Differential Equations

This paper is a not very well-structured access to differential equations of first and second order and
systems of differential equations. All differential equations are represented in the context of physical
problems. Maybe it is best to take a look at the list of numerical examples shown in the appendix.

Part | gives an introduction into differential equations of first and second order.
Part Il works with the spring dashboard system.
Part Il works with systems of differential equations.

We do this explicit. If you are interested in a more theoretical approach you might find it on other
places in the internet, e. g.:

https://math.libretexts.org/Courses/Monroe_Community Colleqe/MTH 211 Calculus Il/Chapter 8%3A Introd
uction to Differential Equations/8.1%3A Basics of Differential Equations

Hope | can help you with learning quantum mechanics.
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Part |

Differential equation of first order
Differential equations bring together functions and their derivatives.

Examples of first order differential equations:
Dy —2-x-y=0
Ht-y+2-y=t>
HNx?-y' +3-x-y=6-x—11
Note:

, d dy

y = ay = dx
dy, dx are called differentials. They can be treated like ordinary variables:
,_ by

y =gy dx=dy

Note: this is an often-discussed behavior, more information you may e. g. find at Wikipedia:
https.//en.wikipedia.org/wiki/Differential (mathematics)

Example I') separation of variables

y'—2-xy=

We rewrite: y'=2'xy

dy

L =2.x-

dx Xy
(*) We separate the variables. Note that we ﬂ =9 dx
divide by y so we must check in the end that y
this causes no problems.

. . . 1
We integrate both sides: f;dy _ J’ 9 - x dx
We get: n(y)=x*+¢
y = X2 HC = gx% . g0 — X7 ¢,

We check (*): d .2 B 2
As y(x) # 0 we have no problems with (*). E(e €)=21xe"=2x"y

Separation of variables works in all cases like:

dy B _
Fi p(x) - g(y)

General solution:

fﬁdy=fp(x)dx+€

Differential equations of this type are called homogeneous first order linear ordinary differential
equations.
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Example II variation of parameters
t-y+2-y=¢°

Note: This is an inhomogeneous first order linear ordinary differential equation like the third one. We
solve this by “variation of parameters”.

Note: We assume t > 0

Step 1: We solve the homogeneous equation:

t-y+2-y=0
d 2y
dt t
1 2

Inlyl| ==-2-In(t) +c
eyl =y
e—2In®)+c — . p2n(®) = ;. pn(t7?) = (. -2
y=c-t?
y=-2-c-t3

Note: This is the solution of the homogeneous equation. We modify the parameter ¢ and replace it
by ¢ = u(t).

We get a new y:
y=u-t?oy=u-t?-2-u-t3

We put this solution into the inhomogeneous equation:

ey v = 5
try+t2-y=t Note: If this doesn’t
tr(@t =2 u-t3)+2-u-t2=¢5 _happen you have a
/ computational error ...
u-tt=1¢°
u=t®
u==t’+c
7

Now we got u(t). We insert this and get the new y:
2 _ Ll -2
y=u-t = 7t +c-t

5
y=—tt—2-c-t73
y=gz c
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We check whether the differential equation holds for this y:

t-y+2-y=¢°

5 1
t-(7t4—2-c-t_3)+2-(7t5+c-t_2)=

5 2
—t5—2-c-t_2+7t5+2-c-t_2=

7
5 2
—t>+ -t =
7 7
t5

This is the correct differential equation. We solved by using the method of “variation of parameters”.
The next example we solve by a method called “integrating factor”.

Example I1I) integrating factor
x2-y' +3-xy=6-x—11

a(x) y"+b(x) -y =c()

ay _

Note: =Y

Note: The equation is called linear because y' and y do not appear in mixed terms like y - y' or y’2 or
something like this.

Note: If c(x) = 0 we call the equation homogeneous.

We try separation of variables:

d
x2-£+3-x-y=6-x—11

x2dy+ @B x-y)dx=(6-x—11)dx??
Separation of variables obviously does not work.
We call equations of this kind inhomogeneous linear first order differential equations.
We take a look at:
x?y' +3'xy=6-x—11
a(x)-y"+b(x) -y =c(x)
We bring this into the standard form:

, b(x)_ _c(x)
at) " a0

Note: We divide by a(x) so we must check in the end that this causes no problems: a(x) = 0.
We rewrite the equation in its standard form:

y' +p() -y =q)

3'x 6-x—11
Ly =

A
y+x2 x2
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We have p(x) = f—cand qg(x) = s_ 1

x  x2

We remember the product rule of differentiation:

d
a(f(X) () = ') - g() + f(x) - g'(x)

The left side of y' + p(x) - y = q(x) is not perfect. We take a function r(x) and multiply the
equation in order to make it perfect in the sense of having the complete product rule of
differentiation We take a look at the left side:

O'+py)r
yr+y-p-r
We adjust r(x) in such way that p(x) - r(x) = r'(x) and get:

d
" + - + @z dx .
y-r+y yr+y I -7
This is the complete differentiation procedure. With this we rewrite the differential equation:
d y:r)=
I yr)=q-r

But before we can deal with this equation we need to solve the separable first order differential
equation:

d
p() T = (@)

dx = 1d
pdx = = r
Note: For better readability we write:
1
p(x)dx = ;dr

Solution:

fp(x)dx = f%dr

The right side gives:

1
f;dr = ln(r(x))

The left side gives, using p(x) = 3,

1
fp(x)dx=3-f;dx=3-ln(x)+C=ln(x3)+C

We get:

In(x3) + € = In(r(x))
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r(x) = () +C = ;3. ,C = ¢ x8
r'(x)=3-x%-¢
We check:

p(x) - r(x) =r'(x)?

3
—cx3=3x2-¢c;V
x

We go back to the equation:

We multiply by r(x):

yr@) +y-p(x) - rlx) =q(x) -r(x)

We insert the values:

vl x4y (D) e = (3= 5) o)
Ly =(0mg) @)

d 3 2
a(y-cl-x)=6-c1-x —11-¢;-x
d(y-cl-x?’):j6-cl-x2—11-c1-xdx
3 3 11 2
yocprx®=2-¢1"% +cz—7-cl-x +c3

y-cl-x3=2-c1-x3—7-cl-x2+c4
We get:

11
200 = xt g 11 ¢

= =2 - — -
y ¢y x3 2:x x3

We check the result. We need the derivative:

11 C5
2-x2 x4

!

y:

We check:

x2-y'+3-xy—6-x+11=07?

2 11 Csg 11 Csg
X ( -3 )+3-x-(2——+—)—6-x+11=0?

2-x2 X+ 2:x x3
11 Csg 33 Csg
7—3-F+6-x—7+3-x—2—6-x+11=O\/

We divided by x. We see that % and % are part of y(x) — our solution has definition gap at x = 0.

D. Kriesell Page 9 of 104



Differential Equations

Geometric representation
We plot the solutions of our differential equations. We plot the constant c in the range of 1 ... 10.

Dy —-2-x-y=0
Ht-y+2-y=t>
Nx*-y' +3-x-y=6-x—11
Iy —2-x-y=0withsolutiony = e* - ¢

121

101

3
y =<

5 4 3 2 -1 0 i 2 3 4 5 6 1 08 06 -04—~0ZA 02 04 06 08 1 1.2

MatheGrafix.de

Ht')""'z'y:t5withsolutiony:%t5+c.t—2
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Although we will not go through the proofs the following list may be important if you deal with first
order linear ordinary differential equations (ODE), homogeneous or inhomogeneous:

e Every first-order linear ODE can be written in standard linear form:
o Homogeneous:y+p(t) -y =0
o Inhomogeneous: y + p(t) -y = q(t)
e Allfirst order homogeneous equations can be solved using separation of variables.
e Allfirst order inhomogeneous equations can be solved by either variation of parameters or
the use of integrating factors.
e Alinear combination of a list of functions is any function that can be built by using scalar
multiplication and addition:
o f(®)—=c-f(t),ceR
o fO+g®)—>cr f®)+c-g(), ¢, ER
e  We have the superposition principle:
o Ify(t)isasolution of y + p(t) -y = q(t) then
a-y(t)isasolutionof y +p(t) -y =a-q(t)
o |If
y1(t) is a solution of y + p(t) - y = q1(t) and
v, (t) is a solution of y + p(t) - vy = g, (t)
then
¥1(t) + y2(t) is a solution of y + p(t) - y = q4(t) + q(¢)
e If p(t) and g(t) are continuous functions on an openinterval ER,a €1, b € R.
Then there exists a unique solution to the first order linear ODE y + p(t) - vy = q(t)
satisfying the initial condition y(a) = b.
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Differential equation of second order

The differential equation of second represent e. g. the motion of the harmonic oscillator:

m-i=—-k-x
Another example is the height x of a falling object due to air resistance:
m-X=-m-g—b-x

Homogeneous differential equation of second order
Notes:

- Differential equations of second order can be arbitrarily complicated.
- We will work with constant coefficients only:

y'+a-y +b-y=g(x)

- Any factor of ¥y’ could be eliminated by dividing the equation with this factor.

We begin with the homogeneous differential equation:
y'+a'y +b-y=0

We use the exponential ansatz:

y — eT'X
We differentiate:
y' =r-e"*
yH — TZ LelX

We try:
ré-e™ +a-r-e™4+b-e" =0
e™ - (r’+a'r+hb)=0

r’+ar+b=0

This polynomial is the characteristic equation, a quadratic equation with solution:

—a+VaZ-4-b
T2 = 2
Possible solutions:
Case 1: D=(@> —4-b)>0->r,#1, €R
Case 2: D=(@?-4-b)=0->r=rn€R
Case 3: D=(@*—-4-b)<0-2zz"€C

Note: z* is the complex conjugated of z.

Note: D is called the determinant of the quadratic equation.
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Caseliry #1, ER Case2:my =1, ER Case3:z,z* € C
General solution: We have: The general solution:
y1(x) = e™* T2 y1(x) = e**
General solution:
ya(x) = e™* y1(x) =y, (x) =e"™ y,(x) = eZ*
y=Cy-e"* +(C, e?* | We get the second solution by y=C-e?*+C,- e X

variation of parameters.

We try the ansatz:
y=Cx)-e™=(C,-x+Cy)-e™™*

We get two solutions:
yi(x) =Cp-x-e™™
y2(x) =Cy-e™

Wronski determinant

rowser= I3 1)

If you find two solutions y, (x), v, (x) of a homogeneous differential equation, you can check
whether those solutions are linear independent by help of the Wronski determinant. If the
determinant is different from zero, the solutions are linear independent.

We check the Wronski determinant:

. *.
( ezx ez X )
z-ef* z*.e%fX

* e(z+z*)-x _ e(z+z*)-x .

*. . *.
25X _ pZX L, pZ" X =

=e?*-z" e

Z Z =
e(z+z*)-x . (Z* _ Z)

The Wronski determinant is zero in case z* = z giving z is a real number. This was case 2 where we
used the variation of constants.

By writing z := a + i - b we can rewrite the solution:
V1 (x) = ela—ib)x — paxo—ibx
yz(x) = ela+ib)x — pax,+ibx
Note: The solution is symmetric to the real axis of the complex plane.

Inhomogeneous differential equation of second order
y'+ay'+b-y=gx)

Note: g(x) is called perturbing function.
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The complete solution of this equation is built by the sum of

- the solution of the associated homogeneous differential equationy"" +a-y'+b-y =0,
this solution is called y, (x)

- one particular solution of inhomogeneous differential equation y"" +a-y’' + b-y = g(x),
the solution is called y,, (x)

Case |, g(x) is a polynomial of order n:
gx)=ag+a; x+a, x4+ +a, x"

Let Q,,(x) be a polynomial of order n, then we use the ansatz:

Casea # 0,b # 0: Casea # 0,b =0: Casea=0,b+0
yp(x) = Qn(x) Yp(x) =x* Qn(x) yp(x) =x2- Qn(x)

Note: if a = 0 we get a complex solution y = eiVPX for the homogeneous equation.

Example:
y'+2-y'+65-y=—1+x*
We solve the homogeneous equation:
y'+2:y'+65-y=0
We set:
rX
We get the characteristic equation:
r2+2-r4+65=0
Solution:

—24VE—260 -2+i-16 ,
T1/2= 2 = 2 =_1il'8

rn=—-1-i-8rn=-1+i-8
Note: We get a complex solution of the homogeneous differential equation:
Yo(x) = Cy - eCC1EBT 4 ¢+ o(-1+i8)x
We need a particular solution of the inhomogeneous differential equation, case a + 0,b # 0:
V() = Q;(x) = ag + a; - x + ap - x*
We calculate the derivatives:
Vp(x) =a;+2 a;-x
YV (X)) =2-a,
We insert into the inhomogeneous differential equation:
y'+2-y +65'y=—-1+x%*>
2ra,+2-(a;+2a,"x)+65(ag+a;-x+a, x?)=-1+x?

