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This paper deals with expressions like: 

𝑒𝑖
1
2

𝜑𝜎3𝜎1𝑒−𝑖
1
2

𝜑𝜎3  

Note: 𝜎𝑖 are the Pauli matrices. 

The solution can be expressed either with trigonometric functions or exponentials. 

We will work through this problem with exponential and trigonometric approach. A third and a 

fourth approach are shown in the end. 

More information you find at 

https://www.math.utah.edu/~gustafso/2250matrixexponential.pdf 

 

Hope I can help you with learning quantum mechanics. 

  

https://www.math.utah.edu/~gustafso/2250matrixexponential.pdf


Exponential Spin Operator 

D. Kriesell  page 2 of 5 

Prerequisite 

The following trigonometric identities hold: 

cos(𝜑) = cos(−𝜑) 

 
 

𝑠𝑖𝑛(−𝜑) = − sin(𝜑) 

 
 

𝑐𝑜𝑠2 (
𝜑

2
) − 𝑠𝑖𝑛2 (

𝜑

2
) = 𝑐𝑜𝑠(𝜑) 

 
 

sin (
𝜑

2
) cos (

𝜑

2
) =

1

2
𝑠𝑖𝑛(𝜑) 

 
 

Note: blue functions shifted upwards. 

The Pauli-matrices: 

 𝜎1 = (
0 1
1 0

) , 𝜎2 = (
0 −𝑖
𝑖 0

) , 𝜎3 = (
1 0
0 −1

) 

Note: The identity matrix could be regarded as a Pauli matrix: 𝜎0 = (
1 0
0 1

) 

Note: Pauli-matrices are Hermitian. 

For Pauli-matrices holds: 

𝜎1
2 = 𝜎2

2 = 𝜎3
2 = 𝑖𝑑 

Note: 𝑖𝑑 is the identity matrix  

𝜎𝑖𝜎𝑗 = −𝜎𝑗𝜎𝑖 𝑓𝑜𝑟 𝑖 ≠ 𝑗 

[𝜎𝑖, 𝜎𝑗] = 2𝑖𝜖𝑖𝑗𝑘𝜎𝑘 

𝜎𝑖𝜎𝑗 = 𝛿𝑖𝑗𝑖𝑑 + 𝑖𝜖𝑖𝑗𝑘𝜎𝑘 

𝜖𝑖𝑗𝑘 is the Levi-Civita symbol that controls the ∓-sign: 

𝜖𝑖𝑗𝑘 = {

+1 𝑖𝑓 𝑖𝑗𝑘 𝑖𝑠 𝑎𝑛 𝑒𝑣𝑒𝑛 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 123
−1   𝑖𝑓 𝑖𝑗𝑘 𝑖𝑠 𝑎𝑛 𝑜𝑑𝑑 𝑝𝑒𝑟𝑚𝑢𝑡𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 123
0                   𝑖𝑓 𝑡𝑤𝑜 𝑖𝑛𝑑𝑖𝑐𝑒𝑠 𝑎𝑟𝑒 𝑡ℎ𝑒 𝑠𝑎𝑚𝑒

 

Note: Even permutations of {123} are {123}, {231}, {312}. Odd permutations are {132}, {321}, {213} 

For a quadratic matrix 𝐴 holds: 

𝑑

𝑑𝜑
𝑒𝐴𝜑 = 𝐴 ∙ 𝑒𝐴𝜑 

End prerequisite 
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We treat the expression 𝑒𝑖
1

2
𝜑𝜎3𝜎1𝑒−𝑖

1

2
𝜑𝜎3 as function of 𝜑: 

𝑓(𝜑) = 𝑒𝑖
1
2

𝜑𝜎3𝜎1𝑒−𝑖
1
2

𝜑𝜎3 

Note: 𝑓(0) = 𝜎1 

We derivate the function twice to get a differential equation. 

First derivative: 

𝑑

𝑑𝜑
𝑓(𝜑) = 𝑒𝑖

1
2

𝜑𝜎3 (𝑖
1

2
𝜎3) 𝜎1𝑒−𝑖

1
2

𝜑𝜎3 + 𝑒𝑖
1
2

𝜑𝜎3𝜎1𝑒−𝑖
1
2

𝜑𝜎3 (−𝑖
1

2
𝜎3) = 

𝑖

2
𝑒𝑖

1
2

𝜑𝜎3𝜎3𝜎1𝑒−𝑖
1
2

𝜑𝜎3 −
𝑖

2
𝑒𝑖

1
2

𝜑𝜎3𝜎1𝜎3𝑒−𝑖
1
2

𝜑𝜎3 = 

𝑖

2
𝑒𝑖

1
2

𝜑𝜎3𝑖𝜎2𝑒−𝑖
1
2

𝜑𝜎3 −
𝑖

2
𝑒𝑖

1
2

𝜑𝜎3(−𝑖𝜎2)𝑒−𝑖
1
2

𝜑𝜎3 = 

𝑖

2
(𝑒𝑖

1
2

𝜑𝜎3𝑖𝜎2𝑒−𝑖
1
2

𝜑𝜎3 + 𝑒𝑖
1
2

𝜑𝜎3𝑖𝜎2𝑒−𝑖
1
2

𝜑𝜎3) = 

−𝑒𝑖
1
2

𝜑𝜎3𝜎2𝑒−𝑖
1
2

𝜑𝜎3 

Note: 𝑓′(0) = −𝜎2 

Second derivative: 

