Unitary Operators

This paper deals with unitarian operators used in quantum mechanics.
Related information you may find at:

https://www.math.tamu.edu/~dallen/m640 03c/lectures/chapter4.pdf

http://dorsett-edu.us/QuantumMechanics/Zwiebach%20Notes%20PDF.pdf

Tutorium Quantenmechanik, J.-M. Schwindt, Springer, ISBN 978-3-642-37791-4. (... written in
German...)

Hope | can help you with learning quantum mechanics.
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Unitary Operators

Exponential of a matrix
The exponential of a matrix A is defined by power series:

We check this with Pauli matrices:

%=1 o o= ) o=y 1)

We need the powers of the Pauli matrices.

om0
0= HE D=0 9
2= D0 HE D=0 9 H-C Y
= D0 HE DC D=C G D=6 9

We get:
O.xZn =id, O.x2n+1 = 0,
The power series:
(o] an
ea'a'x — F xn —
n=0
1 g a? y a3 a* y a®
al +E0'x+zl +§O-x +Zl +§O-x + =
1 . a* o a* a ad a®
&ld +§ld +Zld +- )+ 110 +§0x +ao'x +o | =

id - cosh(a) + g,sinh (a) =

cosh(a) sinh (a)
(sinh (a) cosh(a))

cosh and sinh are nonperiodic functions, the values for e%°* are growing with respect to a.
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Unitary Operators

We try exponentiation of the complex operator and multiply a - g, by the imaginary unit —i:

had AN
e_i'a'Ux — Z (_l) a oM =
n! *
n=0

. - a az- . a3 4. - as a6. —

ald—l'ﬁO’x—Zldﬁ'l'tiﬁ'Zld—l'aO’x ald =
1 a*>  a* a o ad o a® 3
ald_ﬁld+ﬂld_ + —l'ﬁO'x‘Fl'iO'x—l'—S!O'x‘F'“ =

(1 a*  a* _ a a® a° B
id ald—ald'l‘zld—"' — 10y F_g-l_ﬁ_ =

id - cos(a) — i+ oysin (a) =

( cos(a) —i-sin (a))

—i-sin (a) cos(a)

The same for ay:

%=, o)
o= G =0 1
2= C C =6 90 D=C )
=0 DD DC D=6 U6 H-6
We get:
O.yZn — id, o.y2n+1 — Uy
We calculate:
e‘i'a"’y = Z—(_ir)l:lan O'yn =
1. a a? . a at @ a®
ald—l'ﬂO'y—Eld+l'§0y+zld—l‘§0’y—ald...=
1 a*>  a* a o ad ~a®
<&ld—Eld+Zld—-~->+<—L-an+1-§cry—1-agy+...>:
(1 a* a* _ a a® &
ld(a_i-l_z_m)_l.o—y<ﬁ_§+a_m>:

id - cos(a) — i+ oysin (a) =

(cos(a) —sin (a))

sin (a) cos(a)
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Unitary Operators

Note:

The same for o,.

0z = ((1) —01)
o2=(o 2 =0 7
0y’ (é —01)((1) —01)(3 —01):((1) (1))((1) —01):(3 —01)

= 206 D6 D6 D=6 D6 D=6

We get:
O.ZZn — ld, O.ZZTL+1 =0,

We calculate:

had (=)"a"
. Z —i)"a
e Vd9z = —n' O-zn =
n=0 '

2 3 4 5

1. a a“ . a a* a a’ _
Eld—l'ﬁﬂz—ild+l'§GZ+Zld—l'§O’Z—ald...—
1. a?  a*. _a o ad o ad 3
ald—ildﬁ'zld—"' + —l'ﬂO'Z-l'l'iO'Z—l'EO'Z-F”' =

(1 a* a* _ a a® a° B
id &ld—ald+zld—"- — -0y ﬂ—§+§—--- =

id - cos(a) — i+ o0,sin (a) =

(coso(a) COSO(a)) i (sino(a) ~ si?l((l)) -

(cos(a) —i-sin(a) 0 ) _

0 cos(a) +i-sin(a)

e”la
( 0 eia)

