Ehrenfest

This short paper presents a translation of the article of P. Ehrenfest (from 1927).

In the appendix you find the original German text and two comments marked as (a) and (b).

Hope | can help you learning quantum mechanics.
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Ehrenfest

Remarks on the approximate validity of classical mechanics within quantum mechanics. By P.
Ehrenfest in Leiden, Holland. Received September 5, 1927

The following relationship can be derived from Schrédinger's equation using a short elementary
calculation without neglect:

m;—;fffdr-wlp*-x=Jﬂ.dr-‘l"l’*<—g—2)

For a small and remaining small wave packet (m of the order of 1 gram) the acceleration of its

. . v . , . ,
position coordinates matches the local force — P according to Newton's equation of motion.

It is desirable to be able to answer the following question as elementary as possible: What
perspective does Newton's basic equations of classical mechanics have from the view of quantum
mechanics?

A number of recent publications! have essentially clarified that and to what extent classical
mechanics remain correct for macroscopic processes to a high degree of approximation.

But it is permissible to briefly point out a particular elementary relation that follows exactly from
Schrddinger's equation without any neglect, perhaps it makes understanding the connection
between wave mechanics and classical mechanics a little easier.

It is sufficient to present the formulas for the case of a single degree of freedom, i.e. for the following
form of the Schrodinger equation:

h? 9%y ov
- - = ih— 1

5 3% +V(x)¥ = ih o (1)
he ot + V()Y = 'haqj* (1*)
2m 0x2 x - Jat

Then define:

f dx x Y¥* = Q(t) (2)
'hfw dx ¥ o _ P(t) 2 (3)
i o X I =

Now by using (1) and (2) calculate % and %.

Substitution and partial integration results immediately (and without neglect):

o 1
~__p
dt m (4)
d2Q dp _fd w*( av) 5
™oz "ar ) ox

! Louis de Broglie, Thése 1924; Journ. de phys. et le Rad. (6) 7, 1,32,1926; C. R. 180, 498, 1925; 183,272,1926. —
L. Brillouin, Journ. de phys. et le Rad. 7, 353,1926. — E Schrodinger, Naturwiss. 14, 664, 1926. — P. Debye, Phys.
ZS. 28,170, 1927. — W. Heisenberg, ZS. f. Phys. 43,172, 1927. — E. H. Kennard, ZS. f. Phys. 44, 326, 1927.

iEn
2 Expansion of ¥ according to the eigenfunctions ¥ = Y. c,e » t(pn(x) provides the relationship to the matrices

= en(FnFmt f dX " X Pn@m and ppy,

qnm
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Ehrenfest

Equation (5) obviously says: Every time the width of the (probability) wave packet WW* is quite small
(in relation to macroscopic distances), the acceleration (of the center of gravity Q) of the wave

. . o VY.
packet matches the “dominant force at the location of the wave packet (— E) in the sense of

Newton's equations.

Remarks: The gradual divergence of a wave packet has been discussed by Heisenberg, loc. cit. in
detail. His calculation for the force-free movement of a mass point in one-dimensional space can
perhaps be made a little more familiar with the help of an obvious connection to well-known
calculations about heat conduction. For V(x) = 0, the Schrédinger equation has the structure of the
heat conduction equation:

¥ EAY
Fr T ©
h
Clz = l% (7)

Substitute into the general solution (cf. e. g. Riemann-Weber, Bd. Il):

Wi t) = — j " ag e Gt w0, ) (8)
x,t) = e 4a?t ,
TN :
the following for the initial state:
& .

w(0,§) = Ce 27 M (9)

Then:
52
(P¥*) g = C? e @2 (10)

(with u being an arbitrary real constant), just like Heisenberg one finds the position and distribution
of the “wave packet”:

(x-nttey
YY* =c(t)-e Q2 (11)

with
h%t?
m2w?

0% =w*+ (12)
a displacement of the wave packet with the speed % and an increasing dissolution over time. A

doubling of the initial width (Q? = 4w?) occurs after the following time:

mw? <h _ 66X 10‘27>

3
h 21 (13)

T =43

Form=1g,0 = 1073 cm we get T = 102! sec; however, for= 1.7 X 1072* g,w = 108 cm we
getT = 10713 sec.
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Ehrenfest

Remark (a)

[ff dt - $W¥* - x is the expectation value of the position in R3, written as (x).

2
m%fff dt - YW¥* - x corresponds to m(x).

[ff dt - w¥* (— 3—Z) is the expectation value of the force, written as —(V’(x)) or maybe as (F(x)).

We interpret

mj—;mdf-w*-x=fffdf-w*(-g—Z)

m(x) = (V' (x))

as Newton’s equation:

First time derivative of {(x).

Second time derivative of (x).