𝑑2

𝑑𝜑2
𝑓(𝜑) =

𝑑

𝑑𝜑
(

𝑑

𝑑𝜑
𝑓(𝜑)) = −𝑒𝑖

1
2

𝜑𝜎3 (𝑖
1

2
𝜎3) 𝜎2𝑒−𝑖

1
2

𝜑𝜎3 − 𝑒𝑖
1
2

𝜑𝜎3𝜎2𝑒−𝑖
1
2

𝜑𝜎3 (−𝑖
1

2
𝜎3) = 

−
𝑖

2
𝑒𝑖

1
2

𝜑𝜎3𝜎3𝜎2𝑒−𝑖
1
2

𝜑𝜎3 +
𝑖

2
𝑒𝑖

1
2

𝜑𝜎3𝜎2𝜎3𝑒−𝑖
1
2

𝜑𝜎3 = 

𝑖

2
𝑒𝑖

1
2

𝜑𝜎3𝑖𝜎1𝑒−𝑖
1
2

𝜑𝜎3 +
𝑖

2
𝑒𝑖

1
2

𝜑𝜎3𝑖𝜎1𝑒−𝑖
1
2

𝜑𝜎3 = 

−
1

2
𝑒𝑖

1
2

𝜑𝜎3𝜎1𝑒−𝑖
1
2

𝜑𝜎3 −
1

2
𝑒𝑖

1
2

𝜑𝜎3𝜎1𝑒−𝑖
1
2

𝜑𝜎3 = 

−𝑒𝑖
1
2

𝜑𝜎3𝑖𝜎1𝑒−𝑖
1
2

𝜑𝜎3 

Note: 𝑓′′(0) = −𝜎1 

This resembles the derivation chain of sin and cos. 

We get the differential equation: 

𝑓′′(𝜑) = −𝑓(𝜑) 
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Solution with exponential functions Solution with trigonometric functions 

𝑓(𝜑) = 𝐴𝑒𝑖𝜑 + 𝐵𝑒−𝑖𝜑 
𝑓′(𝜑) = 𝑖𝐴𝑒𝑖𝜑 − 𝑖𝐵𝑒−𝑖𝜑 
𝑓′′(𝜑) = −𝐴𝑒𝑖𝜑 − 𝐵𝑒−𝑖𝜑 

 

𝑓(𝜑) = 𝒜𝑠𝑖𝑛(𝜑) + ℬ𝑐𝑜𝑠(𝜑) 
𝑓′(𝜑) = 𝒜𝑐𝑜𝑠(𝜑) − ℬ𝑠𝑖𝑛(𝜑) 

𝑓′′(𝜑) = −𝒜𝑠𝑖𝑛(𝜑) − ℬ𝑐𝑜𝑠(𝜑) 

We use: 
𝑓(0) = 𝜎1 

𝜎1 = 𝐴𝑒𝑖0 + 𝐵𝑒−𝑖0 
𝜎1 = 𝐴 + 𝐵 

 
𝑓′(0) = −𝜎2 
𝜎2 = 𝑖𝐵 − 𝑖𝐴 

 
We get for 𝐴 and 𝐵: 

𝐴 = 𝜎1 − 𝐵 

𝐵 =
𝜎2 + 𝑖𝐴

𝑖
=

𝜎2 + 𝑖(𝜎1 − 𝐵)

𝑖
 

𝐵 =
𝜎2

𝑖
+ 𝜎1 − 𝐵 

𝐵 =
𝜎2

2𝑖
+

𝜎1

2
 

 

𝐴 = 𝜎1 −
𝜎2

2𝑖
−

𝜎1

2
=

𝜎1

2
−

𝜎2

2𝑖
 

 

We use: 
𝑓(0) = 𝜎1 → 

𝜎1 = ℬ 
 

𝑓′(0) = −𝜎2 → 
−𝜎2 = 𝒜 

 

Solution: 

𝑓(𝜑) = (
𝜎1

2
−

𝜎2

2𝑖
) 𝑒𝑖𝜑 + (

𝜎2

2𝑖
+

𝜎1

2
) 𝑒−𝑖𝜑 

Solution: 
𝑓(𝜑) = 𝜎1𝑐𝑜𝑠(𝜑) − 𝜎2𝑠𝑖𝑛(𝜑) 

