Angular Momentum

This short paper shows how to calculate angular momentum in cartesian coordinates. We will do all

calculations explicitly — if you need results only, you either skip the calculations or maybe you find
other sources better suitable for your purpose.

Hope | can help you with learning quantum mechanics.
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Angular Momentum

Spherical and cartesian coordinates

https://www.researchgate.net/profile/Werner-Dahm

Note: 8 and ¢ often are reversed in literature.

Angular momentum classical

Linear momentum:

Angular momentum:

- - -
L=m-rxv

with unit [k‘qu]

kg-mzl
|

with unit [

Note that the unit of angular momentum is different from the unit of linear momentum.

In 3D we have:

Linear momentum

Angular momentum cartesian

X
Z

. yz—zy YPz — ZDy L,
L=m-<za’c—xz’)=(2px—xpz>:= Ly
Xy —yx XPy — YPx L

Y4

Dx

Py

Pz
Coordinates spherical

Coordinates cartesian

r=4x%+y%+22

6 = arccos (—)

)

N

3

¢ = arctan(

RI

x =r1-5sin(0) - cos(¢)

y =1 -sin(0) - sin(¢)

z=1"cos(0)
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Angular Momentum

Ly, Ly, L, in terms of spherical coordinates
Note: for moving objects we have x(t), y(t), z(t), r(t), 8(t), p(t).

We need the derivatives.

o4 _do _
%= ox = (rsin(8) - cos(9)) =

7+ sin(0) - cos(¢p) + r - cos(8) - 6 - cos(¢p) — r - sin(0) - sin(¢p) -

Ao _
=y i@ -sin) -

7+ sin(@) - sin(p) + r - cos(8) - 6 - sin(¢p) + r - sin(0) - cos(¢p) - ¢

. d d 9)_
Z_dtz_dt(r cos(09)) =

- cos(8) —r-sin(0) -0
We get:

Ly=m-(yz—2zy) =
m:- ((r -sin(0) - sin(d)))(f -cos(B) —r-sin(f) - 9)
— (r . 005(9))(1'” - sin(0) - sin(p) + 1+ cos(8) - 6 - sin(p) + r - sin(0) - cos(¢p)
.(/;)) =
m:- ((r -sin(@) - sin(¢p) - 7 - cos(0) — r - sin(0) - sin(¢) - r - sin(H) - 9)
— (r -cos(0) -7 - sin(8) - sin(¢p) + - cos(0) -1 - cos(0) - 6 - sin(¢) + r - cos(0)
1+ sin(0) - cos(p) - (,‘b)) =
m- ((r - sin(0) - sin() - 7 - cos(8) — r? - sin?(0) - sin(¢) - )
— (r-cos(8) - 7 - sin(6) - sin(¢) + 1% - cos?(6) - 6 - sin(¢p) + r? - cos(6) - sin(6)
cos @) $)) =
m - (r - sin(0) - sin(¢) - 7 - cos§ — r? - sin?(0) - sin(¢) - 6 —r - cos(0) - 7 - sin(6) - sin(¢p) — r?
-cos?(0) - 6 - sin(¢p) — 12 - cos(0) - sin(6) - cos(p) - p) =
m- (r - sin(0) - sin(¢) - 7 - cos(8) — r? - sin?(0) - sin(p) - 6 —r? - cos?(0) - 0 - sin(¢p) — r?
- cos(0) - sin(0) - cos(¢p) - p — 1 - cos(8) - 7 - sin(6) - sin(¢)) =
m: (r -sin(0) - sin() - 7 - cos(8) — r? - sin(¢) - 0(sin?(0) + cos?(6)) — r? - cos() - sin(H)
-cos(¢p) - ¢ — 1 cos(8) -7 - sin(B) - sin(¢)) =
m:- (r - sin(0) - sin(¢) - 7 - cos(8) —r? - sin(¢p) - 6 — r? - cos(0) - sin(0) - cos(¢p) - ¢ —r - cos(6)
-7 - sin(0) - sin(¢)) =
m- (—r%-sin(¢) -6 —r?%- cos(8) - sin(6) - cos(p) - p) =
—m-r2- (sin($) - 6 + cos(8) - sin(0) - cos(p) - p)
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Angular Momentum