2-a,+2-a;+4°a,"x+65ay,+65-a;-x+65 a, x?=-1+x?
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Differential Equations

(2-a;+2-a;+65ay))+(4-a,+65a,) x+65-a, x?=—-1+ x?
-1 +0-x +1-x%=-1+x?
By comparing the coefficients, we get:
2-a,+2-a,+65a;,=-1

4-a,+65-a;,=0

65 . a2 = 1
We solve:
! 4 + 65 0 4 2 1 2 + 65 1
- x g =0 > = I SR o —
%2 = 65 65 % M= " 4225 65 ° 4225 %o
g—m+65'a0 =-1
122 + 65 1
4225 % =
. _ 122
%o = 4225
4347
% = 7374625
We assemble the solution:
y(x) = yo(x) + yp(x)
4347 4 1

— . p(—1-i-8)x . o (—1+i-8)x _ _ . . —
Y =Cive tCe 274625 4225 © 65 ¥

We check by calculating the derivatives:

4 2

Yy () =(-1-i-8):C - eC1O% 4 (—1+4i-8) C,-e1HO* et

' ; 2
y'(x)=(-1—-i- 8)2 - Cy - e(-1-18)x 4 (—1+i-8)%- C, - e(-1+i8)x 4 =

65
We insert into the differential equation:
y'+2:y +65:y+1—-x2=0
(—1—i-8)2-C eI * 4 (—14i-8)2:C,- 1B 4 62—5 +
2 <(—1 —i°8):CyeCITIOX 4 (—140-8)-C, - eTIHEX ﬁ + 62—5 : x> +

65 - <61 e(F1TEX 4 ) . o (F1HIS)X 347 ! “x + L. xz) +1-—x%=

274625 4225 65

. . 2
(—1—i-8)2-Cy-eC1i®* 4 (=1 4-8)2-C,-eT1HIB* 4 =t

2:(-1—i-8):Cy-eCt®X 4 2. (—1+i-8)Cp-eTIHOT ——— 4.yt
65-4347 654 65

. . p(—1-i-8)x . . p(—14i-8)x _ _ . .
65-Cy e T65:Cyre 274625 4225 * V&5

D. Kriesell Page 15 of 104




Differential Equations

(—1—i-8)2-C - eC1i®* 4 (=1 4-8)2:Cy-eTHHB* 4
2:(-1—i-8):Cy-eC1®* 4 2. (—1+4i-8):C,-eTHIB* 4
65 Cy - eT1TI8X 4 65. C, - e(1HIB)x

2 8 4 65-4347 654 65

L2 L2 _ 222 .2
t 85 2225 65 * T 272625 4225 FTgs ¥ tloX

(—1—i-8)2-C-eC17i®% 4 (—14i-8)%-C,-e1H®* 4
2:(-1—i-8)-Cp-eC1EO% 4 2. (=1 4i-8)-Cy-e1HB¥ 4
65 Cy - e8I 4 5. C, - e(1HIB)x
130 — 8 — 4347 + 4225 _
4225 B

(—1—i-8)2-Cp el 4 (—14i-8)2-Cp-eCH®¥ 4 2. (=1—i-8)-C;-e17Ix 4
2:-(=1+i-8)-Cp-eC1H®x 4 65.¢ - e(-1718)x } 65. ¢, . (71H8)X =

Cp-eClt®¥(—1—i-8)2+2:(-1—i-8)+65)+
CpreCIH®¥(—1+i-8)2+2-(—1+i-8)+65)=
Cy-eC1i8%(1 4+ .16 —64—2—i-16+65) +
Cp-eCIH®*(1 —1-16 —64—2+i-16 +65) =
Cl . e(—l—i-8)-x . (0) + C2 . e(—1+i-8)-x . (0) =0
Our calculation was correct.

We take a look at the solution:

4347 4 1
274625 4225 * T 5 *

2

y(x) — Cl . e(—l—i-s)-x + Cz . e(—1+i-8)-x _
We rewrite the complex part:
Cl . e(—l—i-S)-x + CZ . e(—1+i'8)'x —

Cl ce Xe~i8x Cz Lo Xel8x —

Cl e X (e—i-8x + %ei-Bx)
Gy

We interpret this as an exponential decay (C; - e ™), modulated by (e‘i'g" + %ei'g").
1

The perturbing function is a parabola that dominates for big x-values.
We set C; = C, = 1. The function becomes real:

y(x) = e™*(e7"8* 4 ¢"8%) — 0,016 — 0,001 - x + 0,015 - x*
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Differential Equations

We plot:
f(x) = 2-exp(—x)-cos(8-x)— 0,016 —0,001-x + 0,015 - x?

k
Y

_54.2-L_-Vi\/‘~{3455

To the left we find a function heavily oscillating in combination with exponential growth.

To the right we find a function becoming a smooth parabola.
Near the origin we see damped oscillation.

The last zero-crossing x = 2,083:

Y

X

'
n o

T
N

/\ /\ VAN
\7 \/1,5\;/ 25 3 35 4 45 5 55
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Differential Equations

Case Il, g(x) is an exponential:
g(x) = e

We remember: the complete solution of this equation differential is built by the sum of

- the solution of the associated homogeneous differential equation
y'+a-y +b-y=0
We write this as y,(x)
- plus, one particular solution of inhomogeneous differential equation
y'+a-y' +by=g(x)
We write this as y, (x)

We solve the characteristic equation of the homogeneous linear differential equation and get either
T, T, 0rry = 1y 0r Z,z*. Depending on this result we use the ansatz:

Case a is not part of the Case a is either r; orry, we use | Case a =1, = 15, we use
solution, we use ansatz 1: ansatz 2: ansatz 3:
— . pCX — . . pCX — c 2. X
Yp(x) =c3-e V(X)) =c3-x-e Yp(X)=c3-x"-e

We take the previous example and replace the polynomial by an exponential:
y'+2-y +65-y=e%*
We solve the homogeneous equation:
y'+2:y'+65-y=0

Like above we proceed: We set: y = e and get the characteristic equation for the homogeneous
linear differential equation 72 + 2 - + 65 = 0, with solutions7; = —1—i-8andr, = —1+i-8

We remember from above the solution of the homogeneous linear differential equation:
Yo(x) = Cy - eC17E®X 4 ¢ p(-1+i8)x
We notice that 2 ¢ {ry,,} = we need ansatz 1:
Yp(x) = ¢5- 2%

We differentiate:

Yp(x) =2-c3-e**

V() =4 ¢y e?*
We insert into the inhomogeneous differential equation:

y'+2:y +65-y=c3-e** >
4oc3-e?*+2-2-c3-€*¥+ 65 c3e2F = 2%

(44+4+65) cye?¥ =e?*

=73
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Differential Equations

Particular solution:

7o) = oz €%
P 73

We get the general solution:
y(x) = yo(x) +y,(x) =

Cl . e(—l—i-8)-x + CZ . e(—1+i-8)-x + 71_3 ez-x

We check by calculating the derivatives:

, . 2
Y () =(-1—i-8):C - eC1®O% 4 (—1+4i-8):C,-e1HOx 4 -3 e?*

. : 4
y'(x)=(-1—-1i-8)2-C- 1% 4 (—1+i-8)2-C,-e1HO¥ 4 o3 et

We insert into the differential equation:

y'+2y +65-y—e?*=0?

. . 4
(—1—i-8)2-Cy-eC1i®* 4 (—14i-8)2-Cy-eTIHO* 4 =3 e?* +2

. . 2
: <(—1 —i-8)-Cy-eIEF 4 (—14-8)-C,-eTIHOX 4 3 eZ'X> + 65

. (Cl . e(—l—i-8)-x + C2 . e(—1+i-8)-x + 7_13 . eZ-x) _ ez-x —

. . 4
(-1-i-8)2:C-eC1E®% 4 (—14i-8)2-C,-eTIHOX 4 SZetrH(1-i8)-2:G

ce(CLITEOX 4 (—14-8):2:-CyeTIFIOX ¢ 74—3- e2* 4+ 65 C, - eT17I8)x
65

+ 65 Cz ' e(—1+i-8)'x + ﬁ Ce2X _ p2X —

(—1—i-8)2:Cy-eC1IO% 4 (—14:8)2:Cyp-eCTHIOX 4 (—1—-8):2-C, 1700
+(-1+i-8):2:CpeCHIOX 4 65. ¢, - e(17EOX 4 65. (). o(TIHOX =

(-1—i-8)2:Cy-eCi®* 4 (=1 —--8):2:C,-eC1IOF 4 65.C - e(T1708)% ¢
(—1+i-8)2:Cp-eC1H®* 4 (—14i-8):2:C,-eH®X 4 65.C, - e1H* =

Cp-eC®* . ((-1-i-8)2+(-1—-i-8):2+65)+
Cp-eCH®*((—1+i-8)24+(—1+i-8):2+65) =

Cp e ®* . (14+i-16—-64—2—i-16+65) +
Cp-eCIF®*(1 - 16 —64—2+i 16+ 65) =

C,-eC17i8* . (1 — 64 —2465) +
C,-eC1+i8)x. (1 _ 64 —2465)=0

Our calculation was correct.
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Differential Equations

We take the solution:

y(x) — C1 . e(—l—i-8)-x + Cz . e(—1+i-8)-x + i eZ-x

We rewrite the complex part:

73

Cl . e(—l—i-s)-x + CZ . e(—1+i-8)-x N Cl e X e—i-8x (1 + %ei-mx

G

)

We interpret this as an exponential decay (C; - e ™¥), modulated by e ~4'8* (1 + %ei%x).
1

The perturbing function is an exponential that dominates for big x-values.

Weset(C; =C, = 1.

The function then becomes real:

) . 1
y(x) —e . (e—l-8x + eL-Sx) 4+ % ez-x

We plot:

f(x) =2 exp(—x)-cos(8-x) + 7_13 ce2X

104

A

Y

¥ X

To the left we find a function heavily oscillating in combination with exponential growth.

To the right we find exponential growth.
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Differential Equations

Part Il

Spring Dashboard system
The spring dashboard system is a physical application.

spring constant k

T
1 — X
AW
1
—1 mass m
/ E
/ .
gl damping
_—~ coeff.b /
We describe the system by the forces acting:
mx = —kx — bx
Standard differential equation:
X+—x+—x=
m m
Note:m, b,k € R
We rename:
b k
—:=A4,—:=B
m m
Note: A,B € R

This is a linear homogeneous differential equation of second order.

It has two independent solutions:

x(t) = c1x1(t) + c2x,(t)

We try the ansatz:

x(t) =e™
We differentiate:

x=re’

¥ = r2elt

We insert this into the equation:
r2e" + Are"™ + Be™ =0
We divide by e™:
r2+Ar+B =0

Note: e”t #= 0 Vr, t

D. Kriesell
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Differential Equations

Note: This is the characteristic equation of the differential equation.

The equation has two (complex) solutions:

~A+VAT—4B

Ty = 5

The function x(t) = e"t is a solution if 7 is a root of the characteristic polynomial.

We get:
—A++VA%? — 4B
T'l =
2
—A—+VA%Z - 4B
TZ =
2
We get the solutions:
—A++VA% — 4B —A—+VA%2 - 4B
x1(t) = ciexp 3 t x5 (t) = cyexp 3 t

Note: ¢; and ¢, are arbitrary constants.
We have three possibilities for the roots:

- The roots can be real and distinct
- The roots can be complex conjugated
- The roots can be a single real number

Case 1: real distinct roots ry and 1y, 1y # 1.
Solution:

x(t) = cie™t + cye™t
Numeric example one:
X+4x+3x=0
We get the characteristic equation:
r2+4r+3=0

We get r; and ry:

—4++16 —12
= > = —
—4—+16—12
= = —
2

We get the solution:

x(t) = cie”t + e3¢t

x(t) = —cie”t —3ce™3t
i(t) = cie”t +9c et

We set the initial conditions. We drag the object to position 1 and then release it:
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Differential Equations

x(0)=1,x(0)=0
From the first condition we get:
x(t=0)=1

cie t+ce 3t =1

¢ +c=1
cp=1-¢

From the second condition we get:
x(t=0)=0

—ciet—3ce 3t =0
—c1—3¢c;, =0
_Cl - 3(1 - Cl) = 0

_C1_3+3C1:0

2¢1 =3
3 1
G=520="7
Result:
x(t) = %e‘t — %e‘“
We plot:

This is an overdamped “oscillation”.

Case 2: complex conjugated roots r; and 1.
Method 1: working with sin and cos.

We use:

If r = u + iv is a solution to the differential equation X + Ax + Bx =0
then u is a solution and v is a solution provided A and B are real numbers.
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Differential Equations

Solution:
x(t) = U+t — put,ivt
x(t) = cie¥cos(vt) + c e sin(vt)
Note: The complex conjugated r = u — iv gives the same result.

Numeric example:
oo . 25
X+ 3x + Tx =0

We get the characteristic equation:
We get r; and ry:

We get the solution:

x(t) = e_%t(clcos(Zt) + czsin(Zt))

3 3 _3
x(t) = —Ee Zt(clcos(Zt) + czsin(Zt)) + 2e Zt(czcos(Zt) — clsin(Zt)) =

3 3, 3 3, 3, 3,
—5e 2°cycos(2t) —5e 2°c,sin(2t) + 2e 2 cycos(2t) — 2e 2 ¢ysin(2t) =

3 3 3 3 3 3y
—Ecle 2"cos(2t) + 2e 2 c,cos(2t) —Ee 2°c,sin(2t) — 2e 2 ¢ysin(2t) =

e_%t (cos(Zt) (262 — ;cl) — sin(2t) (261 + %Cz>>

We rename:
3
(2c2 - §C1> = C3
3
(ch + ECZ) = Cy
We get:
_3;
x(t) =e 2 (c3cos(2t) — c4sin(2t))
. 3¢ 3 3 ]
x(t)=e 2 (Zcz — §C1> cos(2t) — (2c1 + Ecz)sm(Zt) =
3 3 . 3 .
e 2| 2c,cos(2t) — Eclcos(Zt) — 2¢;sin(2t) — Eczsm(Zt) =
_3 3 . 3 .
e 2| c,| 2cos(2t) —Esm(Zt) - Ecos(Zt) + 2sin(2t)
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Differential Equations

We calculate %(t):

3 3 _3
X(t) = —Ee Zt(c3cos(2t) — c4sin(2t)) + 2e Zt(—c3sin(2t) — c4cos(2t)) =
3:(3
e 2 E(C4sin(2t) — c3cos(2t)) — 2(c3sin(2t) + c4cos(2t)) =
3e(3 . 3 .
e 2 §c4sm(2t) — 503005(2@ — 2¢38in(2t) — 2c,cos(2t) | =

e_%t (sin(Zt) ( - Zc3> — cos(2t) ( c3 + 204)>

We go back to ¢; and c,.

