FAQ Quantum Mechanics

These worked examples follow “Rechenmethoden der Quantentheorie, Siegfried Fligge, Springer,
Berlin, 1965”. Library of Congress Catalog Card Number 65-24546, title-nr. 7288

Remark

The treatment of the quantum harmonic oscillator exceeds the scope of what can be expected of
beginners. Nevertheless, beginners are also invited to read this text. They can learn from it how
physicists proceed to adapt mathematics to the conditions of nature.

Hope | can help you with learning quantum mechanics.
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Calculate energy values and eigenfunctions for the one-dimensional undamped
harmonic oscillator.

In classical physics the undamped harmonic oscillator is defined by the equation of motion:
X+w-x=0
Alternatively, we can use the energy equation:

m.,. . Mm . 2
?x +?a) - x :Ekin+Epot=E=conSt.

We have the potential:
m
V(x) =Eppe = ——w? - x?
( ) pOt 2

Note: The potential is time-independent.
Note: The potential is negative because it is opposite to the direction of movement.
We use the shortcuts:

E_hz-kz A_m-a) _k2 E
= Tom I I

We check the units. This is not necessary but a good habit.

kg - m?
(51 ==
kg - m?
() ===
E-m] kg-m? s? 1
[k2]=[ ]=g kg - =—
h2 52 kg2 -m* m?2
1
[k] =—
m
m-w kg 1
[A]_ h ]_S.kg.mz_m
s
k? 1
[u] = [7] = 7= 1, dimensionless
2.5°
m? -

The Schrédinger equation for the one-dimensional case:

2

2m
Wu(x) +?(E +V) ulx)=0

We insert the definitions:

d? 2m
WU(X) +F(E +V) -u(x) =0-
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2

d 2m (h% - k? m o,
Wu(x)+ﬁ +(—Ew -x) u(x) =0-

2m

2

dx 2

2
u(x)+<k2—% w? - 2>-u(x) =0-
2
ﬁu(x) +(k?=2%2-x>)u(x) =0

We use a new variable y:

y(x) = A-x?

Note: Here you find a short paper dealing with substitution: https://quantum-abc.de/var_substitution.pdf

Now the derivations change.

u(x) - u(y())
@ du(y() dy()
- N y — = d?u(x) _ i du(y(x)) (2-2-%)
Y dx? dx dy
—du(y(x)) “2-1-x
dy <1M).(Z.A.x)+m d(2,1 X) =
dx dy dy
d du(y(x)) o du(y(x))_ o
(a—dy ) 2-2 x)+—y 2:A=
d*u(y(x)) dy(x) (}’(x)) _
(£00). B 5, SO,
Pueo) (y(x» o
dy? B
d*u(y(x) y( )
00) 4 ( ),

We go back to the differential equation:

d2
—u(x) + (k* = 2%-x*) - u(x) =0 -

dx
%}J:Z()C))-y-4-l+%y))-z-l+(kz—Az-xz)-u(x)=0
%J}:gm-y-4-l+%}@-2-l+kz-u(x)—lz-xz-u(x)=0
Sy ey M ) ) =
Lr@),, 3 20D by -2 uy) =0

d*u(y(x)) 1 du(y®) m y
d—yz'erE'TJr(z—Z)'u(Y(x)):O
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We try the ansatz:

u=fG)-e?
We calculate the new derivations:
_ly 5 —1y
du(y(x)) d<f(y)"" ’ )_ d*u(y(x)) ¢ (f(y)-e 2 )_
dy dy - dy? dy?
df(y)y -1, 1 1 d
<W>'e Z oo f0) e = dy( (f(J’) efy>>

af\ _1 L,
(( dy ) 210 )> o %((@f(y))e‘?—%-f(y)-e‘3Y>=
afe) 1 )
@((W“ Fo >) ‘ 2y>—

d’f») 1df\ 1 (df) 1 1
(( dy? 2 dy >_§'<W_§f(y)>>-e ? =

d*f(y) 1df(y) 1df(y) .
dy? 2 dy Zdy _f())“y‘
d*f(y) SN _1
< 07 ay f( )) e 2

We rewrite the differential equation:

d? d 1 d 1
y-( d’;(y)——];(yy) +7 O )) e 4o f(” -5 )) e +(5-2)-f0) e =0

d*fy) df(y) 1 f(y) 1
<y< dyz - dy +- f()) E( -5 f()) (___) f()) =0

¢y A 1 ((df) 1
y-(dyz N 31O )) 5((7)—— fo )) (5-3)-re =0

d>? d 1 1d
| d1;<2y>_y_ Z(yy>+y_z.f(y)+z.%__.f( )+ (5-%) o) =0

¢fo) _df») 1 dfe) 1
- VY3 a YV T -7 o+ (52 ron =0

dy?
IO TO (2 - y)+y 30 -3 0+ (-2 s =0
T R
DD (1)) -
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We remember the shortcuts:

E_hz-kz A_m-w _kz_ E
“Tom . T o KET

We replace G - %) by a:

d’f(y)  df(y) (1 B
Y =ayz Y7oy -(E—y)—a-f(y)—O

This is a confluent hypergeometric equation.

Note: You may find additional information at:
https://encyclopediaofmath.org/wiki/Confluent hypergeometric function.