Ly=m-(zx —xz) =

m:- ((r . cos(9))(7” - sin(0) - cos(¢p) + 1+ cos(8) - 6 - cos(¢p) —r - sin(0) - sin(¢p) - ¢)
— (r -sin(0) - cos(¢))(7" -cos(8) —r-sin(f) - 9)) =

m:- ((r - cos(0) - 7 sin(0) - cos(¢p) + 1+ cos(8) -7 cos(8) - 0 - cos(¢p) —r - cos(0) - r - sin(6)
- sin(¢) - (;b) — (r - sin(@) - cos(¢) -7 - cos(0) — r - sin(0) - cos(¢p) - r - sinb - 9))

m- (1 - cos(0) - 7 - sin(6) - cos(p) + 1% - cos*(0) - 6 - cos(¢p) — 12 - cos(8) - sin(8) - sin(¢p) - ¢
—1-5in(0) - cos(¢p) - 7 cos(0) + r% - sin?(0) - cos($p) -7+ 0) =

m- (r - cos(0) - 7 - sin(@) - cos(¢p) + r? - cos?(0) - 0 - cos(¢) + 1% - sin?(0) - cos(¢p) " r -0 — r?
- cos(0) - sin(0) - sin(¢) - ¢ — r - sin(0) - cos(¢p) - 7 - cos(@)) =

m- (r - cos(0) - 7+ sin(8) - cos(¢) + 12 0 - cos(p)(cos?(0) + sin?(8)) — r? - cos(6) - sin(6)
-sin(¢) - d —r - sin(0) - cos(¢p) - 7 cos(@)) =

m:- (r - cos(0) 7 - sin(8) - cos(¢p) +r?- 0 - cos(p) —r? - cos(9) - sin(0) - sin(¢p) - ¢ —r - sin(6)
-cos(¢p) -1+ cos(@)) =
m-(r?-cos(¢) - 6 —r?-cos(0) - sin(8) - sin(¢) - qb) =
m-1% - (cos(¢) - 0 — cos(8) - sin(6) - sin() - §)

Lz=m-(x)'1—y5c)=

m:- ((r - sin(6) - cos(q’)))(f - sin(0) - sin(¢) + 1 - cos(8) - 8 - sin(¢) + r - sin(0) - cos(¢p) - ¢)
— (r - sin(8) - sin(¢) ) (7 - sin(0) - cos(¢p) + - cos(0) - 0 - cos(¢p) — 1 - sin(6)

sin@)4) =

m- ((r - sin(0) - cos(¢) - 7 - sin(8) - sin(p) + r - sin(0) - cos(¢p) - r - cos(0) - 0 - sin(¢p) +r
- sin(0) - cos(¢) - r - sin(0) - cos(¢) - (,‘b)
— (r-sin(8) - sin(¢) - 7 - sin(0) - cos(p) + - sin(6) - sin(¢) - 1 cos () - 6
- cos(¢p) —r - sin(0) - sin(¢) - r - sin(0) - sin(¢p) - ¢)) =

m- (- sin(0) - cos(p) - 7 - sin(0) - sin($p) + 1 - sin(6) - cos(¢p) - - cos() - § - sin(p) +r
- sin(0) - cos(¢) - 1 - sin(0) - cos(¢p) - p — r - sin(8) - sin(¢p) - 7 - sin(6) - cos(¢)
—1-sin(8) - sin(¢p) -7 - cos(8) - 6 - cos(¢) + r - sin(0) - sin(¢p) - r - sin(0)
-sin(¢) - §) =
m- (r -7 sin?(0) - sin(¢p) - cos(p) + 12 - sin(6) - sin(¢p) - cos(P) - cos(0) - 6 + r? - sin?(6)

- c0s?(¢) - —r -1 - sin?(0) - sin(¢) - cos(¢) — r? - sin(0) - sin(¢) - cos(¢)
-cos(0) -0 +r%-sin?(0) - sin*(p) - p) =
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Angular Momentum

m- (r? - sin(0) - sin(¢) - cos(¢p) - cos(8) - 6 + 12 - sin?(0) - cos?(¢) - § — r% - sin(0) - sin(¢h)
-c0s(8) - cos(p) - 0 + % - sin?(0) - sin®(¢p) - ) =

m- (12 - sin?(6) - cos?(¢) -  + 12 - sin?(0) - sin?(p) - ) =
m-r? - sin?(0) - p(cos?(¢) + sin®(¢)) =
m-r?-sin?(0) - ¢
We collect the results:
Ly=m-(yz—zy) = —m-r*-(sin(¢) - 0 + cos(0) - sin(0) - cos(¢) - p)
Ly =m-(zx —xz) =m- 12 - (cos(¢) - 0 — cos(0) - sin(6) - sin(¢) - $)
Ly=m-(xy —yx) =m-r* sin*(6) - ¢

Applications

Rotation in the x — y plane
An object rotating in the x — y plane has 8 = %and 6 =0.