3, 3 3 3 3 3
X(t)=e2 (sm(Zt)( (261 + = > c2> 2 (262 - EC1>) - cos(2t)< (202 > cl) +2 <201 + 5c2>>> =
3. 9 9
e 2| sin(2t) (3C1 + yiche 4c, + 3c1> — cos(2t) <302 ! +4c + 3cz> =
3 . 7 7
e 2 | sin(2t) (6C1 — ZCZ) — cos(2t) (6c2 + ZC1>
We check the differential equation ¥ + 3x + ZTSx =0:

7 7 3 3 25 3
e_ft <sm(2t) (6(:1 - ZCZ) —cos(2t) (652 + - 3 51)) + 3e_ft <cos(2t) (252 - EEI) — sin(2t) (2c1 +=- 2 cz>> + Te_ft(clcos(Zt) + cpsin(2t)) =

e‘%f <sin(2t) (6c1 - %cz) — cos(2t) (602 + %cl) +3 (cos(Zt) (ZC2 - ;cl) — sin(2t) (201 + ;cz)> + 24—5 (clcos(Zt) + czsin(Zt)))

7 9 9 25 25
(sm(Zt) 6(,‘1 cz> —cos(2t) (6c2 + 4c1) <cos(2t) (6c2 - Eq) —sin(2t) (6c1 + EC2)> + Tclcos(Zt) + Tczsin(Zt)) =
( 4 4

7 9 9 25 25
6cysin(2t) — —czsm(Zt) — 6c,c0s(2t) — —clcos(Zt) + 6c,c0s(2t) — —clcos(Zt) — 6cysin(2t) — —czsm(Zt) +—cycos(2t) + —czsm(Zt)>

NjWw

7 7 9 9 25 25
e —Zczsm(Zt) — chcos(Zt) — zclcos(Zt) — zczsm(Zt) + Tclcos(Zt) + Tczsm(Zt) =

3. 7 7 18 18 25 25
e 2 —Zczsm(Zt) - chcos(Zt) — Tclcos(Zt) — Tczsm(Zt) + chcos(Zt) + Tczsm(Zt) =0

We set the initial conditions:
x(0)=1
x(0)=0
From the first condition we get:
x(t=0) = (clcos(O) + czsin(O))
x(t=0)=¢;>¢c; =1
From the second condition we get:

x(t=0)=0
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Differential Equations

x(t=0)= <c2 (2005(0) — %sin(O)) — <; cos(0) + ZSiTL(O))) =

2 0 3
—_—_= b d = —
Cy 5 Cy

We get the solution with this initial condition:

3 3
x(t) =e 2t (cos(Zt) + Zsin(Zt)>

We plot:

¥

This is an oscillation near the aperiodic limit.

Case 2: complex conjugated roots r; and 7.

Method 2: working with the exponentials e%+,

Ansatz:
x(t) = Cle(u+iv)t + Cze(u—iv)t

We need real solutions only so we must get rid of the i. We take C; and C, being complex numbers.
We change i = —i:

C*le(u—iv)t + C*Ze(u+iv)t

If CLe@+t 4 ¢, o=t — x pu-i)t 4 c* oW+t thap we have only real numbers on both
sides of the equation (because the imaginary part plays no role).

The condition for this:
C'y=Cand C*, = (C;
We note thatC*;, = C, —» C*, = C;.
We have:
=0
We set:

C1:=a+ib_)C2=a_ib
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We get:
x(t) = (a + ib)e@+t 4 (g — jh)eM-)t
We calculate:

(a + ib)e®*+t ¢ (g — jb)e® W)t =

aeWHit 4 jpoindt 4 qou=-iv)t _ jpo(u-iv)t —
aelteiVt 4 jpeUleivt 4 gelte=iVt _ jpolito—ivt —
pUt (a(eivt + e—ivt) + ib(eivt _ e—ivt))
We can now replace this by sin and cos:
ekt (a(Zcos(vt)) + ib(Zisin(vt))) =
2e¥(acos(vt) — bsin(vt))

This is a real number. We use the same numeric example as before:

; .25
X+3x+—x=0

4
We get the characteristic equation:
24+ 3r+ 2 0
T r+—=
4
We getry and 7y:
-3++v9-25 3
7"1/2 - 2 == _E+l 2

We get the solution:

%(®) = (@ + i)e( 52 4 (q — ipyel52)
Note: The complex constants (a + ib) and (a — ib) need to be determined by the initial conditions.
%(®) = (@ + i)e( 52 4 (q — ipyel52)
#(t) = (a + ib) (— % + i2) (=22t 4 (- ip) (_% _ iz) o(i2)t
#(t) = (a+ ib) (— ; + i2) (—% + i2) (212t 1 (a - ib) (— ; — i2> (—% — iz) o712t =

(a +ib) (2 — 60 — 4) e(_%ﬂlz)t + (a —ib) (2 + 60 — 4) e(_%_iz)t =

(a + ib) (_77 - 6i) e(-3+2) 4 (q — ip) (_77 + 6i) o(-5-i2)t
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. . . . . 25
We check the differential equation ¥ + 3x + 2X= 0:
-7 3 -7 3, 3 =" 3 =0 25 =) N
(a+ib) (T’ 6i)e( *2)t 4 (a - ib) (T* 6i)e( i)y 3 ((a +ib) (7? iZ)e( ) 4 (a— ib) (’E - zz) e(=2 ‘2)[) + T((a +ib)e( T 4 (@ — ip)el )‘> =
(a +ib) (_T7 - 6i) e(’%ﬂz)t + (a —ib) (_T7 + 6i)e(’§"z)t + (3(a + ib) (—;4— i2) e(’%”z)f + 3(a — ib) (—; - i2) e(’;’lz)t) + (? (a+ ib)e(’;ﬂz)r + ? (a— ib)e(’%"z)t) =

(a +ib) (_T7 - 6i) o5y + (a—ib) (_T7 + 6i)e(’§"z)t + <(a +ib) (—;-%— i6) o5 + (a—ib) (—; - ié) e(’;"z)t) + (? (a+ ib)e(’;ﬂz)r + ?(a - ib)e(%’”)t) =

_%i (a +ib) ——61 + (a + ib) ——+L6 +—(a+lb) +e_%_l (a —ib) — t6i +(a—-ib)|(—=—i6)+—(a—ib) | =
e( +2)t 2)t 47 Z 245

e(-3+i2)e ((a+1b) (—7—61——+L6+ +>+e (-3-2) <(a ib) (—7+6L—14—8—L6 %)):0
We set the initial conditions:
x(0)=1,x(0)=0
From the first condition we get:
x(t=0)=(a+ib)+ (a—ib)
x(t=0)=1
(a+ib)+ (a—ib)=1

2a=1 = —
a Da=g

From the second condition we get:

x(t=0)=0

(a+¢b)(—§+iz)+(a—¢b)(—§—iz)=o

(a)-3ra)s G-o)(-3-) -

3 3ib 3 3ib
—gti——D =27 -i+—-=2b=0
3 3
-7 ~2b—7-2b=0
6
—5 4 =0
6
b=-7¢

Result:

Note: This is of kind z,z, + z;z, and gives a real number.

We expand:

x(t) = (% - %l) e(_%Hz)t + (1 + iz) e(_%_iz)t =
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3 1 6 ; 1 6 .
_ft (___) i2t (_ _) —i2t —
e <2 16l e + 2+16l e
6 . 1 . 6 .
- L ipi2t 4 -2t -2t —
> 1616 +2e +16Le )

ot e (62t + e~i2t) _%i(em _ e—iZt)> _

3 3
e 2 <cos(2t) + Zsin(Zt))

We plot:

0,257

y <

-1 05 0
-0,251
0,51

-0,757

This is a very heavy damped “oscillation” and the same result we got from working with the sin/cos

variant.

Case 3:single real root.
mi+bx+kx=0

X+—x+—x=0
m m

We get the characteristic equation:

We have:

We get the first solution:

D. Kriesell
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We have only one solution. This is analogous to the case searching basis vectors for a 2-dimensional
system. If we have one vector found we can generate a second basis vector by using a linear
independent second vector.

In our case we find a second solution by multiplying the first one with t:

b
t-e zmt
Note: If we do this correctly we would get c; - t + ¢, but for our purpose simply t is enough:

We check:

_b,
x(t) =t-e 2m

We insert into the differential equation:

mi+bx+kx=0

b b \*\ _»b, b _b, b,
m ——+t-(—) re 2m" |+ b (1—t-—)-e 2m +k(t-e 2m>=0
m 2'm 2'm
b b \* b
m ——+t-(—) +b(1—t-—)+k-t=0
m 2'm 2'm

AL S
4-m 2m B

t-b%? t-b?

4-m 2m

—b +

+kot=0

t-b2<L—L>+k-t=0
4-m 2'm

t-b2<L—i>+k-t=0
4-m 4-m

1
t'bz(—m)+k't:0
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t-(bz(—L>+k>=
4-m
bZ
4-m
2

——+m-k=0
ztm

b2=4-m-k

+k=

b  k

m2  m
This is our condition we got from the characteristic equation delivering a single solution

The complete solution:

b,

b
x(t) =c e zm 4 ¢, t-eam =

_b,
(cp+cy t)-e2m

Numeric example 1:
X+4x+4x=0

We get the characteristic equation:

r2+4r+4=0

-4 ++16 - 16
T2 = 2 ==

We have:

T =—2
We get the first solution:

e—2t

We use the second solution:

t-e"2t

The complete solution:
x(t)=c ety t-e?
x()=—-2-tc; e P tcyre =2yt M =
—Z't'C1'9_2t+C2'e_Zt(l—Z-tz):
(=2t c+c(1—2-t))-e % =
(-2-¢+c(1—-2-0))-t-e™?
We set the initial conditions:

x(0) =1,%(0) =0
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Differential Equations

From the first condition we get:

x(t=0)=1-¢ =1
From the second condition we get:

x(t=0=0-c¢,=0

_2C1+C2(1_2t):0

C2(1—2't)=2'61

Result:

We plot:

0,751
0,51

0,251

-0,25 0 025 05 075 1 1,25 L5 L,75 2 225 25
-0,251

This is a critically damped case.

Some details.

spring constant k

AW
-

damping
coeftb/ // /1] /]/]/

f—> X

mass m

LALEALN AN

The mass has value 1 kg, the force F = 16 Newton/meter
Time is measured in seconds, position x(t) is measured in meter.
We assume frictionless wheels, b is a real positive parameter.
The position is determined by the differential equation:

X+b-x+16-x=0

D. Kriesell
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Differential Equations

We check units:
The original equation:

mi+b-x+16-x=0

kg -m m kg-m-m kg -m m kg-m
STt SR
S 2 S

s2-m 52 s2

The damping factor b must have the units [ks—g]
The characteristic polynomial:
p(r)=r* +b-r+16

The roots of the characteristic polynomial:

We get two distinct real roots if:

In this case we have:

—b—Vb? — 64
2

_—b+\/b2—64

T, = 2

T1=

We get the solutions:

—b—\/b2—64t
x,(t) = cqe 2

=b+Vb2-64,
x,(t) = cye 2

The combined solution:

~b-Vb2-64, ~b+Vb2-64,
x(t) = cye 2 + cye 2
—b—+b2 —64 —b—mt —b +Vb2 — 64 —b+\/mt
x(t)=cg————e 2 +c———e 2
2 2
—b—VbE—64\ —b—Vb?=es, —b+VbT— 64\  —bebT=ez,
X(t)=c|———| e 2 +cp|———— | e 2
2 2
We set boundary conditions:
x(t=0)=1
. b
X(t = 0) = —E
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Differential Equations

First boundary condition x(t = 0) = 1:

cit+te=1->c=1-¢

Second boundary condition x(t = 0) = —g:
—b —Vb? — 64 —b +Vb? — 64 b
g——+(1l-—¢q)——————=—=
2 2 2
—b—Vb2—64+—b+Vb2—64 —b +Vb?% — 64 b
(o5} — (1 - — =
2 2 2 2

¢ (~b = b2 —64) — b+ b2 — 64— c; (~b + b2 — 64) = —b
—bcy —vb? —64c; — b ++/b? — 64+ bcy —\/b? —64c; = —Db

—2/b2 — 64c, +/b2 — 64 =0

= b2 — 64 _1
O 6 2
_1
CZ—E

We get the solution:

1 —b-VB?=63, 1 —b+Vb’=6d,
x(t) = Ee 2 ‘4 Ee 2

2'e 2 +e 2 2

1< b, _Vbi-64, _b, \/b2—64t)
e

2 4+e 2

1 _b, <e Vb2-64, «/b2—64t>

We plot:
b =100

The higher the damping, the slower the mass moves to the origin.

In case of two real roots, how often can the mass pass the equilibrium?
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Differential Equations

We calculate x(t) = 0:

—-b—Vb2-64, -b+Vb2-64,
0=rce 2 "+ e 2 :
b Vb2-64 b, Vb%?-64

-t ————t -t
0=ce 2°e 2 +ce 2e

VbZ-64, Vb2-64

+
L

0=ce 2 “+ce 2

O=e 2 +—e 2

€1
Vb2-64
c, e 2 t cy 5
0= 1+_—2: 1_|__e\/b —64t
c; _VbZ-64 c
e 2
Eevb2—64t =1
G
e\/b2—64t — _ﬁ
C2
Jp2— [ C . . .
If eVh7 64t — —C—l and — C—l > (0 we get a one-time crossing of the zero point.
2 2

C

If —=X < 0 we get the aperiodic limit without crossing the zero point.

C2
The characteristic polynomial:
p(r)=r*+b-r+16

The roots of the characteristic polynomial:

We get two distinct complex roots:

In this case we have:

We get the solutions:

\/b2—64t Cy \/b2—64t

b V64—b?

x.(8) = cie 2%e™ 2
_b, ea-b?
x,(t) =ce 27" 2

t

t

2

t
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Differential Equations

The combined solution:

_b, _jYea-p?, Vea-b?,
x(t) =e 2| cre 2 T 4ce 2

We use: x(t = 0) = 1:

x(t=0)=c+cy=1-¢c,=1—¢

We have:
_b, _ye4-b?, V64-b?, Ve4-b?,
x(t)=e 27 ce 2 “4+e 2 "—ce 2 =
b, .V64-b? b V64-b2, V64-b2,
e 2 2 t4 et <e_‘ 2 ‘—e" 2 )
Note:
_Veab?, /6a=b? V64 — b2
e 2 T —e 2 =—-2-i-sin|———t
2
We have:
_b=iv64-b?, V64 — b2
x(t) =e 2 —cy 2-1i-sin Tt
_ b —iV64 — b2 _b-iVea-b?, _ V64 — b% \ V64 — b?
x(t):—fe 2 —cy 2-i-cos 3 t 3
. b
We use: x(t = 0) = -3
) b — iv64 — b? V64 — b? b
i(t=0)=—-"——"—(; 2" i ———=——
2 2 2
b iv64 — b? \/64—b2_|_b_0
2 2 arett T 2~
iV64 — b? iV64 — b?
—C1 2 =
2 2
! 0
2 =
1
= — > = —
€1 ) C2
We get the solution:
_b, [ _64-b2, Vo4-b?,
x(t)==e "2 |e 2 4t 2z )=

b, <\/64—b2 )
2"+ cos Tt
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Differential Equations

We plot:

-0,5 0,25 0
0,257

b=1—

-0,75T

The higher the damping, the smaller the amplitude of the oscillation.