 

 

We check whether the solutions are different and rewrite the exponential solution in the cartesian 

representation. For simplicity we use: 

𝑎 ≔ (
𝜎1

2
−

𝜎2

2𝑖
) 

𝑏 ≔ (
𝜎2

2𝑖
+

𝜎1

2
) 

𝑓(𝜑) = 𝑎𝑒𝑖𝜑 + 𝑏𝑒−𝑖𝜑 = 

𝑎 ∙ 𝑐𝑜𝑠(𝜑) + 𝑖 ∙ 𝑎 ∙ 𝑠𝑖𝑛(𝜑) + 𝑏 ∙ 𝑐𝑜𝑠(𝜑) − 𝑖 ∙ 𝑏 ∙ 𝑠𝑖𝑛(𝜑) = 

(𝑎 + 𝑏)𝑐𝑜𝑠(𝜑) + 𝑖(𝑎 − 𝑏)𝑠𝑖𝑛(𝜑) =; 

We replace 𝑎 and 𝑏 by their originals: 

(
𝜎1

2
−

𝜎2

2𝑖
+

𝜎2

2𝑖
+

𝜎1

2
) 𝑐𝑜𝑠(𝜑) + 𝑖 (

𝜎1

2
−

𝜎2

2𝑖
−

𝜎2

2𝑖
−

𝜎1

2
) 𝑠𝑖𝑛(𝜑) = 

𝜎1𝑐𝑜𝑠(𝜑) − 𝜎2𝑠𝑖𝑛(𝜑) 

The Ansatz with exponential functions gives the same result – the trigonometric way is faster in this 

case. 
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Third approach: For involutory matrices 𝑃 like the Pauli matrices holds: 

𝑒𝑖𝑃𝜑 = 𝑐𝑜𝑠(𝜑) ∙ 𝑖𝑑 + 𝑖 ∙ 𝑃 ∙ 𝑠𝑖𝑛(𝜑) 

Note: an involutory matrix is its own inverse. 

Note: 𝑖𝑑 is the identity matrix. 

With this we can work through our problem: 

𝑒𝑖
1
2

𝜑𝜎3𝜎1𝑒−𝑖
1
2

𝜑𝜎3 → (𝑐𝑜𝑠 (
𝜑

2
) ∙ 𝑖𝑑 + 𝑖 ∙ 𝜎3 ∙ 𝑠𝑖𝑛 (

𝜑

2
)) 𝜎1 (𝑐𝑜𝑠 (

𝜑

2
) ∙ 𝑖𝑑 − 𝑖 ∙ 𝜎3 ∙ 𝑠𝑖𝑛 (

𝜑

2
)) 

After some lengthy calculation and use of the trigonometric identities of the prerequisite we will 

arrive at the known result: 

𝑒𝑖
1
2

𝜑𝜎3𝜎1𝑒−𝑖
1
2

𝜑𝜎3 = 𝜎1𝑐𝑜𝑠(𝜑) − 𝜎2𝑠𝑖𝑛(𝜑) 

 

Fourth approach: For diagonal matrices holds: 

𝑒
(

𝑎 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑛

)

= (
𝑒𝑎 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 𝑒𝑛

) 

𝜎3 is a diagonal matrix: 

𝜎3 = (
1 0
0 −1

) 

In this case we get: 

𝑒𝑖
1
2

𝜑𝜎3𝜎1𝑒−𝑖
1
2

𝜑𝜎3 = 

𝑒
𝑖
1
2

𝜑(
1 0
0 −1

)
(

0 1
1 0

) 𝑒
−𝑖

1
2

𝜑(
1 0
0 −1

)
= 

(𝑒𝑖
1
2

𝜑 0

0 𝑒−𝑖
1
2

𝜑
) (

0 1
1 0

) (𝑒−𝑖
1
2

𝜑 0

0 𝑒𝑖
1
2

𝜑
) = 

… = 

( 0 𝑒𝑖𝜑

𝑒−𝑖𝜑 0
) = 

(
0 𝑐𝑜𝑠(𝜑) + 𝑖 ∙ 𝑠𝑖𝑛(𝜑)

𝑐𝑜𝑠(𝜑) − 𝑖 ∙ 𝑠𝑖𝑛(𝜑) 0
) = 

(
0 𝑐𝑜𝑠(𝜑)

𝑐𝑜𝑠(𝜑) 0
) + (

0 𝑖 ∙ 𝑠𝑖𝑛(𝜑)

−𝑖 ∙ 𝑠𝑖𝑛(𝜑) 0
) = 

𝑐𝑜𝑠(𝜑) (
0 1
1 0

) − 𝑠𝑖𝑛(𝜑) (
0 −𝑖
𝑖 0

) = 

𝑐𝑜𝑠(𝜑)𝜎1 − 𝑠𝑖𝑛(𝜑)𝜎2 

 