We get the angular momenta:
Ly=—m-1%(sin(¢)-0+0-1-cos(¢p)-¢) =0
Ly=m-12-(cos(¢)-0—0-1-sin(¢)-¢) =0

Ly=m-1%-¢

Linear movement through the origin
An object linear moving through the origin has 6 = 0and qb =0

0 and ¢ are constant but switches to ¢ + m and 8 + m if the particle crosses the origin.
We get the angular momenta outside the origin:
Ly =-m-72-(sin(¢)-0+0-1-cos(¢p)-¢) =0
Ly=m-r?(cos(¢)-0—0-1-sin(¢)-¢) =0

L,=m-r2-0=0

During crossing the origin, the derivatives 8 and ¢ become delta functions.

Linear movement bypassing the origin
An object moving in the x — y plane, bypassing the origin is constantly changing r and ¢.

We have: z

x(t) = v t+x

Y(t)zvy't'i'YO

r(t) = \[(vx t+x)2 + (vt + yo)2

Note: vy, vy, Xg, Yo are constants.
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Angular Momentum

We calculate 7:

2-(vx-t+x0)-vx+2-(vy-t+y0)-vy_

. d _
T—Er(t)— -
2-\/(vx-t+x0)2+(vy-t+y0)

(vx-t+x0)-vx+(vy-t+y0)-vy_

\/(vx-t+x0)2+(vy-t+y0)2

t- (v +v,2) +x0 v + o vy

\/(vx t+x0)% + (vy -t +y0)2
We calculate ¢ (t):
¢(t) = arctan (%) = arctan (H)

We remember:

d tan(u) = 1
gy Aretan(w) = 75

We calculate ¢ by use of the chain rule:
.o d vyt t+
¢ = —(arctan (y_)’())) =
dt Uyt + xg
1 . (vy)(vx “t+xg) — (vy t+ yo)(vx) B

" (vy-t+y0)2 (Vg t + x0)?
vx't+x0

1 . (vy)(y -t +x0) — (v, £+ ¥0) (W) 3
(vt + X0)2 B

(Vy t+x0)%+ (vy -t + y0)2
(vx T+ xO)Z
(v, t + x0)? _(vy)(vx-t+x0) — (vy -t +y0)(vy) B
(vx t+ xo)z B

(Vg "t +x9)% + (vy “t+ y0)2
(vy)(vx t+xy) — (vy “t+ yo)(vx) _
(vyt+x0)%+ (vy -t + y0)2

(vy-vx-t+vy-x0)—(vx-vy-t+vx-y0):

(v - t+x0)2 + (v - t+y0)2

vy-vx-t+vy-x0—vx-vy-t—vx-yo_
5 =
(vt +x0)2+ (v -t +yp)
Uy *Xo — VUx " Yo

(vt +x0)2 + (v - t+y0)2
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Angular Momentum

So far, we have:

r(t) = \/(vx t+x0)% + (vy “t+ yo)z

ot () txe v+ Yot Yy

T
2
\/(vx-t+x0)2 + (v t+ )
v, t+
¢(t) = arctan (y—y())
Ve t+ Xxg
_ Vy"Xo — VUx " Yo _
= 5 =
(v t+2x0)% + (v, -t + )
We check choosing printable values v, = —1,v, = +1,x5 = 10,y = —1:
3 3
Y Y
12,51 L
10 1,51
7,51
5 0,5
X
2,51 I
20 -16 -12 -8 -4 24
10 -8 -6 4 2 o 2—x 6 8 10 12 95
2,51 11
5 -1,5
red: r(t) blue: ¥ green: ¢(t) purple: ¢

‘t+
Note: arctan (M) produces a discontinuity if v, - t + x, = 0. We corrected this by using:

Uy t+Xg
Uy ‘t+ Yo

or (v,-t+x5) >0
vx-t+x0)f (v o)

arctan (

Uy't+y0

arctan( >+7Tfor(vx-t+x0)<0

vx " t+x0
T
Efor(vx-t+x0) =0
We get the angular momentum:
Ly=-m-r%(sin(¢)-0+0-1-cos(¢p)-¢) =0
Ly=m-r%-(cos(¢)-0—0-1-sin(¢p)-¢) =0
L, = m-r2-<ﬁ

We take a closer look at L,. We use r(t) and ¢:

r(t) = \/(vx t+x)? + (v ¢ +y0)2
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Angular Momentum

_ Uy *Xo = Vx Yo

_(vx-t+x0)2+(vy-t+y0)2

We calculate L,:
L) =m-r(t)* ¢ =
Uy *Xo — VUx " Yo

(vx-t+x0)2+(vy-t+y0)2_

m-((vx-t+x0)2+(vy-t+y0)2)-

m'(vy'xo_vx'}’o) =

Vy, Vy, Xg, Yo are constants depending on speed of the particle vy, v, and the starting point x,, y,

chosen.