We calculate the period of the oscillation:

V64 — b2 T T
—tl == tl =
2 2 V64 — b2
\/64—b2t 3 B 3
2 P2 P ea—p2
3n T 2m
thr—t

T V64—Db2 vV64—DbZ Vot —D?

Pseudoperiod
41

The value of 2(t, — t;) = W is called the pseudoperiod of the oscillation.

. . 4T . . . . .
The bigger b, the bigger T The damping leads to an increase of the oscillation period, the

oscillation becomes slower.
Numeric example 2:

5
O.5-5c'+1.5-5c+§x=0

. ., 10
X+3-x+—-x=0

8
We get the characteristic equation:
) 10
r“+3r+—=0
8
We get 1y and 1y:
-34+vV9-5 =342
nz2 = 2 T2
15
= ZﬁTZ - 2

We get the solution:

x(t) =cie 2 +cye 2
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Differential Equations

x(t) = —lcle_ft - Ecze_;t
2 2
We set the initial conditions:
x(0)=1
x(0)=0
From the first condition we get:
x(t=0) =x,

x0:C1+C2
€1 =Xg—C2

From the second condition we get:

J'C(t = 0) = UO
1 5
UO = _Ecl _ECZ
1
Vo = —E(xo—cz)—icz
1 1 5 1
Vo = ~5%o +§cz —5C2=735% —2¢c,

-2 — + —

C; = 1y 2x0
Vo 1

T T Ty

1 Vg
Cy = _Z.XO _7

C1=x0_C2

vy 1 5 Vo
C1=x0+?+1x0=2x0+7

We get the solution with this initial condition:

5 vo\ _1 1 v\ _5
x(t)=(1x0 +7>e Zt—(ZxO +—)e 2t
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Differential Equations

We plot:

¥ >

0,5 0 05 1 5 2 25 3 35 4 45 5

This is the case the cart having the velocity +1 outwards at position 1.
We set the initial position of the cart:

x0=0.25
5 v\ _L 1 v\ _5
= |— — 27— | — — 2
*(0) (16+2>e (16+2)e

—lt ( 5 UO) ( 1 UO) —ét
= 2 —_— —_ ] - — - 2
x(t) =e T + > T + > e

x(t) becomes negative if (136 + 1;2_0) becomes zero. This happens if:

5

57 <0

Vg 5

2 16

8

v < -3

Numeric example 3:

1 1 51

E-x+Z-x+£x=0
SR (.- S
X+§ x+fx—

We get the characteristic equation:

We get 1y and 1y:
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Differential Equations

1 1
n=-g+ iV4.0175,7, = — 3~ (V40175

For better readability we rename:

V40175 =«

We get the solution:

1,.
—TtHia

x(t) = cle< gria)e cze(_%_i“)t

1 . ,
x(t) = e # (crel% + ¢ e~iat)
We calculate x(t) by using the first expression:

x(t) = (—% + ia) cle(_%ﬂ'“)t + <_% _ ia) Cze(—%—ia)t

1 1, 1 1,
= (—Z+ la) cie d et 4+ <_Z_ la) e deiat

= 6_% (_1+ ia) c.etat _ (1 4+ ia) c, e lat
4 1 4 2

We set the initial conditions:
x(0)=0
x(0)=1
At time t = 0 the cart is in position zero moving with velocity 1 outwards.

From the first condition we get:

x(t=0)=0
C1+C2=O
C2=_C1

-1 1 i iat 1 P —iat
=e 4 (—Z‘H“)Cle +(Z+la)cle
x(t=0)=1

((—%+ia>c1 +G+ia)c1> =1

1
——cy +iac, +-c4 +iac, =1
21 1726 1

2iac; =1
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Differential Equations

We get the solution with this initial condition:

1 . ;
x(t) = e # (crel% + ¢ e~iat)

i . i )
__ewct + _e—mt)

2a

L_ (ei(xt _ e—iat)

= —e 4 -
2a
We note:
eiat _ e—iat =2 Im(eiat)
We get:
1 Im ei(xt
x(t) =% —( )
a
We replace a:
© 1, sin(V4.0175 - t)
x(t) =e 4 -
v4.0175
We plot:
1 Y
1..
0,751
0,51
0,251
5 -4 -2 of 2 \4 8§ Ifo—12 14 16
-0,25 \/
-0,51
-0,751

This is the cart having the velocity +1 outwards at position 0.

Representing a sinusoidal function in rectangular form and in polar form.

Real part:
! (wt) + 2. si (wt) rectangular form
- (2)2 cos(w o sin(w g
k
a-cos(@)+b-sin(@) = C-cos(0 — @) polar form
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Differential Equations

The transformation:

b » (a,b)

a-cos(0)+b-sin(0) =A-cos(6 —¢) =
A-cos(¢) - cos(0) + A-sin(¢) -sin(0) =
A- (cos(d)) - cos(0) + sin(¢) -sin(@)) =

Va2 + b? - (cos(¢) - cos(6) + sin(¢p) -sin(@))
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Differential Equations

Example 1:

MatheGrafix.de

f(x) = 5xcos(x) + 6*sin(x) » f(x) = 7,8+ cos(x —pi/3,57)+1

Tlgz <cos(a)t) + % . sin(wt)) - #(9)2 cos(wt — ¢)
k
Example 2:
—1 % cos(5 * x) — V3  sin(5 * x)
Check:
a-cos(0)+ b-sin(0) = C-cos(6 — ¢)
Left side:

it -i6
(a—b-i)-7+(a+b-i)- =

i0 -i0
e e
cre—+c-el?- > =

Yc- -
2 9T

()

Cc
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Differential Equations

C-cos(0—¢)

We get the value of C:
|C| =+ a? + b2

= arctan — —
¢ a

Describing a wave

< P >
Graph of f(t) = Acos (wt — ¢)

A: Amplitude

P: time for one complete period

to: time lag compared to the original cos-function.

These are related to w and ¢:

21T

P=—

w

¢

to =—

7w

We remember:

) 2T
== v —_— —
w T 2

Numeric example 4:
¥4+0-x+m?x=0

We get the characteristic equation:
r>’+0-r+m2=0

We get r; and ry:
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Differential Equations

We get the solution:
x(t) = ¢ ™ + c et
We calculate x(t):
x(t) = inc,e'™ — imcye ™™ =

in(clei”t - cze_i’”)

We set the initial conditions:

x(0) =-1
x(0)=m
From the first condition we get:
x(t=0)=-1
g+ =-1
cp=—1—-¢

From the second condition we get:
x(t=0)=in(ce™ —c,e”™) =71
in(c,—c,)=m
i(c;—cy)=1
—(c1—c) =i
—c1tcy=—i
cp=c¢1—1

—1—C1=C1_i

—1+l=2C1
_ 1+l
“Aa=7373
_ i
“2=75773

We get the solution with this initial condition:

2 2 2 2

1 . i . 1 . i .
—elmt 4 _pint _ _ p-imt _ _ p—int _
2
1 . 1 . i . i
—elmt _ —g-int o _ pimt _ _ ,—int _
2 2 2

1, . , i, . ,
_ it —intt _ int _ ,—int) —
> (e +e ) + > (e e )

—cos(mt) + sin(mt)
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Differential Equations

We plot:

MatheGrafix.de

Numeric example 5:

+ ! + 17 =0
X > X 16x
We get the characteristic equation:
Z4 ! + 17 =0
T

We getry and ry:

BT e
5 2 2
i
e
1 1
T1=—Z+1,T2——Z—l

We get the solution:
1., 1.
x(t) = cle(_zﬂ)t + cze(_Z_l)t
L . .
x(t) = e 4 (cre't + cpe™)
We calculate x(t) by using the first expression:

x(t) = (—% + i) cle(_%ﬂ')t + (_% _ i) Cze(—%—i)t

1 _1 1 T
= <_Z + i) cre el 4+ <_Z — i) cedteit

-2 1. it 1. —it
=e 4 (—Z+1)c1e —(Z+1)cze

We set the initial conditions:
x(0)=1
x(0) = 0.75
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Differential Equations

At time t = 0 the door is in position 1 swinging with velocity 1 outwards.

From the first condition we get:

x(t=0)=1
C1+C2=1
C2:1_C1

From the second condition we get:

x(t=0)= <(—%+i>01—e+i)c2) = 0.75
xa::O)=((—%+¢)c1—(%+¢)(1—cg>::075
«—%+0q—(%+0(b—q0—075=0

1 . 1 1 o
(—Z+l)cl—(Z—ch+l—lcl) —-0.75=0

1 ) 1 1 o
—ch+lC1—Z+ZC1—l+lC1—0.75=0
icl_l_i‘l'iCl:O

2ic;—1—i=0

1+4i

‘=

1—1i

C1= 2
1—i 14i
=l-—"=7

We get the solution with this initial condition:

1 ; .
x(t) = e7# (crelt + cpe™)

1 1—10\ . 1+ .
— o7t ( ) it ( ) —it
e ( > e+ > e

1 % N pit N =it
=5e 4 ((1—1)e + (1+i)e )

1 1 , . . .
—t . _ . —
=e 4(elt—1e”+e tyije ‘t)

1 1
—Ztr i _i . .
=e 4(e‘t+e t4ije ‘t—le‘t)

1 . . . )
— Ee—%t (elt + e it — i(ielt _ e—lt))
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Differential Equations

We get:

x(t) = %6_%t(2COS(t) —i-2 isin(t)) =

e_%t(cos(t) + sin(t))

We plot:

05T

0,251

-n2 0

0,251

0,51

-0,751

This is the cart having the velocity +0.75 outwards at position 1.

We bring into the phase form:

e_%t(cos(t) + sin(t))
We use:
a-cos(t) + b -sin(t) = C-cos(t — ¢p)

We get the value of C:

|C| =+ a? + b2
IC] =2

= arctan — —
¢ a

_ T
=72

We get the phase form:

e_%t(cos(t) + sin(t)) = V2 cos (t + %)
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Differential Equations

The general case

spring constant k

1

~ f—> X
—

VWA~

A mass m
/

~| damping

_~ coeff.b /

The position is determined by the differential equation:
mi+b-x+k-x=0
The characteristic polynomial:
pr)=m-r*+b-r+k

The roots of the characteristic polynomial:

_ —bi\/bz—4mk_
T2 = om =
We write:
k
wn = ;‘L

Note: w,, is the frequency of the undamped oscillator.

We get:

2
Depending on the value of (%) — wy,? we distinguish three cases.
Case 1, underdamped:

b 2
(ﬁ) —wp2 o b —4mk <0

’ 2
We note that _|w,? — (%) gives the frequency of the damped oscillator that is smaller than the

2
frequency of the undamped oscillator by (%) .
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Differential Equations

Case 2, overdamped:
2

b 2 2
(ﬁ) —wp,° >0 b —4mk >0

2m -~ 2m
Case 3, limit:
b 2
(ﬁ) —w,2=00b>—4mk=0
_ b
n= 2m

Numeric example 6:
X+x+3x=0

We get the characteristic equation:

r2+r+3=0
We get ry and 1y
—1+vV1-12 1 V11
A

We get the solution:

PREEN
x(t)=e 2 (ce'"2 " +ce 2
; Vit Vi1 1 V11 o VI, V11 _;Vaa,
X(t)=—=e 2 |cje 2 +ce 2 |+e 2 |i—ce 2 —i—ce 2 |=
2 2
St o0t -t AL —iYo~t
JR—— 1 —_— —
e 2 (c e 2 +ce 2 +i-Vllcge 2 i*V1lce ™ 2 )
L[ T NIT, T s
——e_§t<cle17t+i-\/1lclel Z ez P —i\1lce 2 t>=

1 1 V11 VI
—5e Zt(clel 2 (14+i-V11) + ez ((1—i-V11)

N——

We set the initial conditions:

x(0)=1
x(0)=0
From the first condition we get:
c,=1—¢
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Differential Equations

From the second condition we get:
X(t=0)=0
—%(cl(1+i-\/ﬁ)+cz(1—i-\/ﬁ))=0
(1+i-Vi1) +c,(1-i-V11) =0
a(1+i-VID)+(1—c)(1—i-Vi1) =0
a(1+i-Vi1)+(1—i-Vi1) +¢(-1+i-V11) =0
a(1+i-ViI-14i-V11)+(1-i-V11)=0
¢ (2i-V11)+1-i-V/11=0
c1(20-V11) = iv11 -1
_Wil-1_ V11 1 1

¢ = = - =-+
YTU2i-VIT 2-411 2i-WI1 2 2411

1 (1 4 i ) 1 i
Cr = —_ - [
2 2 W11/ 2 211

Result:

©® L (1 Ll ) i1, +(1 i ) i1
X =e - e - e
2 2411 2 2411

Note: This is of kind z,z, + z;z, and a real number.

We expand:
o L <1+ i ) i_@t+<1 i ) _-.@t
x(t) =e = e == e =
2 2411 2 2411
1 Vi1 i A1, 1 V1L i VAT
e 2t (=e" 2 L+ el 2ty el 2 - et 2 t) =
2 2v11 2 2v11
1/1 . Jii. 1 _.Vi1 iV i Vi1
e 2 (e 2 r-eTZ Tt ezt - ezt =
2 2 2vV11 2v11
1/ Vi1 V11 Vii Vii
e 2 —<el 2 t+e_th>+ i <eth—e_th> =
2 2V11
1, \/11t L \/11t
e coS > mSlTl >
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Differential Equations

We plot:

This is a damped “oscillation”.

Higher order linear ode

Some theoretical background
The span of a set of functions f3, f5, ... fy is the set of all linear combinations of f;, f5, ... fu:

span(fy, o fi) = ) Gify i €C
In the set of functions, we have the zero-function f(x) = 0.