We calculate:
d{x) i

y Ox
T E([ ,x]) + <E>

We calculate:

dipx) 1 op
d g([H,Px]) + (E)

The position operator {x) has no explicit time
dependency:

The momentum operator {p) has no explicit
time dependency:

Note: [H, x] is the commutator relation:

ox 0 dp, 0
<E> = <E> =
We get: We get:
d{x) i dip) i
?—E([H'XD F_EQH'p])

Note: [H, p] is the commutator relation:

We write the Hamiltonian:
2

H=2_1v
2m

We write the Hamiltonian:
2

H=21v
2m

We get the commutator:

pZ
[H,x] = K% + V(x)),x

1

= 5—[(pf +p5 +p2)x] =

- 2]

= ﬁ (Px[Dx x] + [P, X]Dx)
1. .

= % (_lhpx + (_lhpx))

_ih

= me

Note: Any function of x commutes with x.

Note: p, and p, commute with x.

We get the commutator:

pZ
<[H'px]) =/ (ﬁ + V(x)),px])

= (VE@.pd) =+ 00

B X Pal) = 555
Note: Any function of p commutes with p.
Note: py, p, and p, commute with p,.

We get:
dxy ig ih, 1
T E(_E@’C)) = n—1(Px)

We get:
d{p,) ol av 6V)

o - MR TG
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Ehrenfest

There is a difference in this derivation of Newton’s law and the classic Newton:

classic quantum
m(x) = —V'(x) m(x) = —(V'(x))

If the potential is quadratic, V (x)~x2, then V' (x)~x and (V'(x)) = V'(x).
In all other cases we have:
(V'(x)) = V'(x)
The bigger the uncertainty in x, the bigger the difference between (V' (x)) and V'{x).

Remark (b)

. d
We calculate Q = d—?:

 _4d food py —jwdxlw*d +foo W g +fm LA
dt de\J_ 7 C ) dt ) e T Y a7
fmdx Pyrq +foo (dlplp* lpdlp)d =
o dt ) e dt )T

Note: We use partial integration for the second integral.

foodxlw*d + j (dqu* dqj)d fm(dlpww lpdlp*)d =
w dt xex dt dt ) o \dt dt )T

[oe]

f —lPlde+xf —‘de+x ‘P—dx—f —‘de—f ‘P—dx—

Note: Weuse [* f-g'=—[" f' g
Jm D gy + fm W e fm W e foo W +foo W e =
o dt XEX) ae DT ac T e T ae T
fmdx“""*d = (%)
@ X =(x
We calculate P = 2Z.
dt
a_ . d mlpalp*d
at ~ ax
ih foo(dtp) W et [ w Ll gy =
M \ae ) e ) Y arex - )T
h foo(dtp) Al +f°°lp 0 & ey ) =
@) Tax ), T axar )T
h? %Y h? 9%y* .
N RO AN S rA R T
ih - . dx + ¥Y-— . dx | =
—» lh ax —o0 ax lh
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* h? 9%y ov* o h? 9 9%y 0
f ——— 4+ V)Y dx+f Yo———— Y- —(V(x)-¥Y)dx =
o m 0x X ox

2m 0x? 0 e  2m 0x 0x?
foo PO v w) 2 +fwlp Yy L e vy =
o\ 2m 0dx? x ax ¥ w 2m  0x3 ax x=
R LSS A UL S O ik AN (:L4CO NP ) o W
foo 2m 0x2 () 0x x f_oo 2m  0x3 0x &) 0x =
f‘” h? 62‘{'+V() w aw*d +f°° w h% 23w* 9V (x) WY)W atp*d B
» \ 2m 0x? x ax ¥ e  2m 0x3 dx X ox T
f°° h? 62‘P+ )@ ov* h% 33w*  9V(x) Wy alp*d B
o\ 2m dx? x 0 2m dx3 ox x ox T
j“’ h? 0%y an*+V() w ov* h? 33w*  9V(x) W)W aw*d B
e 2m 0x? Ox x 0 2m 0x3 dx ox T
f"" h? 9%y 6‘P*+ h? 33w*  9V(x) Wy =
w 2mox? odx 2m 0x3 dx -
R 14
f CLACO PR
o dx

Note: Integration by parts gives:
®  h?9%°Y 9¥* h? o3y~
[(Lry -
o 2mox? Ox 2m 0x3

h? [ (® 0%¥ o¥* © g3y
-l 5 dx_f_wlp. i

2m ox 0x

dx) =
h? * oY azw*d f°° w a3w*d B
2m o 0x  0x? x o axs )7

n foo‘l’ a3kp*d J.OO‘P aSLp*d =0
2m\J_. axs ¥ o axs )7

Conclusion:
aQ © dx W dx = (%)
ac  J_adt =W
dP_f°° oV (x) W W dx = (F)
dt ) ox x=

The change in momentum results from the expectation value of the force.
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Ehrenfest

455

Bemerkung i{iber die angeniherte Giiltigkeit der klassi-
gchen Mechanik innerhalb der Quantenmechanik.

Voa P. Ehrenfest in Leiden, Holland.

(Bingegangen am 5. September 1927.)