Note: for diagonal matrices A we have:

oo ()

The exponential of a diagonal matrix a;; is the diagonal matrix of the exponentials e %i.
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Unitary Operators

The process of exponentiation gives new matrices. We name them:

cos(a) —i-sin (a))

Ur(a) = e™H@x = (—i -sin(a)  cos(a)

cos(a) —sin (a))

Uy(a) = "% = (sin (a) cos(a)

_ —iaa, _ (€0s(@) —i-sin(a) 0 _fe7l@
Uz(a) = e N ( 0 cos(a) +1i- sin(a)) B (eo ei‘1>
Unitary matrix
A matrix U is called unitary:
vut =utu =id
Note: T denotes the matrix is transposed and complex conjugated.
The matrices Uy (a), U, (a), U, (a) are unitary. We check this:
Ux()Uy(a)" =
cos(a) —i-sin(a)\( cos(a) i-sin(a)) _
(—i - sin (a) cos(a) )(1 -sin (a) cos(a) ) B
( cos?(a) + sin?(a) i-cos(a) - sin(a) —i- cos(a) - sin(a)
i-cos(a) - sin(a) —i-cos(a) - sin(a) sin?(a) + cos?(a)
10
(o 1)
Uy(@Uy (@)t =
cos(a) —sin(a)\( cos(a) sin(a)) _
(sin (a) cos(a) )(—sin (a) cos(a)) B
( cos?(a) + sin?(a) cos(a) * sin(a) — cos(a) - sin(a)) _
cos(a) - sin(a) — cos(a) - sin(a) sin?(a) + cos?(a) -
1 0
(o 1)
U (@)U, (a)" =

e—ia 0 eia 0
( 0 eia)( 0 e-ia>:

(o 1)

Note: if H is a Hermitian matrix then e'# is unitary.

Dot product
Unitarian matrices don’t change the dot product:

We set |u') = Ulu) and |v') = U|v).
We need the bra:
[u'y = Ulu) - (u'| = (u|U?

D. Kriesell
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Unitary Operators

Note: switching the matrix from left to right needs transposition, switching from ket to bra needs

complex conjugation.

We build the dot product:

W' = (u|UTU|v) = (ulv)

Note: unitarian matrices map orthonormal bases to new orthonormal bases.

Note: for each two orthonormal bases exists an appropriate unitarian matrix.

Let |e;) be an orthonormal basis:

Ule)) = Ifi)
UTIfi) = leo)

Note: unitary matrices are the complex equivalent to rotation matrices.

Unitary matrices and spin vectors

We remember:

matrix eigenvalues Normalized eigenvectors Written as
_ (0 1 — 1 1 lx —
Oy = (01 0? +1,-1 \/_12(})'\/_12(_11) [x +), |x =)
_ -1 1,-1 Ly —
oy = (11 8) + ﬁ(}1)\/_%(_11) ly+)1y =)
92 = (0 —1) o (0) ’ (1) 74 12 =)

We take basis vectors |e;) = |z +)

We use the unitary matrix:

Uy(a) = e~lagy = (

Vs
We try a = e

We check the effect of U, onto the

= () tear =120 = ()

sin(a)

0, @-50 )

basis vectors:

cos(a) —sin(a)
cos(a)

)

U, (g)ﬂonto [x +): U, (%)nonto [x —)
Uy (Z) |x +> = Uy (Z) |X )=
1 -1\ 1 1 — 1
EG 11)5(1) B ((1)) =lz-) ﬁ(i 11)_2(—11) B ((1)) =lz+)
U, G()ﬂ(;nto ly +): U, (%()n;nto ly =)
Uy(7)ly+) = Uyl7)ly—-)=
010 0 ()30
S\ 1) N T2+ L\ 1)\ 21—

D. Kriesell
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Unitary Operators

U, G) onto |z +):

U

(-
(

50 DO =50 =k

Note: U,, swaps the z-basis onto the x-basis and vice versa.

We examine the effect of U, onto the y-basis.