This is similar to a vector space. A vector space of dimension 3 is the set of all triples (vectors):

G
C2
C3

Like the functions above vectors can be added and multiplied by numbers.

In a vector space we have linearly dependent and linearly independent vectors (we need at least
dimension 2).

For a set of two vectors ¥;, ¥, we have only a simple kind of linear dependent vectors, that are
vectors that are a multiple of each other.

For a set of vectors ¥y, Uy, ..., Uy, We write:

1V + CyUp + - + ¢, Uy, = 0 & linear dependent
provided that not all ¢4, c5, ..., ¢, are zero.
This holds for functions too:
For a set of functions f3, f2, ..., fu:

cifi +cafo + -+ cpfn = 0 & linear dependent
provided that not all ¢4, ¢, ..., ¢, are zero.

In a vector space we call a set linear independent vectors a basis if the span of these vectors builds
the whole vector space and the vectors are linearly independent.
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Differential Equations

A vector space of dimension 3 has (one of many possible) basis:

BIHEY

Any set of three linearly independent vectors form a basis:

it

Every list of linearly independent functions forms a vector space of functions.
The dimension of the solution space is given by the order of the differential equation.

The dimension of the space of the solutions to a homogeneous ode with constant coefficients of
grade 1 is one-dimensional.

The dimension of the space of the solutions to a homogeneous ode with constant coefficients of
grade 2 is two-dimensional.

The dimension of the space of the solutions to a homogeneous ode with constant coefficients of
grade n is n-dimensional.

We want to solve a homogeneous ode with constant coefficients:
any™ + a1y + o+ ay® + ay =0
We write the characteristic equation:
Ayt + A"+t ar+ay =0
We calculate the roots and factor:
Pr)=a,(r—r)(r—n).(r—rnr)

If the roots 1,1y, ..., 1, are distinct, then the functions et eh2t et form a basis for the vector
space of solutions:

ciet + et + -+ et

Note: complex roots always appear as pairs of conjugate complex numbers. If some of the roots are
complex, the coefficients c; also are complex.

If the roots 1y, 1y, ..., 13, are not distinct, then the functions et em2t o™t cannot form a basis for
the vector space of solutions.

If a particular root has a multiplicity, is repeated m-times, then you can make these solutions linearly
independent by multiplying with powers of t:

rt) ert ert N tOert, tlert’ . tm—lert

) ey

e

Numeric example 7:
Find the general solution:

The characteristic polynomial:

r®+6r°5+9r*=0
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Differential Equations

We get the roots:
0,0,0,0,—3,—-3
We get the basis:
0t 10t 200t 13,0t =3t ,=3t
We write short:
1,t,t2,t3,e73 te 3¢

We get the general solution:

€1 + Cot + c3t? + cut3 + cse 3 + cgte 3

Numeric example 8:

Find the (simplest) homogeneous linear ode with constant coefficients having as one of its solutions:

(5t + 7)e~t —9e?t
The function given is a linear combination of:
et te~t 2t
The roots of the characteristic polynomial include —1, —1,2.
The simplest characteristic polynomial:
C+Dr+DE-2)=r3-3r-2
The corresponding ode:
y® —3yM _2y =0

Numeric example 9:
Find a basis for the general solution:

y® +3y@ +9y® —13y =0

The characteristic polynomial:

r3+3r2+9r—13=0
We guess: r = 1 is a solution.
We factor out:

r—1D0@?%+4r +13)
We calculate the roots:
n=1
2 +4r+13=0
Ty3 = —2 1 3i

We get the basis:

et, e(-2+30t o (-2-30)t
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We get the general solution:
clet + Cze(—2+3i)t + C3e(—2—3i)t
We look for a pure real basis:
e(72¥30t = =23l = o=2t(cos(3t) + i - sin(3t))
We get:
et,e ?tcos(3t), e %tsin(3t)

Note: The "i" goes into the complex coefficient ¢,,.

Numeric example 10:
Suppose the roots —with multiplicity— of the characteristic polynomial of a certain homogeneous
constant coefficient linear equation:

3,4,4,4,5 + 2i,5 F 2i
We get the roots:
0,0,0,0,—3,—-3
We get the basis:
3L ot it 12048 (520 4o (54200t o(5-20t ¢4 (5-20)t
We get the general solution:
c1e3t + cpe®t + cate®t + cyt?ett + eI 4 o te G20t 4 ¢ (57208 4 cope(5-200t
We look for a pure real basis:
e = g5te2it = o5t(cos(2t) + i - sin(2t))
We get:
e3t et te*t t2et, eStcos(2t), e®tsin(2t), te>tcos(2t), teStsin(2t)

We get the general real solution:

c1e3t + et + cyte* + ¢ t?e?t + cse®tcos(2t) + cgedtsin(2t) + ¢ teStcos(2t) + cgte®tsin(2t)

Numeric example 11:
x(®)® —x(OD =0

The characteristic polynomial:
rr—1D(r+1)=0
The roots:
n=0nrn=1r=-1

We get the basis:

We get the general solution:

x(t) = cret + et + ¢
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x(t) = ciet — et

¥(t) = ciet + et
Initial conditions:
x(0) =0,x(0) =1,%0) =1
The first condition:
ci+cy+c3=0
The second condition:
c1—C=1-¢c=c¢-1

The third condition:

ca+ce=1-c,=—(c;—1)
We get:
c; =0,c0=1,¢c3=-1
We check:
x(t) =et -1
x(t) = et
i(t) = et

We check the initial conditions:

x(0) =0,x(0)=1,%¥0) =1

x(0) = 0ok
x(0) =10k
¥(0) =10k

Numeric example 12:
Find the (simplest) homogeneous linear ode with constant coefficients having as one of its solutions:

(1 + 4t —t>)e %t + 4e~tcos(3t)
Th function given is a linear combination of:
e 2t te %t t?2e7 2t e tcos(3t)

el3t + e—l3t

e~ tcos(3t) = e‘t< 5

> — l(e(—1+i3)t + e(—l—i3)t)
2

The roots of the characteristic polynomial include —2,—-2,—2,(—1 + i3), (—1 — i3).
The simplest characteristic polynomial:

r+2)r+2)r+2)(r—-(-1+3))(r—-(-1-i3)) =;
First part:

r3+6r2+12r+8)
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Second part:
(r—(-1+3)(r-(-1-i3)) =
r2—r(=1-i3)—r(-1+i3)+ (-1 +i3)(-1—i3) =
r’+r+i3r+r—i3r+10 =
r2+2r+10

We assemble:

(r3+6r2+12r +8)(r? + 2r +10) =

r5 + 8r* + 3473 + 92r% + 1367 + 80
The corresponding ode:

y® +8y® 4+ 34y® + 92y@ + 136y + 80y = 0

Numeric example 13:
Find the complex number ¢ such that Re(ce’®") = 3cos(wt) — sin(wt).

(x + iy)e't = xe'@t + jyelwt
Re(xe'®t) = 3cos(wt) » x =3

Re(iye'®t) = —sin(wt) >y =1
We can write this as:
Jio eiarctan(%)
Example 8
X+0-x+4x=0

We get the characteristic equation:

r2=—4
We get r; and ry:
r1 = ti2
2
We get the solution:
x(t) = c;e?t + c,e 2t

We calculate x(t):
x(t) = i2c et —i2c,e ™2t =
iz(cleiZt _ Cze—iZt)
We set the initial conditions:
x(0)=1
x(0) = -2
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From the first condition we get:

x(t=0)=1
cg+c,=1
C2:1_C1

From the second condition we get:
x(t =0) = i2(cr et — ce™2) = =2

iZ(Cl - Cz) = -2

i(ci—c)=-1

—(c1—cp) =—i
—Ccte;=1i
C; =¢c +1

1—i=2¢
1
‘=373
1
“2=3773

We get the solution with this initial condition:

1 i\ . 1 i .
Y 2t - _ -2t _
x(0) (2 z)e +<2+2)e

1 . i . 1 . i .
_eth__eLZt+_e—12t+_e—12t —
2 2 2

1 . 1 . i . i .
Zpli2t 4 Zpmi2t _ _ g2t 4 _ p-i2t —
2 2 2 2

1, . . i, . .
- 2t -2t _ _ 2t _ ,—i2t) —
> (et + e~i2t) > (e e~i2t)

cos(2t) — sin(2t)
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We plot:

44
34

2+

1
\ \ :
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-2t

Numeric example 14:

¥+m?x=0
We get the characteristic equation:
r2 = —g2
We get ry and 1y
r1 = tin
2

We get the solution:
x(t) = ¢ ™ + c et
We calculate x(t):
x(t) = imc,e'™ — inc,e "t =
in(c,e'™ — cyemt)
We set the initial conditions:
x(0)=1
%(0) = V3
From the first condition we get:
x(t=0)=1
c1te=1
c,=1—¢
From the second condition we get:
x(t = 0) = in(c,e™ — ce” ) = V3
in(c; — ¢,) =mV3

™3

i(cp—cy) =
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_(C1 - Cz) = l\/§
—C + Cr = l\/§
c,=c¢1+ iv3

1_C1:C1+i\/§

1-iV3 =2¢
1
=——1v3
Cq1 ) l
1
C2:§+1V3

We get the solution with this initial condition:
1 . 1 .
x(t) = (E - l\/§> el 4 (E + l\/§) e~imt —

1 . , 1 . .
_emt _ i\/gemt + Ee—mt + i\/§e“”t —
2

1 . 1 . . .
_em't + Ee—mt _ i\/§€mt + iﬁe—Lnt —
2

l(eint + e—int) _ i\/§(eint _ e—int) —
2

cos(mt) —3sin(mt)

We plot:

A

44

AAAAAD
PRIATE TRTAIAT

Numeric example 15:
Find the (simplest) homogeneous linear ode with constant coefficients having as one of its solutions:

y(t) = 4te=?t + e Stsin(t)
We write exponential style:
J(t) = 4te™?t + e Stelt =
4te2t 4 (=5t

-2t

We see that 4te 2! is a double root coefficient because otherwise we would have 4e =2t as a single

root.
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We get the characteristic polynomial:

(r—(=2)(r— G -5)(r—(-i—5) =
r+22@c+5-DT+5+i) =
2+ 4r+4)@?2+5r+ri+5r+25+5i—ri—5i+1) =
r?+4r+4)@? +10r + 26) =
4+ 1473 + 70r? + 1441 + 104
We get the differential equation:
y® +14y® 1+ 70y@ 4 144y 1+ 104y© = 0
We check by derivating:
y© = 4te=2t 4 (=5}t
yD = 472t — te~2t 4 (j — 5)e=d)t
y® = —16e7% + 16te™% + (i — 5)%e ()"
y®) = 48e72 —32te™% + (i — 5)%e ()"
y® = —128e72t 4 64te™2 + (i — 5)*e (5
We insert into the differential equation:
y® 4+ 14y® + 70y @ + 144y 4+ 104y =0

—128e7% + 64te™2t + (i — 5)*e =5 + 14(48e 72 — 32te 2! + (i — 5)3e(=5)1)
+70(—16e72t + 16te™%" + (i — 5)?e=>))
+ 144(4e7% — 8te 2t + (i — 5)e(79t) + 104(4te™% + (751) =
—128e72t 4 64te~2t + (i — 5)*e=3)t 4 67272t — 448te~2t + 14(i — 5)3e(=3)t — 11202t
4+ 1120te ™2t + 70(i — 5)%2e=5)t 4 57672t — 1152te ™2t + 144(i — 5)ei=)t
+ 416te 2t + 104e(~5t =

—128e72t + 672e72t — 11202t 4+ 576e 2t + 416te 2 + 64te 2t — 448te~2t + 1120te 2t
— 1152te 2t 4 (i — 5)*eU=5) 4 14(i — 5)3e =)t 4 70(i — 5)2e(=5)t
+ 144(i — 5)e(=5t 4 1045t =

(—128 + 672 — 1120 + 576)e 2t + (416 + 64 — 448 + 1120 — 1152)te2¢
+ (A —5)*+ 14 — 5)% + 70(i — 5)? + 144(i — 5) + 104)e=t =

(0)e™2t + (0)te 2t + 0e(=9t =0

Numeric example 16:
¥—t*%=0

We get the characteristic equation:
r’—tr=0

t*+Vt8  tr 4t
T2 = 2 = 2
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We have:
r=t*
=0

We get the first solution:

et’
We get the second solution:
1

The complete solution:
_ t*
x(t)=c;-e" +¢,

x(t) =t* ¢, et

X)) =4t3 ¢, et 8¢y et

We set the initial conditions:
x(0)=1,x0)=0

From the first condition we get:
x(t=0)=1-¢c,=1—¢

From the second condition we get:
x(t=0=0-¢,=0

;=1
Result:
x(t) =1
Numeric example 17:
X+t?=0
We get the characteristic equation:
r2+t?2=0
+V—4t2  +iV4t2
T2 = 5 = > = +it
We have:
T =it
r, = —it

The complete solution:
x(t) =c; et +c, et

x(t) =t(cy et —cy-e7t)
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We set the initial condition:
x(0)=6
From the first condition we get:

x(t=0)=c;+c; =6

C=6—0¢
Result:
x() =c, et +6-e7it —¢, it =
ci-(ef—e)+6-e7
Damping

We have the ode:

X bi+i=0

J— X _——

2 2

X+2bx+x=0
We get the characteristic equation:

r24+2br+1=0

—2b +V4b% — 4
Ty = 5 =—b+yb2—-1

We have:

rn=-b+ \/ﬁ

r,=—b—+b?—-1
Casel:b <1

rn=-b+ im

r, =—b~— im
Solution:

x(t) = e~Pt - (C1 . eV1=b%t 4 ¢, e—ix/l—bzt)

x(t) = —b-ePt. (C1 ceVI-D%t 4 () e‘“l‘bzt) +e7bt.i-\/1—h2

. (C1 CeVITb%t _ e—i\/l—bzt) _

obt . (—b , (Cl eIt e—i\/l—bzt) ti-J1—p2- (C1 Wbt _ (. e—i\/l—bzt)>
We set the initial conditions:

x(0) = 1,%(0) = -1
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From the first condition x(0) = 1:
x(t=0)=c;+c, =1
c;=1—1¢
From the second condition x(0) = —1:
X(t=0)==b-(c;+c)+iV1=Db%(c;—¢c;)=-1
1—b+i-yJ1-b%2-Q2¢,—-1)=0
1—-b+2-¢c-i-y1-b2—i-yJ1-b2=0
20ciif1—b2=b—1+4i-1-b?
b—1+i-VI-b2
2-i-V1—b?
b—-1 N i-v1-b%
2:i-VI—b%? 2-i-V1I—b?
b-1 1_
2.i-v1—=p2 2
1-b +1
2.i-v1—=p2 2
1-b +1
2:iV1-b-V1+b 2
1 VI=b