Aus der Schriédingerschen Gleichung ldfit sich durch eine kurze elementare
Rechnung ohne Vernachlissigung die Beziehung

M % Ejg drvr . FT% 5 — 5[} dr. = (-— %g—)

ableiten, die fiir ein kleines und klein bleibendes Wellenpaket (w von der Ordnung 1 g)
besagt, daB die Beschleunigung seiner Lagekoordinaten im Sinne der Newtonschen
oV

Bewegungsgleichungen zur trtlichen Eraft — v palt.

Es ist wiinschenswert, die folgende Frage miglichst elementar be-
antworten zu konnen: Welcher Riickblick ergibt sich vom Stand-
punkt der Quantenmechanik auf die Newtonschen Grundglei-
chungen der klassischen Mechanik? Durch eine ganze Reihe
nenerer Publikationen ist im wesentlichen villig aufgeklirt, daf und in-
wieweit die klassische Mechanik fiir makroskopische Vorgiinge in hoher
Naherung richtig bleibt!.  Aber es sei erlaubt, kurz aof eine besonders
elementare Relation hinzuweisen, die ohne jede Vernachlissigung exakt
aus der Schriodingerschen (eichung folgt, weil sie den Zusammenhang
zwischen Wellenmechanik und klassischer Mechanik vielleicht doch noch
etwas bequemer iiberblickbar macht.

Es geniigt, die Formeln fiir den Fall eines einzigen Freiheitsgrades,
also fiir die folgende Form der Schridingergleichung

ht PP L, 0T
Tam gor TV OF =0k m

ok L, O
~om g TV @FT =~ (1)

! Lounis de Broglie, Thése 1924; Journ. de phys. et le Rad. (6) 7, 1, 32,
1926; C. R. 180, 498, 1925; 183, 272, 1926. — L. Brillonin, Journ. de phys.
et le Rad. ¥, 353, 1926, — E. Schriodinger, Natorwiss. 14, 664, 1926. —
P. Debye, Phys. Z8. 28, 170, 1927. — W. Heisenberg, ZS. {. Phys. 48, 172,
1927. — E. H. Kennard, Z8. f Phys. 44, 326, 1927.
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456 P. Ehrenfest,

darzustellen. — Nenne dann

+ oo -
faecwws = @, @)

+ a0
ih[dw!{"ggzl’(ﬁ‘ 3)

—_—

und berechne f—%} und dd—f unter Benutzung von (1) und (2). Durch

Einsetzen und partielle Integrationen ergibt sich sofort (und ohne Ver-
nachlissigungen):

dg 1
E’E‘——mPr (4)
#Q  ar L 0T

Gleichung (5) besagt aber offenbar: Jedesmal, wenn die Breite des (Wahr
scheinlichkeits-) Wellenpaketes ¥ @# (im Verhiltpis zu makroskopischen
Distanzen) ziemlich klein ist, paBt die Beschleunigung (des Schwer-
punktes @) des Wellenpaketes im Sinne der Newtonschen Glei-
chungen zu der ,am Orte des Wellenpaketes herrschenden®

Kraft (— %—D

Bemerkungen: Das allmihliche Auseinanderfliefen eines Wellen-
paketes ist durch Heisenberg, 1 c., ausfiihrlich diskutiert worden.
Seine Rechnung fiir das Beispiel der kraftfreien Bewegung eines materiellen
Punktes im eindimensionalen Raume kann sich mit Hilfe einer naheliegen-
den Beziehung zu bekannten Rechnungen liber Wiarmeleitung vielleicht
noch etwas vertrauter machen: Die Schrédingergleichung hat fiir V (z) =0
die Struktur der Warmeleitungsgleichung :

adt —  0a
mit '
h
2 ; .
a? — i— - 7
P (7)
iy,
! Entwicklung von ¥ nach den Eigenfunktionen: ¥ — Z'¢ e k P (x)
i
. - —E, )i :
liefert die Beziehung zu den Matrizen g, — eft P Eom) __Jdm:rgpn P, und po
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Bemerkung iiber die angendherte Giiltigkeit der klassischen Mechanik usw., 157

Setze in ihre allgemeine Losung (siehe z. B. Riemann-Weber, Bd. II)

.T a2
Tz, 1) = satt g (0, &) (8)
‘2(:Vazt
fiir den Beginnzustand ein:
—i IS
(0, §) = Ce 2 9)
also
t-..
(PP, = C.e @ (10

(w eine willkiirliche reelle Konstante), so findet man ganz wie hei
Heisenberg fiir die spatere Lage und Verteilung des , Wellenpaketes:

(% — a’i.,u_ﬂz
Pyr — ). (11)
WO
[
QF = o ‘ i2
o m? ? (i2)

also eine Verschiebung des Wellenpaketes mit der Geschwindigkeit 7 u/m
und ein mit der Zeit zunehmendes Zerfliefen. Iine Verdopplung der
anfinglichen Breite (d. h. % = 4 @?%) tritt also nach der Zeit

W @ 6,6. 1027 _
T —1V3 (}a — —2“:?—) (13)
ein.  Fir m — 1g @ =—= 107"%em ist 7' — 10?! sec; hingegen fiir

m = 1,7.107% g und @ =— 10~ %cm 1st 1" == 10~ sec!
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