We change from column to row vector:

;(1 - —((1 +D(1-D)

We build the dot product:

—((1 +)(1—0)= (1 * l)
1
4

The vectors are orthogonal.

We check the size:

—((1+z)(1—1)) (1+l) =

1
Z((l +DA-D+A-DA+D) =

1
ZA+1+1+1) =1

The vectors = G ; i) and%(i +

In general, we have:

) build an orthonormal basis.

_(cos(a) —sin(a)
Uyla) = (sin(a) cos(a) )
The effect of U, (a) onto |y +): The effect of U, (a) onto |y —):
—si 1 —si 1
-0 D0 | mon - (0 )5 (-
1 (cos(a) —i-sin(a)) _ (cos(a) +i- sin(a)) _

V2 sin((a)) +i cosgag) B V2 sin((a)) —i- cosga% -

1 cos(a) —i-sin(a 1 cos(a) +i-sin(a
T(i(cos(a) —1i -sin(a))) - ?(—i(cos(a) +i- sin(a))) -
ﬁ(cos(a) -1 sin(a)) (}) = ﬁ(cos(a) +i- Sin(a)) (_11) =

e "y +) ey —-)

Note: up to a constant phase U, (a) maintains |y +) and |y —).

Note: Rotation by%

in the complex system corresponds to a rotation by%

in real space.

D. Kriesell
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Unitary Operators

We check the same effect of U,.(a) and U,(a).

NORT

cos(a)
—isin(a)

—isin(a))

cos(a)

The effect of U, (a) onto |x +):

The effect of U,.(a) onto |x —):

Ug(@]x +) =

Ue(@)]x —) =

cos(a) —i-sin(a)\ 1 1\ _ cos(a) —i-sin(a) 1
(—i - sin(a) cos(a) )ﬁ(l) B (—i - sin(a) cos(a) ) ( )
i( cos(a) — i - sin(a) ) _ i( cos(a) +i- sm(a) )

V2 \—i-sin(a) + cos(a)) \/E i-sin(a) — cos(a)
%(cos(a} —'i -sin(a)) (D = — (cos(a) +i- sm(a)) ( 1 )
e “x +) elx —)

The effect of U, (a) onto |y +):

The effect of U, (a) onto |y —):

Ux(@ly +) =
( cos(a)

—i-sin(a) 1
—i-sin(a) cos(a) ) (l)
1 < cos(a) + sin(a) )

(cos(a) — sin(a))
Weset a =

-M:J

Ur(@)ly =) =

( cos(a) —i-sin(a))i(l)_
—i-sin(a)  cos(a) /y2\-i/
1 cos(a) — sin(a) B
V2 <—i(sin(a) + cos(a))) -
Weseta:=%
L1
Lov2 V2|l
1 IR
l(ﬁ+\/§)
H2)-(5)--0
V2 _lﬁ [ 1
—i-]|z—)

Note: —i is a constant phase.

The effect of U, (a) onto |z +):

The effect of U, (a) onto |z —):

Ux(@)|z +) =
( cos(a) —i -sin(a)) (1) _
—i-sin(a) cos(a) 0/

(L")~
We seta = %
1
(3)
\" %2/
1

ﬁ(—ll) -
ly =)

Ug(a)|z =) =
cos(a) —i-sin(a)) 0\ _
(—i - sin(a) cos(a) )(1) N
(—i . sin(a)) _

cos(a)

&l
- \a/
5(1)=-i5()=

—i|y+)
Note: —i is a constant phase.

Vs
We set a := 7

D. Kriesell
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Unitary Operators

. —ia
Uy(a) = e = (6’0 e?a)

The effect of U, (a) onto |x +):

The effect of U,(a) onto |x —):

_ifl/z(a)lx J;) N
(eO eO ) D
al )

Weseta :i=—

T
e 4y +)
.TT
Note: e ‘% is a constant phase

-iaUZ(a)lx 1—) =
(eo ) e?a)_ﬁ (—11> -
ﬁ(iei‘J -

\/_15 e (_elzia) =

We seta i=—

The effect of U,(a) onto |y +):

The effect of U,(a) onto |y —):