Q=0 ————

2 2-i-v1+b

v1—-b
=t —————
2 2-i-v1+4

1 =

]

We get the solution:

x(t) — e-bt, <1 1_b >_eiV1—b2t+(1+ 1_b )_e—ivl—bzt

2 2-i-Vi+h 2 2-i-Vi+h

e—bt. <1,ew1—b2t _ Vv 1-b . eiV1-D%t +1, o~ iV1-b%t + V1-b ,e—ix/l—bzt)

2 2:i-J1+b 2 2:i-V1+b

e—bt. <l_ei\/1—b2t +l_e—i\/1—b2t __ N 1-b _ei\/l—bzt + V1-b ,e—i\/l—bzt)

2 2 2:i-V1+b 2-i-V1+b

ebt. 1 (eix/l—bzt + e—i\/l—bzt) N 1-b ) (ei\/l—bzt _ e—i\/l—bzt)
2 2:i-vJ1+b

e bt.| cos (\/ 1-— bzt) _ |A=b, sin (\/ 1-— bzt)

1+b
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We plot:

MatheGrafix.de

Casel:b=1
rz=-1

Solution:
x(t)=ci-et+cy-t-et
x()=—ciretteret—cprtret =
e =ty —cyt) =
e (- +c,(1—1))
We set the initial conditions:
x(0) =1,x(0) = -1
From the first condition x(0) = 1:
x(t=0)=¢; =1
From the second condition x(0) = —1:
x(t=0)=c,— ¢, =-1
c;=¢c—1=0
We get the solution:

x(t) =et
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We plot:
4
y
1..
0,751
0,5
0,251
-2 0 /2 ® 32 2z S5m2 3m Tw2 4m 9n2 Sm
-0,251
-0,51
0,751
MatheGrafix.de
Casel:b > 1
= _b+\/b2_1
r,=—b—+b2—1
Solution:

x(t) = ebt- (cl ceVbP-It o) e‘”’z‘”)

x(t) =—b-e7bt. (Cl VD1t )oY 2'”) +ebt.\p2—1- (c1 ceVbP-1t _ ) -e‘Vbz‘lt) =

ebt. (—b . (Cl . e\/bz—lt +e, e—\/bz_lt) + \/bz —1- (Cl . e*/bz‘lt —c,- e“/bz‘lt» —

e bt. (—b oy eVl g, eVt ([p2 1. VPP (fp2 1., e_Vbz_lt) =

e bt. <01 . gVbP-1t (\/m - b) — ¢y e Vb1t (\/m + b))
We set the initial conditions:
x(0) =1,%(0) = —1
From the first condition x(0) = 1:
x(t=0)=c;+c, =1
c=1-¢
From the second condition x(0) = —1:

#(t=0)=—1
(0 (F7T-8) - (57T ) =
(e (Vo2 =1=b) = (1 = e) (VB2 =1 +b)) = -1
(e (Vo2 =1 =) = (Vb2 =1+ b) + e - (VB2 = 1+b)) = -1
(cl(\/bz———b+\/ﬁ+b)—(\/bz——1+b))=—1
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q(zdb2—1)—(Jb2—1.+b)=-—1

o (2/p?=1) =2 -1+b-1

_Vb2—1+b—1_1 b—1

¢ = -
! 2vVh2 —1 N
1 b-1
RN

We get the solution:

1 b—1 1
x(t) = e Pt- (—+—)-eMt+<——
® (2 N

We plot:

b—1 )_e—\/bz—lt
2 b2 -1

The superposition principle
y® +py®+qy©@ =0

We rewrite:
D%y +pDy +qy =0
Note: D is the differentiation operator.
We “factor” out y:
(D?+pD+q)y=0
Note: This is quantum mechanics style, D is an operator.
We call L a linear operator:
D?+pD+q-1L
We get:
Ly=0
We use the picture:
u(x) - [L] - v(x)

L acts on functions and transform a function into a new function.

MatheGrafix.de
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L is a linear operator:
L(ul(x) +u, (x)) = L(u1 (x)) + L(uz (x))
L(c . ul(x)) =c- L(ul(x))
We proof the superposition principle.
We have:
Liy)=0
We calculate:
Lciyr + c2y2) = L(eyyy) + L(ezy2) =
c1L(y1) + ¢, L(yz) =
c10+¢,0=0

Numeric example 18:
We have the differential equation:

2y+3y+5y=0
We know the characteristic polynomial:

2r2+3r+5=0
We rewrite this:

(2:D*+3:D+5)y=0
A polynomial in D applied to y results in zero.
A polynomial differential operator:
P(D) = a,D" +ay,_{D" '+ -+ a; D' + q

This is a linear time invariant operator:
If
x(t) is a solution to P(D)x = f(t)
then
y(t) = x(t — ty) is asolutionto P(D)y = f(t — ty).

Numeric example 19:
We have the differential equation:

) T
y = cos (t + E)
We solve by time invariance:
y = cos(t) » y(t) = sin(t)

y=cos(t+g)—>y(t) =sin(t+g)
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Note:

cos (t + g) = —sin(t)

sin (t + g) = cos(t)
cos (t — g) = sin(t)
sin (t — g) = —cos(t)

Numeric example 20:
We have the differential equation:

X + x = cos(t)
General solution:

1 1
x(t) = Ecos(t) + Esin(t) +ce”t

We search for the solution for:
y +y = sin(t)
We solve by time invariance:

sin(t) = cos (t — g)

y(t) =x(t—g) =
%cos (t - %) + %sin (t — %) + cle_t_g =

1 1
Esm(t) — Ecos(t) +cet

T
Note: ¢, = cqe 2

Shortcut
We have:

(2D? + 3D +5)e™ =
2D%e" + 3De™ + 5e’t =
2rDe™ + 3re™ + 5e't =
2r2e" + 3re’ + 5e't =

(2r?2 4+ 3r +5)e™

We get the theorem:

For any polynomial P and any number r holds:

P(D)e™ = P(r)e"t
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Particular solution
We want to get the solution to the inhomogeneous ode:

P(D)y =e™
We use:
P(D)e™ = P(r)e™

We divide by P(r):

eT‘t
o) <

What we did was: We applied the differential equation onto the inhomogeneous part and got the
characteristic polynomial in . Then we divide the inhomogeneous part by this polynomial in 7.

This is called the exponential response formula ERF.

For any polynomial P and any number r such that P(r) # 0 holds:

eTt

P(r)

is a particular solution to P(D)y = e"t.

Numeric example 21:
We have the ode:

y+ 7y + 12y = —5e?t
We solve the homogeneous part:
Vy+7y+12y =0
We get the characteristic polynomial:
r2+7r+12=0
Solution for the characteristic polynomial:

—7 £v49 — 48

+

N
N =

Solution for the homogeneous ode:
y(t) = cie 3t + cre™t
We assemble the particular solution and use r = 2:

_ce2t e

4+14+12 6

The complete set of solutions:

1
—ge_Zt + cre 3+ et
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Numeric example 22:
We have the ode:

¥+ x = e?t
We rewrite in operator notation:
(D? + 1)x = e?%
The corresponding characteristic polynomial (for the homogeneous ode):
r24+1=0
We get the roots:
=101 =-
The solution to the homogeneous ode:
x(t) = cie't + c e
One particular solution to the inhomogeneous ode:

rt 2it 2it

© e e e
X = e d = = —_-—
r2+1 (22+1 1-4 3

The complete solution:
2it
€ it —it
x(t) = — 3 +cet +ce
Numeric example 23:
We have the ode:
itx=et

We rewrite in operator notation:
(D?+1)x=et
The corresponding characteristic polynomial (for the homogeneous ode):
r’+1=0
We get the roots:
=101 =-I

The solution to the homogeneous ode:

x(t) = cie't + c e
One particular solution to the inhomogeneous ode:

rt -t

e
241 (—DZ+1 2

x(t) =

The complete solution:

-t

_¢& it —it
x(t) = > +cet +cye

D. Kriesell
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Numeric example 24:
We have the ode:

¥+x=e"t—3e%
We rewrite in operator notation:
(D? + 1)x = e~t — 3¢
The corresponding characteristic polynomial (for the homogeneous ode):
r2+1=0
We get the roots:
=101 =-
The solution to the homogeneous ode:
x(t) = cie't + c e
We split the inhomogeneous version into:
Di+x=et
(I % + x = —3e?%

One particular solution to the inhomogeneous ode (I):

rt -t -t

e e

O T Cre . 2

One particular solution to the inhomogeneous ode (I1):

_3ert _3e2it _362it

5 — — L2it
2+1  (202+1 1-4

x(t) =

e

The complete solution by superposition:

-t

e
x(t) = 1>~ + cye

2it + C3elt + C4e—lt

The ERF does not work if we have r? + 1 = 0. This is the case for e't.
We generalize.
Suppose P is a polynomial and P(r,) = 0. We check whether P’ () # 0 for some value of ry.

If this is the case ten we have a particular solution:

X, = mterot
Numeric example 25:
We have the ode:
¥—4x =e %t
We solve the homogeneous part:
X—4x=0
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We get the characteristic polynomial:
P(r)=r?2-4=0
Solution for the characteristic polynomial:
T, =12
Solution for the homogeneous ode:
x(t) = cre?t + cpet

We assemble the particular solution and use r = 2:

We check:
P'(r)=2r
P(r=42)=14+0

We get the particular solution:

The complete set of solutions:
LT -3t -4t
gle tae” e

Generalization exponential response formula erf
If the characteristic polynomial becomes zero, search for the first derivative where it doesn’t become
zero. We assemble the solution via:

1

Yo = pamgy L
Note the corresponding P and t™.
Numeric example 26:
We have the ode:
¥—4x =e %t
We solve the homogeneous part:
X¥—4x =0

We get the characteristic polynomial:
P(r)=1r2—-4=0
Solution for the characteristic polynomial:

le = iz
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Solution for the homogeneous ode:
x(t) = cre?t + cpet

We assemble the particular solution and use r = 2:

We check:
P'(r)=2r
P(r=42)=44+#0

We get the particular solution:

The complete set of solutions:
1 2t -3t —4t
7 te“" + cie + cye

Proof of generalized exponential response formula erf
We want to solve:
P(D)y =e™
We know that:
P(D)e™" = P(ry)e™t

Note: This says that we have one particular solution of the ode:

p(0) () = et
( )<P<ro>>“”

We work with the case P (1) = 0 so we can’t divide by P(r).

We check the surrounding of 1 and take a look at the derivatives:

P(D)e™ = P(r)e"t

iPD rt _iP rt
= (P(D)e™) = — (P(r)e™)

The polynomial in D is independent of r:

PO L ey ) = (Lper) |ert + Py L ety =
or “\dr or -

d
(—P(r)) e +P(r)-t-e"
dr
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We derivate repeatedly until we get one derivative # 0:

d

EP(T) e™ +P(r)-t-e" may be zero
Note: P(r =1y) = 0.

dZ
WP(T) e’ + P(r)-t?-e"™ may be zero

dm
<—drm p(r)) e™ + P(r)-t™ - e" may be not zero

Because of:
Pr=ry)-tMm-e" =0

We get for derivative m:

(%P(r)) e #0

We combine:

am rty — d™ T LpmoL Tt
ar—m(P(D)e t)—(dr—mP(r)>et+P(r) t et

o™ e [d™ i
= (P(D)e™) = <—P<r))e =

drm

P(D)-tM-e" = <£P(r)> e -

drm
tm . erot
PD)-| g ——|=e™
7 P (10)
Numeric example 27:
We have the ode:
¥+x=el
Initial conditions:
x(0)=1
x(0)=0

We rewrite in operator notation:
(D? + 1)x = e

The corresponding characteristic polynomial (for the homogeneous ode):
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We get the roots:
=0T, =—1
The solution to the homogeneous ode:
x(t) = ciet + c e
One particular solution to the inhomogeneous ode:

e‘l"t eit eit
t) = = —
O = T mrr1 - 0

A

We derive:
—P(r)=2r->—Pr=1i) =2
P — P — —
l ( ) l ( l) l

We get the particular solution:

tMm . ot t-elt 1 .
. N - :__.i.t.el
dd_mP(To) 2
T
We check the particular solution:
¥+x=et
xp(t) =—5-i-t-et
1 . 1
X,(t) =—=-i-et —=-i?-t-et =
p(©) 3 3
1 .1 .
=——-i-ef+—-t-e
2 2
k() = —5 2eeit g Lot g Lt
P 2 2 2
1w it ; it
=E-el +setttoict-et =

The complete solution:

1. it it —it
x(t)=—§-l-t-e +ciet +ce

D. Kriesell Page 76 of 104



Differential Equations

: 1o ity 1 it it it
x(t)=—5-1-e +§-t-e +cp-iett —c,-ie

We apply the initial conditions:
x(0)=1

%(0) =0

x(0)=ci+cy=1-¢c,=1—¢

x(0)=0-

1 L1 ) ) )
—E-i-e‘t+—-t-e‘t+cl-ie‘t—cz-ie“t=0
1. . .
—E'l+C1'l—Cz'l=0

1
—§l+Cll—(1—Ci)'l=0

1
_E'i‘l'cl'i_i‘l'cl'i:o

3'+2 =0
5 - i=

.3
2'C1'l=§'l
3 1
ClzZ_)CZZ_

Solution:

1 .3 . .
x(t) = —E-i-t-elt +1e‘t +Ze“t

We plot the real part:

