘0 ∙ 𝑎

2 ∙ 𝑖 ∙ 2𝑥 + 𝑘0
2 ∙ 𝑎2 ∙ 𝑖 ∙

𝑡 ∙ ℏ
𝑚

2 ∙ 𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 2𝑎2

)) = 

 

(
−𝑥 + 𝑘0 ∙ 𝑎

2 ∙ 𝑖

𝑖 ∙
𝑡 ∙ ℏ
𝑚 + 𝑎2

) ∙ Ψ(𝑥, 𝑡) 

 

We rewrite 
the first 
factor: 
 

−𝑥 + 𝑘0 ∙ 𝑎
2 ∙ 𝑖

𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 𝑎2

= 𝑖 ∙ 𝑘0

𝑖𝑥
𝑘0
+ 𝑎2

𝑖 ∙
𝑡 ∙ ℏ
𝑚
+ 𝑎2

= 𝑖 ∙ 𝑘0(

𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
) 

 

We get 
𝜕

𝜕𝑥
Ψ: 

 
𝜕

𝜕𝑥
Ψ = 𝑖 ∙ 𝑘0(

𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
) ∙ Ψ(𝑥, 𝑡) 

 

The same way 

we get 
𝜕

𝜕𝑥
Ψ∗: 

 

𝜕

𝜕𝑥
Ψ∗ = −𝑖 ∙ 𝑘0(

−
𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

−
𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
) ∙ Ψ∗(𝑥, 𝑡) 

 

We calculate 

Ψ∗
𝜕

𝜕𝑥
Ψ: 

 

Ψ∗ ∙ 𝑖 ∙ 𝑘0(

𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
) ∙ Ψ = 𝑖 ∙ 𝑘0(

𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
) ∙ Ψ∗ ∙ Ψ =; 

 

We use: 𝜌 = Ψ∗ ∙ Ψ 
 

We get: 
 Ψ∗

𝜕

𝜕𝑥
Ψ = 𝑖 ∙ 𝑘0(

𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
) ∙ 𝜌 

 

We calculate 

Ψ
𝜕

𝜕𝑥
Ψ∗: 

 

Ψ ∙ −𝑖 ∙ 𝑘0(
−
𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

−
𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
) ∙ Ψ∗ = −𝑖 ∙ 𝑘0(

−
𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

−
𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
) ∙ Ψ ∙ Ψ∗ = 

 

−𝑖 ∙ 𝑘0(
−
𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

−
𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
) ∙ 𝜌 

 

We want to 
calculate the 
probability 
current 𝑗: 
 

𝑗 =
ℏ

2𝑚𝑖
(Ψ∗

𝜕

𝜕𝑥
Ψ −Ψ

𝜕

𝜕𝑥
Ψ∗) 
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We calculate 
Ψ∗

𝜕

𝜕𝑥
Ψ−Ψ

𝜕

𝜕𝑥
Ψ∗: 

 
𝑖 ∙ 𝑘0(

𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
) ∙ 𝜌 + 𝑖 ∙ 𝑘0(

−
𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

−
𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
) ∙ 𝜌 = 

𝑖 ∙ 𝑘0 ∙ 𝜌 (

𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
+
−
𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

−
𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
) =; 

 

We calculate 
the 
parentheses: 
 

𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
+
−
𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1

−
𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1
= 

 

(
𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1) (−
𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1) + (−
𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+ 1)(
𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1)

(
𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

)
2

+ 1

= 

 

−
𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+
𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

−
𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1 −
𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

−
𝑖 ∙ 𝑥
𝑎2 ∙ 𝑘0

+
𝑖 ∙ 𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

+ 1

(
𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

)
2

+ 1

= 

 

2 ∙

𝑥 ∙ 𝑡 ∙ ℏ
𝑘0 ∙ 𝑚 ∙ 𝑎

4 + 1

(
𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

)
2

+ 1

 

 

We combine 
and get the 
result: 
 

Ψ∗
𝜕

𝜕𝑥
Ψ −Ψ

𝜕

𝜕𝑥
Ψ∗ = 𝑖 ∙ 𝑘0 ∙ 𝜌 ∙ 2 ∙

𝑥 ∙ 𝑡 ∙ ℏ
𝑘0 ∙ 𝑚 ∙ 𝑎

4 + 1

(
𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

)
2

+ 1

 

We now have 
𝑗: 
 

𝑗 =
ℏ

2𝑚𝑖
𝑖 ∙ 𝑘0 ∙ 𝜌 ∙ 2 ∙

𝑥 ∙ 𝑡 ∙ ℏ
𝑘0 ∙ 𝑚 ∙ 𝑎

4 + 1

(
𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

)
2

+ 1

= 

 

ℏ

𝑚
𝑘0 ∙ 𝜌 ∙

𝑥 ∙ 𝑡 ∙ ℏ
𝑘0 ∙ 𝑚 ∙ 𝑎

4 + 1

(
𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

)
2

+ 1

 

 

We note that: 
 

ℏ

𝑚
𝑘0 = 𝑣0 

We rewrite: 
 𝑗 = 𝑣0  ∙ 𝜌 ∙

𝑥 ∙ 𝑡 ∙ ℏ
𝑘0 ∙ 𝑚 ∙ 𝑎

4 + 1

(
𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

)
2

+ 1

 

 

 

We interpret 

On the one hand, the gradual change of the current density with time is due to the fact that 𝜌 

changes. Therefore, there is more or less matter at the location in question.  
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On the other hand, the average velocity changes at each position. We know the maximum of the 

wave packet being at position 𝑥 = 𝑣0 ∙ 𝑡.  

We insert this into 𝑗 and use 𝑣0 =
𝑘0∙ℏ

𝑚
: 

𝑗
(𝑥=𝑣0∙𝑡,𝑣0=

𝑘0∙ℏ
𝑚
)
= 𝑣0  ∙ 𝜌 ∙

𝑣0 ∙ 𝑡
2 ∙ ℏ

𝑘0 ∙ 𝑚 ∙ 𝑎
4 + 1

(
𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

)
2

+ 1

= 𝑣0  ∙ 𝜌 ∙

𝑘0 ∙ ℏ
𝑚 ∙ 𝑡2 ∙ ℏ

𝑘0 ∙ 𝑚 ∙ 𝑎
4 + 1

(
𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

)
2

+ 1

= 

𝑣0  ∙ 𝜌 ∙

ℏ2 ∙ 𝑡2

𝑚2 ∙ 𝑎4
+ 1

(
𝑡 ∙ ℏ
𝑚 ∙ 𝑎2

)
2

+ 1

= 𝑣0  ∙ 𝜌 

At position 𝑥 = 𝑣0 ∙ 𝑡 the probability density is 𝑣0  ∙ 𝜌.  

The deviations therefore are located at the front and rear slopes.  

Remark: 

Left of the maximum we have a flow back of the probability current reducing the velocity, right of the 

maximum we have an additional flow forward that adds to the velocity.  