U @ly )=
—la 1
(eO e(i)a)ﬁ i)

We seta i=—

LT
Note: e~ 4 is a constant phase

Ua@ly ) =
—la 1
(eo ) e?azﬁ(—i) -
ﬁ(—el: i‘“) -

1 et
—| z )=
2\e'2 - pla
T

Weseta :=—

D. Kriesell
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Unitary Operators

The effect of U,(a) onto |z +):

The effect of U,(a) onto |z —):

yiz(a)lz +>1=
(eO _5“) (0) -
(eo >=;

Vs
We set a = "

T
e 4|z+)

.TT
Note: e "4 is a constant phase

Uz(a)|z —)0=
—la 0
(60 Oeia) (1) -
(eia) =

T
We set a := "

We summarize the results:

The effect of The effect of The effect of
T T b
U, (Z) uy (5) U, (%)
. T . _ . e
onto |x +): e Z|x +) onto |x +): |z =) onto |x +): eIy 4)
onto |x —): ei%|x - onto |x —): |z +) onto |x —): e iZ|y -
onto |y +): |z +) onto |y +): e_i%ly +) onto |y +): e—i%lx )
. —j 7 — ). T . G
onto |y —): i|z-) onto |y —): eldly —) onto |y —): eT|x 4)
onto |z +): ly —) onto |z +): |x +) onto |z +): e—i%lz +)
onto |z —): —i|y+) onto |z —): |x —) onto |z —): ei%|z )
If we omit the constant phases we get:
The effect of The effect of The effect of
T T T
U, (Z) Uy () U, (3)

onto |x +): [x +) onto |x +): |z —) onto |x +): ly +)
onto |x —): [x —) onto |x —): |z +) onto |x —): ly —)
onto |y +): |z +) onto |y +): ly +) onto |y +): [x =)
onto |y —): |z —) onto |y —): ly =) onto |y —): [x +)
onto |z +): ly =) onto |z +): |x +) onto |z +): |z +)
onto |z —): ly +) onto |z —): [x —) onto |z —): |z —)

Unitary matrices and 3D rotation
We take the Pauli matrices and build a vector:

We combine this with vector E € R3:

D. Kriesell
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Unitary Operators

We build the dot product:
O-.X
(bx b,, bz) (0y> = byoy + by0, + b,0,
O-Z
This results in a matrix B:
B = byoy + by0, + b,0,

B is a 2D matrix with complex coefficients:

B=b.(] o)+0, (0 )+.(y 2)
0 b 0 —i-b)\ (b, 0
(5, 0x>+<i-by o y>+(02 )"

b, by —i-b,
by +i-b,

_bZ
Note: b; E R

Applying the unitary matrix Ut (a)BU(a) results in a rotation by double angle a of vector b:

| Ut (@)BU,(a) = R,2a)b | U',(a)BU,(a) =R,2a)b | U',(0)BU,(a)=R,(2a)b |
Note: This calculation not performed here.

Note: Pauli matrices represent basis vectors in R3.

The rotation matrices:

R.(a) Ry (a) R,(a)
1 0 0 cos(a) 0 —sin(a) cos(a) sin(a) 0
= <O cos(a) sin(a)) = < 0 1 0 ) = (—sin(a) cos(a) 0)
0 —sin(a) cos(a) sinfa) 0 cos(a) 0 0 1

Remark: It is not astonishing that rotation in 3D corresponds to a 2D complex matrix. Rotation
essentially is a 2D operation leaving the rotation axis unchanged.

Remark: The correspondence between 2D complex space and 3D spatial space gives easy access to
measuring the spin in any direction. We combine any arbitrary direction in 2D complex space by help
of the Pauli matrices and this way get the operator for measuring the 3D spatial direction.

Example

To measure the spin in spatial direction WA (ex + ey) we build the corresponding operator:

h1 h1l,1 1
Gt =350 o)

By finding eigenvectors and eigenvalues of this operator, we will know the possible outcomes of a
measurement along the direction (ex + ey).

By combining the basis vectors ey, e,, e, we can measure the spin in any spatial direction.
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