1 ) 3 1
Re(x(1)) = 5t sin(t) + 7 cos(t) + 7 cos(t) =

1
> t-sin(t) + cos(t)

3
Y
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Triple example 28:
We want to solve:

a)x+kx=1
b) x + kx = e™5¢
)x+kx=4+7e

We begin with a):

We calculate the homogeneous solution.

x+kx=0
Characteristic polynomial:
r+k=0->r=—-k

Homogeneous solution:

xp(t) = cie™*¢
The inhomogeneous ode:
x+kx=1
We guess:
X (6) =
We try:

) k
x+kx=1—>0+E=1\/
The complete solution:

1
x(t) = cie k¢ +x

Note: This is not the only possibility. We rewrite the ode:
X+kx=1-x+kx=e%
We can now use ERF and get the particular solution:
ot 0t
xp(t) = P(0) =%
This is the same result we got with our trial.
We work with b):

x+kx=e5

We already know the homogeneous solution:

x(t) = cre ™kt
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We use ERF and get the particular solution:

© o5t ~ o5t
TP T k-5
We get the particular solution:
o5t
S —
. o5t
Xp = =5 P

The inhomogeneous ode:

X+ kx =e 5t

We check:
o5t o5t
-5 k =5t
k=5 “k—5 °©
o5t
k-5 =e ot
( Jy—c=e¢ v
The complete solution:
-5t

— . -kt
x(t) =cie ™t + P

Note: This solution is valid for k # 5.
In case k = 5 we use variation of parameters.
We set k = 5:

X +5x =e >t
We know the homogeneous solution:

xp(t) = cie™>t
We replace ¢; by u(t):

xp(t) = u(t)e

We insert this into the ode:

%(u(t)e‘“) + 5u(t)e ™5t = e75¢
%(u(t))e‘st — Su(t)e >t + 5u(t)e >t = e~
d _ _
a(u(t))e 5t — =5t

d
a (u(t)) =1

ut) =t+c,
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We get the complete solution for the case k = 5:

x(t) = (t +cy)e™™t
We note that this solution contains
We work with c):

X +kx =447t

We see that this contains the odes a) and b) so we can get a particular solution to this ode by linear
superposition:

xp(t) =4-a)+7:b) =

Casek #5 Casek =5

1 e ot _ 1 _
4(cle_kt+E)+7<cze_kt+ ) 4(c1e "‘*+—)+7(t+c2)e st

k-5 k

For the general solution we need to add the homogeneous solution and get:

Casek #5 Casek =5

1 e—St 1
4 (cle_kt + E) +7 (cze"“ e 5) + cze7Ht 4 (Cle_kt + E) + 7(t + cy)e 5 + ek

Numeric example 29:
We use the homogeneous ode:

y® —10y@ +31y® - 30y® =0
We write in operator style:
P(D)y =0
We get the characteristic polynomial:
P(r)=r3—-10r2+31r1 - 30r°=0
We get the roots:
(r—2)r—-3)(r—5)

We get three solutions:

We know:
e?t: P(D)e?t = P(2)e?t = 0e?t =0
e3t: P(D)e3t = P(3)e3t = 0e3t =0
e5t: P(D)e% = P(5)e® = 0e°t =0

In order to know that the three solutions form a complete basis we must check whether they are
linearly independent.
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We assume:
ae?t + b e3t = 5t
We apply (D — 2)(D — 3) to both sides of the equation:
(D —2)(D —3)(ae?* +be3) = (D —-2)(D—3)e
Left side, using the property of the polynomials above:
(D —2)(D —3)ae? + (D —2)(D—3)be3 =
(D —3)(D —2)ae? + (D —2)(D —3)be3 =
2-3)2-2)ae?* +(2-2)(2—-3)be3* =
0+0=0
Right side:
(D—-2)(D—3)e’ =(5-2)(5-23)et %0

Numeric example 30:
We use the homogeneous ode:

D3y =0
We get the characteristic polynomial:
Pr)=r3=0
We get the triple root:
r=20
We integrate three times:
D3y=0-
D%y = c,e
D'y = tc,e®t
¢

DOy = t273 > t2c,e0t
We get complete solution:
y(t) = c,e% + tc,e% + t2c;e

Numeric example 31:
We use the homogeneous ode:

(D-5)°y=0
We get the characteristic polynomial:
P(r)=(r—-5)3=0

We get the triple root:
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We integrate three times:
(D—-5)°%y=0-
(D —5)%y = cie*

(D —5)ty = c,tet

c
(D —5)% = t2 73€5t > c4t2e5t
We get complete solution:
y(t) = c e + cytedt + cyt?edt

Numeric example 32:
We use the ode:

2 +x+x=1+2e"
Note: We can write the right side as:
2%+ % + x = e + 2et
We work with the homogeneous ode:
2k +x+x=0
We get the characteristic polynomial:

P(r)=2r’+r+1=0

-1+V1-8 1 |7

M2 =T IR
We get the roots:
_ 1+, 7
IR ET
1 |7
r,=———1i 16

We get solution of the homogeneous ode:

(5ifT) (%)
xp(t) = cpe\ * N8 e\ * N6

We assemble the particular solution and use r = 1:

O=14-—20 1%
B I L)
Note: We can write this as:
) = elt N 2et 3 2et
P00+ 24141 4
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We check:

2et+et+1+et—
2 2 2
2et+ 1+

The complete set of solutions:
1,..[7 1.[7 ¢
—+i 2= |t ——i 2= |t e
cle< 4 16) +cze< 4 16) +1+—2

We want to write the left part in sin/cos style.

1.7 1 .7
—a+i |52 |t —— =i |5z |t
cle< 4 16) +C26< 4 \]16 —
.7 |7
1 i —)t 1 <—l —>t
cle( 4)te< 16 +C2€( 4)te 1 =
1 i /l>t (—i l)t
e( 4)t C1€< 16 + ce 1 =

(-3)e ") icysin| |2+ ") = icpsin| |t )| =
e cieos| |7¢ feysin| |72 cac0s| |7¢ fepsin| |7p =

(-d)e 7 . 7
e\ 4/°| cos Rt (c1 + ¢cp) +isin 1—t (c1 —¢c3)

Depending on the initial conditions this will give something like:

Ae(_%)t cos \gt—(ﬁ)

¥+8x+ 15x = e~ 5t

o)}

Numeric example 33:
We use the ode:

We work with the homogeneous ode:

X+8x+15x =0
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We get the characteristic polynomial:

P(r)=r*+8r+15=0

Tia =_8i@=—4i1
We get the roots:
T =-3
r, =-=5
We get solution of the homogeneous ode:
x,(t) = cre 3 + et
We assemble the particular solution and use r = —5:
-5t o5t
O =5 0715 0

This does not work.
We have P(ry) = 0. We check whether P'(ry) # 0 for some value of ;.
If this is the case, then we have a particular solution:
P(r)=r2+8r+15
P'(r)y=2r+8
P'r=-5)=-10+8=-2+0

If the characteristic polynomial becomes zero, search for the first derivative where it doesn’t become
zero. Assemble the solution via:

1
— L4 -5
Xp =5 t-e ot
We calculate:
1 5
xp(t)=D<—— t-e‘St)= 5 e‘5t+z-t e 5t
5 5 5 25
5c'p(t)=D< - e‘5t+§-t e‘5t>=§-e‘5t+2-e‘5t——2 t-e >t =
25
=5 —St_ 't -5t
e 3 e
We check:
¥+ 8%+ 15x = e~ 5 -
25 1 5 1
5'€_5t—7't'e_5t+8<—§'€_5t+§'t'€_5t)+15(—E't'€_5t):
25 15
5-e‘5t—7-t-e_5t—4-e‘5t+20-t-e‘5t—7-t-e_5t=

5.5t _ 4.5t — o5t
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The complete set of solutions:
-3t st 1 -5t
x(t) = cie >t + cye —E-t-e

Comparison of exponential response formula and variation of parameters
ERF Variation of parameters

n-th order DEs

1t order DEs

Constant coefficients

Any linear DE

Exponential input

Any input

Operator notations
We have:

(D° =D)(x+y)=D3*(x+y) —D(x+y) =
D3x + D3y —Dx — Dy = D3x — Dx + D3y — Dy =
(D3 —D)x + (D® - D)y

Numeric example 34:
We use the ode:

23— () = p2t
We write in operator style:
(D3 —D)x = e?t
We work with the homogeneous ode:
xB® W =
We get the characteristic polynomial:
P =r3—-r=rc-1Dr+1)=0
We get three solutions:
xp(t) = ¢ + et +cge”t

We assemble the particular solution and use r = 2:

e
wO=g3"%
We calculate:
1
x(l)p(t) =D (geZt> = _p2t
1
X(Z)p(t) =D <§ezt> = _p2t
2
x(S)p(t) =D <§ezt> = _p2t
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We check:
xB) — (D) = g2t

geZt—%eZt — 2t/

The complete set of solutions:
x=c +cet +czet +e?t

Numeric example 35:
We use the ode:

(3 — (D) = -t
We write in operator style:

(D3 -D)x=e"t
We work with the homogeneous ode and get the solution:

xp(t) = ¢1 + cyet + cze”t

We assemble the particular solution and user = —1:
et et
xX,(t) =———<=—
P -D-(-1 o0
This doesn’t work.
We use the generalized ERF:
te”t 1
t)=——F——=-te"
O =317 2%
We calculate:
1 1 1
1 — A P —t
x( )p(t) =D (Ete ) = Ee —Ete
1 1
x@, ) =D (—e‘t - —te‘t) =—e 4+ -tet
2 2
3) - D —t \_3 .+ 1
x,(t)=D|—e " +te =e Ete
We check:

x(3) — x(l) — e_t -

3 1 1 1
—Ete_t —Ee_t +§te_t =et

The complete set of solutions:

t t 1 t
X =c+ce” +cze” +Ete_
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Numeric example 36:
We use the ode:

1@ (W =1
We write in operator style:
(D2 -D)x =et
We work with the homogeneous ode and get the solution:
xp(t) = ¢ + et +cge”t

We guess a particular solution:

x,(t) = —t
We calculate:
xW o) = -1
x@,) =0
x®L,®) =0

We check:
23— () = -t
0-(—-1=1
The complete set of solutions:
x=c +cet+cget—t

Exponential response formula
We use the ode:

¥4+9x=9+e3
Note: We can write the right side as:
(D? + 9)x = 9% + e3¢
We work with the homogeneous ode:
X+9% =0
We get the characteristic polynomial:

Pr)=7r2+9=0

T, = +iV3
We get the roots:

rn =+iV3

r, = —iV3
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We get solution of the homogeneous ode:
xp(t) = c e tIV3E 4 ¢, V3

We assemble the particular solution and use r = 1:

9eOt e3t e3t
+ =1+-—
0+9 9+9 18

xp(t) =

We check:

. e3t e3t
i) =D(14+-—=)=—

eSt e3t
¥ () = D(?) =7

¥+9x=9+e3 >

e3t e3t e3t e3t
1+ g ) =5 +9+—5=

18 2 2
943ty
The complete set of solutions:
1,..[7 1.[7 3t
-3+ 2= |t -2z ]t e
cle( 4 16) +cze( 4 16) +1+§

Higher order inhomogeneous differential equation
We use the homogeneous ode:

(D*—1)x = e~ 2t

We work with the homogeneous ode:
(D*—1x=0

We get the characteristic polynomial:

Pr)y=r*-1=0

rt=1
We get the roots:
1,-1,i,—i
Solution of the homogeneous ode:
xp(t) = cret + c,e7t + czelt + cue”

We use ERF:

-2t

e
xp (t) = 1—5
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We check:
x(l)p(t) _ _Zi:t
x(z)p(t) _ 4(31;2t
x(3)p(t) _ _831_52t
x(4)p(t) _ 16135_2t

x® (1) — x, (1) = €% -

16e—Zt e—Zt

_ = o2t/
=e
15 15
Review damped oscillators
Spring
Constant k
—
Mass

m

Damping

AN

The position is determined by the differential equation:
mi+b-x+k-x=0
We write this in operator style:
mD? + bD + ki
The characteristic polynomial:
p(r)=m-r*+b-r+k

The roots of the characteristic polynomial:

~b+VbZ—4mk b

2m 2m =

T2 =
We remember:
k
w, = |—
n m

Note: w, is the frequency of the undamped oscillator.