The confluent hypergeometric equation in its general form:

d’w N dw b—y) _ )
y o2 Ty y a-w=
a and b are constants.
In our case we have b = land a= (l — E).
2 4 2

The two linearly independent solutions are the Kummer series ®(a,b,y) and ®(a — b + 1,2 — b,y)
with the explicit representation:

Series one:
1+a y+a-(a+1) y2+a-(a+1)-(a+2) y3
b 1 b-(b+1) 2! b-(b+1)-(b+2) 3!
Series two:
1 1 3 1 3 5
a+x a+5)-(a+s 2 ats)-lat+ts)-lats 3
Cardy (@)@ d) (@) (04D (@rD)

2-b 1! (2=b)-3-b) 2!  @2-b)-3-b)-(4—b) 3!
These series come to an end whenever one of the factors in the numerator becomes zero.

This happens if a becomes 0,—1,—2,—3, ... in the first series or —%, — g — 5w in the second series.

Note: You may find additional information at:

https://mathworld.wolfram.com/HypergeometricFunction.html

We calculate the energies that correspond to the values of a:

Casea = 0:
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The next cases are given by the Kummer series.

This behavior guarantees that the Kummer This behavior guarantees that the Kummer
series one comes to an end: series two comes to an end:
1 1E 1 1FE 1
___._:_1_) —_———e— — ———
4 2 h 4 2 h 2
5 1E 3 1E
—_e —_=—r—
4 2 h 4 2 h
10 E 3 E
—_— = —=—>
4 h 2 h
E > h E = 3 h
T2 T2
1 1E 2 9 B 1 1FE 3 £ 7 L
—_—— = e —_—_—— = —_—— -
472 TEE3 4 2 hn" 72 2
..andsoon.. ..andsoon..

We get the energy levels of the harmonic oscillator:
1
E,=h- (n +E),n =0,1,2,..

We go back to our differential equation:

2
y_d fO) _ df ),

o7t b -af;)=0

1 1
In our case we have b = 3 anda = (Z — %)

The general solution may be written as:

1 13
f(Y) = C1¢<a;§;y> + CZﬁCD(a-'_EﬁEﬁy)

W? ChOfJSe a=-n and _Cz = 0. We choose a + % =-nand(; = 0.
With :cjf_ns the e|gelnfun|ct|ons correspond to the With this the eigenfunctions correspond to the
accorading energy levels. according energy levels.
We get the eigenfunctions: We get the eigenfunctions:
1 1 1 13
-V o(al) eV 5ofart i)
uy) =e a5,y u@) =e 2 \fy-olat,5y

Written with the original parameter x: Written with the original parameter x:

-1 1 1 13

ulx)=-e FAx? _cb(a,z,lxz) u(x) =e FAx? Al x-d (a +§,§,Ax2)

We try to combine these two branches into a single notation by help of the Hermite polynomials.

We note that for any fitting value of (a = —n) or (a + % = —n) the series ®(a, b, y) and
®(a — b+ 1,2 — b,y) build a polynomial in y.

D. Kriesell page 6 of 8



FAQ Quantum Mechanics

We can transform these polynomials into the so-called Hermite polynomials:

2n)! 1
Han) = (17 2% ¢ (~a, 2, 22)

2-(2 1!
Hanan () = (- 22D

We get the sequence of the Hermite polynomials:

Hy=1 H=2x Hy=4-x*-2

Hy=8-x3—12-x Hy=16-x*—48-x2+12 | H;=32-x°—160-x% +120-x

Hy=2"-x"F1..

The parameter n now gives the correct eigenfunctions, written with y := VA x:

_1.
u,(y) =Cy-e 2¥ “Hy(y)

The function u,, (y) is symmetric for n = even and antisymmetric for n = odd with respecttoy = 0
resp. x = 0. The number of zeros is equal to n.

We want to normalize the eigenfunctions:

f lu, (VIPdy =1

Ca’ f e [Hy()Pdy = 1

The Hermite polynomials are orthogonal: H,, (x) - H,,,(x) = 0 form # n.
We remember that H, (x) is a polynomial in x of grade n.

If we derivate H,,(x) n-times, we will get the coefficient at (x)™.

If we derivate H,,(x) more than n-times, we will get zero.

We can produce the Hermite polynomials by repeatedly derivating the generating function:

n

2 d"
Ho(() = (=1)" - " e 4

2
Remark: Now comes a pretty crazy “trick”.
We write |u, (¥)|? = u,(y) - u, (¥) such that we use one time the definition

)
u,(y) =Cy-e 2¥ “Hy(y)

the other time the definition

_ly2 n 2 dn _y2
un() = Cure 2 - (D" et on (o)

D. Kriesell page 7 of 8




FAQ Quantum Mechanics

We build the product:
un(y) “Up (Y) =
1 1 dm
C,- e—jyz “H,(y)-Cp - e—jyz S(—D)n- el/z .d_yn(e—]/z) =

ar 2
DG Ha() oz (e77)

Substituting x by y := V1 - x leads to the normalizing integral:
1 *© d"
2 _y2 _
=Gt | ) (e )y =1
If we integrate this by parts we will become a lot of products of the kind:
Hy(v) - Hi(¥), Ho(y) - Hz(y), ...
All these products give zero because the Hermite polynomials are orthogonal.

Only the last integral “survives”:

1, ([ ., d
ﬁ'cn j e’ 'W(Hn()’))d)/:l

We use that derivating the Hermite polynomial H,, n-times gives:

dTl
—H, =2"-n!
dyr ™"
We get:
i.CZ.Zn.nl-fooe_yzd)/:l
vi " [
i'an'Z”'n"\/E=1
7 !
1 A
2— . —
Cn C2nenl m

Finally, we have the normalized eigenfunctions of the harmonic oscillator:
1 1

1@ = () () e )

2™ - n! T
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