We conclude L,(t) is constant in time:

L,(t)=m-c

We can choose an inertial system with L,(t) = 0:

Uy Xog—Vx Yo =0

Uy *Xo = Vx Yo

Y

Uy

Vx

A system moving with constant speed ¥ = (v
y

particle is on rest.

Angular momentum gquantum
We remember angular momentum classic in 3D:

Yo
Xo

) will measure no angular momentum because the

Angular momentum classic

Angular momentum quantum

. yZ—Zzy YPz — Zpy Ly . bz — ZApAy Zx
L=m-|zx—xz |=|2Px — XPz | := Ly z = ZAﬁx — )?ﬁz = Zy
Xy — yx XPy — YDy L, 2Py, — 9bs i

Coordinates spherical

Coordinates cartesian

r=qx2+y2+2z?

6 = arccos (;)
¢ = arctan (%)

X=r1" sm(@) : COS(¢)

y =r-sin(0) - sin(¢p)

z=1"-cos(h)

Ly, Ly, L, in terms of spherical coordinates
We remember:

1

1—u

——arccos(u) = —
T (w) =

1
1+ u?

T arctan(u) =

D. Kriesell
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Angular Momentum

Partial derivatives

or x or y or z
ox 1 dy r 0z 1

26 _ 99 _ 90 _

ax ay 0z

1 X 1 zy 1 z?
1_({)2 r3 7\ 2 r3 7\ 2 r3

- - () - ()

0 _ 0 _ % _ .

ox dy 9z
Y i

x2+y? TN

x-(1+(%)>

We replace x, y, z by its corresponding angular expressions. These are lengthy calculations, we show

it by L = i—’; as an example.
1-(5)
1 zZX
— =
=@
1 T cos(8)-x 1 cos(0) -r-sin(0) - cos(¢)
3 = ) 2 =
1-— (605(9))2 r 1- (005(9))2 r
1 _cos(9) -sin(0) - cos(¢p) 1 _ cos(8) - sin(0) - cos(¢p)
1-— (605(9))2 4 Jl -1+ (Sin(é’))2 '
1 _ cos(0) - sin(0) - cos(p) B
sin(6) T B
cos(0) - cos(p)
r
Result:
or or ; or _
i sin(@) - cos(¢) @ = sin(0) - sin(¢) P cos(6)
96  cos(8) - cos(¢) 06  cos(0) - sin(¢) 90  sin(0)
ax r dy r az  r
0p _ _ _sinl¢) 0¢ _ cos(é)_ 2% _,
ax  r-sin(d) dy r-sin(0) 9z

Each column gives us a partial derivative:

0 Orad 000 0¢ 0
— =t ——t——
dx O0xdr 0x068 0xdp
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Angular Momentum

cos(0) - cos(¢) 0 sin(¢p) 0
r a0 - sin(6) %

a 0. 0
a—sm( ) cos(¢)§+

Similar:

cos(0) -sin((p)i cos(p) 0

o R
= sin(0) - sin(¢) o +

ay 20 ' r-sin(6) d¢
d d sin(@) 0
Fri cos(0) FTR—

We write angular momenta in terms of spherical components.

Angular momentum L,

We remember operators:

We calculate:

o (0 0
Ly =9D, —2py = _‘h(yZ_ZE) =

. . : d d
—ih (r - sin(@) - sin(¢) P cos(6) @) =

—ih <r - sin(0) - sin(¢p) (COS(B) % — mrzﬂﬂ%) —-r

- cos(0) (sin(H) : sin(¢)%+w % rcii;q(bg) % )) _

sin(@) 0 ]
T r-cos(@) - sin(0)

cos(B)-sin((p)i_ _ © cos(¢) i
T 06 rreos r-sin(8) d¢p

—ih (r - sin(0) - sin(¢) - COS(G)% —r-sin(0) - sin(¢) -

- sin(¢p) % —r-cos(0)

sin(@)i_ _ © cos(B)-sin(qﬁ)i_
ag | r 20

0s(0)