The exponential decay in case of damping:

2m

Coefficient b LIS
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The frequency of the damped oscillator that is smaller than the frequency of the undamped oscillator

o ()

Advantages of complex replacement
Z = x4 + ix, is a solution to the complex replacement ode:

P(D)z = e'*
We can rewrite this as:
P(D)(x1 + ixy) = cos(wt) + isin(wt)
We get two solutions:
P(D)(x;1) = cos(wt)
P(D)(x,) = sin(wt)

real input signal complex replacement
cos(wt) elwt
Acos(wt — ¢) Aet@t=9)
e cos(wt) elatio)t
acos(wt) + bsin(wt) (a —ib)e'®t

Examples using complex replacement

Numeric example 37:
We have the ode:

X+ 4x = cos(2t)
We replace:
Z+4z=e
We get the characteristic polynomial:

P(r)=r*+4=0

le = iZl
We find that P(r = 2i) =0
We derivate:
P'(r) =2r
P'(r=2i)+#0
We get:
te?it 1 .
— _ ci L rp2it
Zp— 40 ——Z l te‘ =
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1 ; . 1 ;
. e—m . teZ‘t =__.¢t- el(§n+2t)

We have the solutions:

Lcos(brr ) sl 2)
Zp— - cos\—m lZ sin ET[

4 2

The real part of it:

1 1
Xp =—Z-t-cos(§n+2t)

We remove the phase shift and get:

N
xp—4 sin 27'[

We plot:

j.a.\'s\_/.'/.io iqu'

Numeric example 38:
We have the ode:

X+ x + 2x = cos(2t)
We replace:
i+z+2z=et
We get the characteristic polynomial:

Pr)=r’+r+2=0

-1+v1-8
T

ti

N =
A1

We use erf to find a particular solution in z:
plot pl2t
zZ, = -
P Pliw) —-2+2i

We decompose:

B eiZt B (_2 _ Zl')eiZt B
P 2420 (=242)(-2-2i)

Z.
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_(=2-20e® (14 De?t

! (2t) = n(2t) ! (n+2t) = (n+2t)
4_COS l4Sln 4_COS 5 l4Sln )

We take the real part of it:

1 T
Xp = ~2 cos(2t) + cos (E + Zt) =

= —%(COS(Zt) — sin(2t))

We plot:

Damped sinusoidal inputs
We can use complex replacement to solve any ode of the form:

P(D)x = e%*cos(wt — ¢p)

Numeric example 39:
We use the ode:

¥+ 2x = e tcos(3t — ¢)
We replace the right-hand side with a complex exponential:
e~tcos(3t — p) — e LelB3t-) = pi3t-id—t =
o~ i ot(=1+i3)
We complexify:
74 2z = e Ppt(-1+i3)
We get the characteristic polynomial:
Pr)=r?2+2=0

le = il\/i
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We use erf:
Pr=-1+i3)=(-1+i3)>+2=
1-2i3-942=—-6-1i6
We get a particular complex solution:

e—quet(—1+13) e—z¢e—t+13t

=TT 6xi6 646
e ip—t+i3t o=t ,i(3t-9)
6+i6  6+i6

We convert 6 + i6 into polar form:

TT
6+ i6 > 72"
We get:
_ e~ teiBt—9) 1 i, i(3t—¢)—%)

Zp— = e e

V7Ze's V72

A real particular solution:

X, = \/%e‘tcos (3t —¢ - %)

Numeric example 40:
We use the ode:

j—y + 2y = 10e " tsin(t)
We replace the right-hand side with a complex exponential:
10e~tsin(t) - 10e~tet
We note that 10e~tsin(t) is the imaginary part of 10e~te't.
We complexify:
7—2+42z=10e el = 10e'(-V
We get the characteristic polynomial:

Pr)=r’-r+2=0

1+iV7 1 7
T2 = =-=i |-
2 2 4
We use erf:
2
p _1+ 7 B 1+, 7 7+2_
TERTHE T\ 2T g T2 AT
D. Kriesell Page 93 of 104



Differential Equations

1 7 2_|_8_0
4 4 4 4

We derivate:
P(ry=2r—1

plr=tvilZ)z2(isi 2] 21
TEITHR)T A\,

1+ V7 = 2V2ettan ' (V7)

We call tan™*(V7) = ¢

We get the solution of the homogeneous erf:

z=cte'? + ¢ te®

We get a particular complex solution:

Z.

101 1001

101
1-2i+1-i+1+2
1Oet(i—1)
3-3i

We convert 3 — 3i into polar form:

TT
3—3i »+18e ‘2
We get:

10et¢-D 10

5 = _ it—t+ik
p 3—-3i V18

—10 e_tei(H%)

V18

A real particular solution:

X, = %e‘tcos (t + %)

An imaginary particular solution:

D. Kriesell
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We plot the imaginary particular solution

X

\

¥

Part Il

Systems of linear differential equation with constant coefficients

Numeric example 41

We use the system of linear differential equations:

X1:3'XI+3'XZ
X2=3'x1—5'x2

We use the exponential ansatz:

x1 = C1 . elt 5> _ = At xl _ Cl At
At X=c-e’ x.) = ¢

Xy =Cr € 2 2

We derivate:

VR . oAt

X = Acy e X =¢- et (xl) = (Cl)ﬂe’u

. LAt - ’ x,)  \c

X, =Acy e 2 2

We insert into the original system:

Acy-eM =3¢ e +3.c, et
Acy-e?M =3¢, et —5-¢, el

We divide by the factor e?t:

AC1=3'C1+3'C2
/1C2:3'C1_5'C2

We rewrite:

(3_1)'C1+3'C2:0
3'C1_(/1+5)'C2=0
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To get a solution we need:

We calculate the characteristic polynomial, the eigenvalues:

—53— ,1| =0

B-D(=5-)-9=0

We get the solution:

11/2 =

Eigenvalue 1; = 4, eigenvalue 1, = —6.

A2+21-24=0

—2+4+96

—154214+22-9=0

-1+£5

We calculate the eigenvector belonging to the eigenvalue 4; = 4.

We use:
B=A)c1+3¢c,=0 (Z—AF)-E:B
3:c1—(A+5)-¢c;=0 (35/1 _,13_5)(c;):(0)
We calculate:
3:c;—(4+5)c;=0 ( 3 —4—5)(62):(0)
ey G 2)E-0
3:c;=¢
—9:¢=-3¢
3¢, =0
3:c,=0

Wesetc, = 1andgetc; = 3.

We get a linear dependency between the two
equations, so we can choose one variable.

We calculate the eigenvector belonging to the eigenvalue 4, = —6.

We use:

(3_1)'C1+3'C2=0
3'C1_(/1+5)'C2=0

We calculate:

(3+6)'C1+3'C2=0
3'C1_(_6+5)'C2=0
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93C?cJZ i'c?:: 00 (3 i) (2) - (8)

3- Cy = _9C1
Cyr = —3C1

¢y = —3¢q
¢, = —3¢;

We get a linear dependency between the two —_(1
equations, so we can choose one variable. €= (—3)
We set c; = 1 and get c, = —3.

We get fundamental solutions:

_ At
Xy =¢cy"e€ v x c
1 1 . X=¢- el (1):(1)elt
X, =cCy € X2 C2
Eigenvalue 1, = 4 . 3
xl =3¢t x1=—1’.e/11t:()e4t
1 _ 4t 1
X, =e
Eigenvalue 1, = —6 . 1
x2 =76t X2 =¢5-ehet = ( 3) o6t
x2 = —3e7°
The general solution is a linear combination of the fundamental solutions:
x, = Kixl + K,x2 = . _ _,
3K et + Kye ot X = K;x' + K,x?
X
x2 = le% + sz% = (xl) = Kl (i) e4t + KZ ( 13) e_ét
Kie*t — 3K,e 6t z

Remark

The scheme used in example 41 works in the following cases:

We get n linear independent real eigenvalues — the solution is complete.

The matrix A is symmetric. Then all eigenvalues are real and we can get always a system of n
linear independent eigenvectors.
3. Besides real eigenvalues we have pairs of conjugated complex eigenvalues 4, , = a + ib. In

this case the real part and the imaginary part of x; resp x, are fundamental solutions.
Example 4.2 shows how to construct eigenvectors.
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Numeric example 42
We work with the system of linear differential equations:
X1:x1+4'x2 S >, (5"1)_ 1 4 ‘xl
.72,'2 == _x]_ + .xz X = ’ X'Z - (—1 1) (xz)
We use the exponential ansatz:
X, =c, - et ©\x fo
We derivate:
ty = ey et P O G T G PR
.72,'2 = ACZ . elt ’ X2 (&)
We insert into the original system:
Aoy et =ci-et+ 4y et ¢-leM =A-C-elt
Acy - et = —ci et + ¢, et G\ _ (1 4 (“1)
(Cz) Ae™ = (_1 1) (Cz) €
We divide by the factor e”t:
AC]_:C1+4"C2 E'A=Z'8
Acy = —c1 + ¢y N, (1 44
(cz)/1 — (_1 1) (Cz)
We rewrite:
(1_1)'61_4'6‘2 =O
Cl_(l_l)'C2=0 _ _
1-ADcg+4-c;,=0 (A-2E)-¢=0
—c+(1-21) ;=0 (1—/1 4 )Cl)z()
-1 1-1M\& 0

To get a solution we need the determinant being zero:
1-2 4 | _
o alal=o

We calculate the characteristic polynomial, the eigenvalues:
A-2DA-A)+4=0

1-214+2244=0
A2—-21+5=0

We get the solution:
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Eigenvalue A, =1 +i- 2, eigenvalue 1, = 1 —i- 2. The eigenvalues are complex conjugated so we

need to work only with one of it.

We calculate the eigenvector belonging to the eigenvalue 1, =1 +i - 2.

We use:

(1_1)'01"'4'6'2:0
_C1+(1_A)'C2=0

We calculate:

(1—-1-i-2)-c,+4-¢c,=0
_C1+(1_1_i'2)'C2=0

_i'Z'C1+4'C2=0
—Cl—i'2'62=0

[ 2 4

—i-2

)()= @)

_i'C1+2'C2:0
_Cl_i'Z'CZZO

Cl+i'2'C2=0
Cl+i'2'C2=0

We get a linear dependency between the two
equations, so we can choose one variable.
We set ¢; = 2iand get ¢, = —1.

We get fundamental solutions:

EigenvalueA; =1+1i-2
3-51~ =2. e(1+i-2)t =2. et . eiZt
i2t

J_C)ZN =i- e(1+l'2)t =ji-et-e

— -

X~ =¢_-eMit

_ (Zi ) p(1+IDE _ (Zi ) ot - pi2t

1

-1

We can extract the real solutions out of the imaginary and the real part:

X =2i-et-et?t =

2i-et- (cos(2t) +i-sin(2t)) =
2-et - (—sin(2t) + icos(2t)) =

t. izt —

X,.=—el-e
et (—cos(2t) —i-sin(2t)) =

—

x~=

et

—2 - sin(2t) + 2icos(2t)) _
—cos(2t) — isin(2t)

ot (—2 . sin(2t)> +

—CoS

(2t)

, 2 cos(2t)
b Et( —sin(2t) )

Real part and imaginary part build the real solution vectors.

We get the general real solution by linear combination:

x1 () = 2e*(Cycos(2t) — C,sin(2t))
x,(t) = et (=Cysin(2t) — C,cos(2t))

2(t) = Clet<

2cos(2t)
—sin(2t)

) (20

These are the solutions to the system of differential equations:
5C1 = x1 + 4’ " xz

.7.C2 = —X1 +x2

D. Kriesell
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We check x; = x4 + 4 - x5:

Left side:
%, = 2e*(Cycos(2t) — Cysin(2t)) + 2et(—2C;sin(2t) — 2C,cos(2t)) =
2e'(Cycos(2t) — Cysin(2t) — 2Cysin(2t) — 2C,c0s(2t)) =
2e'(cos(2t)(Cy — 2C;) — 2sin(2t)(C, + 2Cy))
Right side:

x1 + 4 x, = 2e'(Cycos(2t) — Cysin(2t)) — 4e*(Cysin(2t) + Cycos(2t)) =
2e'(Cycos(2t) — Cysin(2t) — 2Cysin(2t) — 2C,c0s(2t)) =
2e'(cos(26)(C; — 2C,) — 2sin(2t)(C, + 2Cy))
We get a match.
We check %, = —x + x5:
Left side:
%, = et(—Cysin(2t) — Cycos(2t)) + et (—2C,cos(2t) + 2C,sin(2t)) =
et(—Cysin(2t) — Cycos(2t) — 2C;cos(2t) + 2C,sin(2t)) =
e(cos(2t)(—2C; — C,) + sin(2t)(—Cy + 2C,))
Right side:
—x; + x, = —2e%(Cycos(2t) — C,sin(2t)) + et (—Cysin(2t) — Cycos(2t)) =
et (—2C,cos(2t) + 2C,sin(2t) — Cysin(2t) — Cycos(2t)) =
e(cos(2t)(—2C, — Cy) + sin(2t)(—Cy + 2C3))

We get a match.
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List of numeric examples

Numeric example 1:
X+4x+4x=0

Numeric example 2:
5
0.5-5c'+1.5-5c+§x =0

Numeric example 3:

LOUU S S
2 X7y T T

Numeric example 4:
¥4+0-x+m?x=0
Numeric example 5:

R S U
YT XTI T

Numeric example 6:
X+x+3x=0
Numeric example 7:
y©® 46y 1 9y® =g
Numeric example 8:

We search the (simplest) homogeneous linear ode with constant coefficients having as one of its
solutions:

(5t + 7)e~t —9e?t
Numeric example 9:
We search a basis for the general solution:
y® +3y@ +9y® —13y =0
Numeric example 10:

We work with the roots —with multiplicity— of the characteristic polynomial of a certain
homogeneous constant coefficient linear equation:

3,4,4,4,5 + 2i,5 + 2i
Numeric example 11:
x(®)® —x@®® =0

Numeric example 12:
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We search the (simplest) homogeneous linear ode with constant coefficients having as one of its

solutions:

Numeric example 12a:

We search the complex number ¢ such that Re(ce'") = 3cos(wt) — sin(wt).

Numeric example 13:

Numeric example 14:

Numeric example 15:

Numeric example 16:

Numeric example 17:

Damping example

Numeric example 18:

Numeric example 19:

Numeric example 20:

Numeric example 21:

Numeric example 22:

Numeric example 23:

Numeric example 24:

(1 + 4t — t>)e %t + 4e~tcos(3t)

X+0:-x+4x=0

¥+mix=0

y(t) = 4te~?t + e~ Stsin(t)

¥i—tx=0
i+t?=0
+bhit+z=0

X 2—

2y+3y+5y=0
. /[
y—cos(t+E)

X +x = cos(t)
j+ 7y + 12y = —5e?
¥+ x = e?t

t

X+x=e"

¥+x=et—-3e%"
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Numeric example 25:

Numeric example 26 alternative access:

Numeric example 27:

Triple example 28:

Numeric example 29:

Numeric example 30:

Numeric example 31:

Numeric example 32:

Numeric example 33:

Numeric example 34:

Numeric example 35:

Numeric example 36:

Numeric example 37:

Numeric example 38:

Numeric example 39:

¥—4x =e %
¥—4x =e %
¥+ x=elt
a)x+kx=1

b)x + kx = et

)X +kx=4+7et

y® —10y@ +31y® —30y©@ =0

D3y =0

(D-53y=0

2k +x+x =1+ 2et

¥+8x+15x =e 5t

X3 _ @ — o2t

x(3) J— x(l) = e_t

@ _ @ —q

X + 4x = cos(2t)

X+ x + 2x = cos(2t)

i+ 2x = e tcos(3t — @)
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Numeric example 40:

Numeric example 41

y — v+ 2y = 10e~tsin(t)

3‘(1=3'x1+3'x2
X2=3'x1—5'x2

5 ()=

3 25)()

Numeric example 42

3&1=X1+4'xZ
X2=—x1+x2

. — X
32743 (.1)=
X2

(

5 D))
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