Partial differentiation — the chain rule

This paper works with the chain rule.

Hope | can help you with learning quantum mechanics.
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Partial differentiation — the chain rule

Case one: x and y are functions of one variable u
We use differentiable functions:

z=fxy)x =g,y =h)
z is a function of two variables x and y.
x and y are functions of one variable u.

We rewrite z:

z = f(g(w), h(w))
We derive:

d 0 d 0 d

T ax wm Tyt

We see that deriving z with respect to u involves four (partial) derivatives:

d d d d
ox y “ du’™ du

Example
z=f(x,y) =4-x%>+3-y?
x=xw)=u*+2-u+3
y =y =ev
We calculate two partial derivatives:

0,=2 =(4-x*+3-y) =8
axZ—axf(x'Y)—( X y )_ X

0

9
—_—7 = — = - x2 -y2) = .
3y° ayf(x,y) (4-x*+3-y9)=6-y

We calculate two derivatives:

4, -4 w=2-u+2
= W =2u
d d 2
vy =— — G-y ed3U
7Y duy(u) 6-u-e
We insert:
a 0 d +6 a
duZ_(')xZ dux (')yZ du”
B x) 2 u+2)+6-y) (6 u-e3*)=
16 x-u+16-x+36-u-y-e¥¥ =
16-x (u+1)+36-u-y-e3% =;
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Partial differentiation — the chain rule

We replace variables x and y by their definitions:
16-x-(u+1)+36.u.y.e3-u2_)
16-(W?+2 u+3) (u+1)+36-u-(e3%) 3% =
16- W +u?+2 W +2-u+3-u+3)+36-u-ef* =
16- (W +3-u2+5-u+3)+36-u-ef? =
16-u3+48-u2+80-u+48+36-u-ef%

We check this. Instead of building the partial derivatives according to the scheme above we resolve
z=f(x,y) =4-x%+3-y? by substitutingx = x(w) =u?+2-u+3andy = y(u) = 3%

Z=4-x2+3'y2=4'(u2+2-u+3)2+3-(e3'u2)2=
4-@+2-u+3) @+2-ut+3)+3-e5% =
4-@+2-wd+3 W +2- w8 +4 Wl 46 u+3-ul+6:u+9)+3-e8% =
4-W+4-ud+10-u? +12-u+9)+3-e8% =
4-u*+16-u3 +40-u? +48-u+36+3- 5%

We differentiate with respect to u:

d 2
Ezz16-u3+48-u2+80-u+48+36-u-e6'“

This often is presented as a tree diagram:

d
X = f(u) ax(u) R Kl d
» az(x.)’)'ax
Z Zf(ny) —>
0 d
> _Z(X'J’)'_
y=fw %y(u) dy du

In summa we get:

% 2003) = = 2(2,9) o) + = 2(5,9) = y(W)
gu 2 V) T g B V) F ay”’y du” "

. d a
Note: We can write Ex(u) or ax(u) because x depends of u only.
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Partial differentiation — the chain rule

Case two: x and y are functions of two variables u and v
We use differentiable functions:

z=fly)x=gWwv),y = h(u,v)

z is a function of two variables x and y.
x and y are functions of two variables u and v.

We rewrite z:

zZ = f(g(u, v), h(u, v))
We derive:

dz 0z 6x+6z dy

ou 0x Oou 0Jy ou

dz 0z 6x+az dy

v dx dv 9y v

Note: in contrast to the case of one variable we now have partial derivatives only.

We see that deriving z with respect to u involves six partial derivatives:

o0 oz o 0 b
ox’ oy’ ou’ ov’ ou’
Example
z=f(x,y)=4-x*+3-y2
x=x(wv)=5u+7-v3

y = y(u’ 17) = g3utsv

We calculate two partial derivatives:

dy
dv

oz 0 ) )
9 eV =@t +3:yT) =8-x
oz 0

3y =g EN =3y =6y

Note: these are the same as in the example above.

We calculate the rest:

a_x: 10-u

ou

g—i =21-v?
Z_Z 3 _63u+5v
Z_z _eSu+Sv
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Partial differentiation — the chain rule

0z
We calculate —:
ou

0z
We calculate —:
v

dz 0z 6x+6z dy
ou O0x Oou 0y ou

8:x-10-u+6-y-3-e3* =

80 -x-u+18-y-e3utsw

dz 0z 6x+az dy
ov  0dx Oov dy v

8:-x:21-v2+6-y-5:e3ut> =

168~ x - v* + 30y 3+

We replace variables x and y by their definitions:

0z

=80 x-u+18-y- 3t
EM X u y-e -

0z
a=80-(5-uz+7-u3)-u+18-(e3“+5")

. e3utsv —

400 - u3 4560 - u - v3 4 18- eOU+10V

0z

=168-x-v?+ 30y e3*s?
Ee X-v y-e -

0z
%=168-(5-u2+7-v3)-v2+30

. (e3u+51J) . e3utsv —

840 - u? - v* 4+ 1176 - v° 4 30 - U1V

We check this. Instead of building the partial derivatives we resolve z = f(x,y) = 4-x? + 3 -y2 by

substitutingx = x(w,v) =5-u?+7-v3andy =

y(u' ‘U) = g3utsv.

Z=4'x2+3-y2=4-(5-u2+7.v3)2+3.(63u+5v)2=

4.(5.u2+7.v3).(5_u2+7_v3)+3_e6u+10v:

4-(25-u*+70-u?-v34+49-v°) 430UV =

100 - u* 4+ 280 - u? - v?

+ 196 - 176 +3- eéu+10v

We build 2%
ou

We build 2%
ov

0z

d
o a(lOO-u“+280-uz-v:’;+196-v6

+ 3. gbutlon) —
400-u3+560-u-v3+ 18- fu+10v

0z

d
> a—(lOO-u4+280-uz-173+196-v6
v v +3- e6u+101;) —

840 - u?-v2 + 1176 - v° + 30 - ut10V
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