—ih (—r - sin(0) - sin(¢) - L@ 9 ) =

r - sin(6) %

. . . . 0 . d cos(¢) 0
" <Sm(9) sin(@)  sin(6) 55+ cos(6)cos(8) *sin(®) 55 + cos(O) 7S %) _
' ' J g - d cos(¢p) 0
ih <sm2 (0) - sin(¢) FrR cos2(0) - sin(¢p) Fr cos(6) m%> —
ih ((sinZ ) + 0052(9)) . sin(¢)% + cos(8) %%) _
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Angular Momentum

cos(8) o ) 3

ih <sm(¢) 30 cos(¢) sin(0) d¢

e 0 0
ih (sm(qb) kT + cos(¢)cot(6) %)

Note that L, is independent of the radial component.
Angular momentum L,

- o ) d 0
Ly = 2Py — Xp, = —Lh(za—x&> =

. d ] 9]
—ih (r . cos(G)a —1r-sin(0) - cos(¢p) &) =

—if-r <cos(9) ((sin(B) . cos(9)) aa_r 42058 'rcos(‘p) % - :Ti;"(’;) %) — sin(6)
- cos () <Cos(9) % - Si"r(e) %)) -
_ih-r <cos(9) . sin(0) - cos($) ;—T + cos(ay &9 'rcos(qh) % — cos(8) rfi:iflqz;) % — sin(0)
- cos($)cos(0) o=+ sin(6) -cos(9) T %) -
—ih-r <coS(9) ©050) ;Cos(d)) % — cos(6) %% +5in(9) - cos(¢) * O %) -

sin@ 0 ENLA
sin(@)%-l_sm( ) - cos(¢) - sin( )%> =

sin(¢) 0 ] J\
Sin(®) 39 + sin?(8) - cos(¢p) %> =

—ih <cos(9) - cos(8) - cos(¢p) :—9 — cos(0)

—ih (cos2 (8) - cos(¢) :—9 —cos(0)

] 0 ] cos(6) 0
—ih <cos(¢) T sin(¢) ) =

sin(8) %

. d _ 0
—ih (cos(qb) Frin sin(¢)cot(0) %>

Note that Zy is independent of the radial component.

Angular momentum L,
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Angular Momentum

—ih (r - sin(0) - cos(¢) ((sin(e) . sin(d))) % + COS(Q);Sin((p) % + rcislff();) %) — 7 sin(0)

cos(0) - cos(¢) 0 sin(¢p) 0 _
%_r-sin(e)% B

0
- sin(¢) ((sin(@) . cos(¢)) F +

sin(0) - cos(¢) - cos(0) -sin(d))i sin(6) - cosz(¢)i

0
—ih-r (sinz(e) - sin(¢) - cos(¢p) - + " 5 (@) 0%
_ sin?(6) - sin($) - cos(¢)% 3 sin(6) - cos(d)))-ﬂcos(@) - sin(¢) 66_9
sin®(¢) - sin(0) 9\ _
r-sin(@) %) B

—ih-r (sin2 (8) - sin(¢) - cos(¢p) 9 + sin(0) - cos*(¢) 9 sin?(6) - sin(¢) - cos(¢p) 9
or r-sin(0) 0d¢ or

sin®(¢) -sin(0) 9\ _

+ r-sin(@) %) B

L sin(0) - cos?(¢p) 0 sin®(¢p)-sin() 9\ _
-t ( r-sin(9) % r - sin(0) %>_

 (sin(8) - cos*(¢p) = sin®*(¢)-sin()\ a
-t < sin(0) * sin(0) >£_

sin(0) ap
" sin(0)\ 9
-t <sin(9)>%_

0

d¢

i <sin(9) - cos? () + sin?(¢p) - sin(@))i 3

Note that L, depends on % only.

We collect the results:
Angular momentum quantum Angular momentum classic

i, = _ih<sin( ) % + cos(p)cot(6) % ) L,=-m-r%- (Scl:s(?(;) -95 cos(8) - sin(6)

L, =—ih (cos(qb)% - sin(qﬁ)cot(@)%) Ly=m-r?- (C?Zl_(f()(p')é 5)605(9) - sin(0)

zz=—m% Ly=m-(xy—y%) = m-r?-sin2(6) -

Page 13 of 13

D. Kriesell



