Exponential Spin Operator

This paper deals with expressions like:
1 1
elz(pUSO-le lz(pJS
Note: g; are the Pauli matrices.

The solution can be expressed either with trigonometric functions or exponentials.

We will work through this problem with exponential and trigonometric approach. A third and a
fourth approach are shown in the end.

More information you find at

https://www.math.utah.edu/~gustafso/2250matrixexponential.pdf

Hope | can help you with learning quantum mechanics.
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Exponential Spin Operator

Prerequisite

The following trigonometric identities hold:

cos(¢) = cos(—¢) sin(—¢) == sin(¢)
73 T e " SRR
cos? (E) — sin? (E) = cos(¢p) sin (—) cos (g) = Esin(q))

Note: blue functions shifted upwards.

The Pauli-matrices:
n=(] o)=( G)o=(, )

Note: The identity matrix could be regarded as a Pauli matrix: oy = ((1) 2)

Note: Pauli-matrices are Hermitian.
For Pauli-matrices holds:
o2=0?=02=id
Note: id is the identity matrix
0i0; = —0jo; fori # |
[ol-,aj] = 2i€;j 0
0;0; = 6;jid + i€;ji0x
€ijk is the Levi-Civita symbol that controls the +-sign:

+1if ijk is an even permutation of 123
€ijk =1—1 if ijk is an odd permutation of 123
0 if two indices are the same
Note: Even permutations of {123} are {123},{231}, {312}. Odd permutations are {132}, {321},{213}
For a quadratic matrix A holds:

d
— 49 = A . e4®

End prerequisite
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Exponential Spin Operator

We treat the expression ei%q’% ale_i%“’m3 as function of ¢:
1 1
f(@) = 2% 6”297
Note: f(0) = 0y
We derivate the function twice to get a differential equation.

First derivative:

d i1 o 1 —il o L'l o —L'l o 1
—f(p) =e2? 3(i—a3>ale 2993 4 0129% 5,67 2% 3(—1’—03):
do 2 2

L il o —il o L L'l o —L'l o

—e'2%% 050,729 —Ee 2995, 0527129 =

i ila —ila i ila —ila
—e 2(p Slo-ze 2(p 3 _Ee 2('0 3(_’.0-2)6 2('0 3 —

L i1 o: —il o: i1 o: —i1 o
E( 2(,0 3lo-ze 2(,0 3 +e z(p 3lo-2e z(p 3) —

.1 1
—e!2%%: 5,129
Note: f'(0) = —o,

Second derivative:

d>? d(d 1 1 i1 1 il 1
G2 @ = G| G @) | =~ (i505) ™29 = e'2#720,729% (~i20 ) =

i itoo —itpo i itpo ~iXpo
—=e'2%%0g30,e"'2%%3 +5e 29%0,0,e 71297 =
L il(l’as' —il(l’as L il<pa3- —il<pa3 —
Ee 277 1oe 2 +Ze 21016 2 =

1 1 L 1 1 _id
_Eelzcoasale i5¢03 —Ee‘Z‘anle i5p03 _

1 1
—e'29%ig e 2973
Note: f"'(0) = —oy

This resembles the derivation chain of sin and cos.

We get the differential equation:
(@) =—f(9)
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Exponential Spin Operator

Solution with exponential functions Solution with trigonometric functions
f(@) = Ae'® + Be™™? f (@) = Asin(p) + Bcos(¢)
f'(p) = iAe'? —iBe™"¢ f'(¢) = Acos(p) — Bsin(¢)
f'"(p) = —Ae'? —Be™ f" (@) = —Asin(p) — Bcos(p)
We use: We use:
f(0)=01 . f(0) =0y -
o, = Ae'® + Be™¥ o, =B
0-1 = A + B
f'(0)=-0, >
f'(0) = -0, =0y =A
0, =iB —iA
We get for A and B:
A = 0-1 — B
B_02+iA_02+i(01—B)
i i
03
B - . + 0-1 - B
i
() 01
B=—+4+—
2i 2
0, 01 01 Oy
A= ————=——=—=
NTu 272w
Solution: Solution:
— (292 i 4 (224 01 o-ip f (@) = o1cos(p) — a3sin(¢)
f@1=(3-7)e"+(Git7)e

We check whether the solutions are different and rewrite the exponential solution in the cartesian
representation. For simplicity we use:

2 2i
b=(5+3)

f(p) = ae'® + be % =
a-cos(p)+i-a-sin(p)+b-cos(p)—i-b-sin(p) =
(a+ b)cos(p) +i(a — b)sin(e) =;
We replace a and b by their originals:

(2_2 %2

0-1 . 0-1 0-2 0-2 0-1 . _
TR + > ) cos(p) + l( ; : )sm(tp) =
oicos(p) — a,sin(p)

The Ansatz with exponential functions gives the same result — the trigonometric way is faster in this
case.
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Exponential Spin Operator

Third approach: For involutory matrices P like the Pauli matrices holds:
eP? = cos(p)-id +i- P - sin(¢p)

Note: an involutory matrix is its own inverse.

Note: id is the identity matrix.

With this we can work through our problem:

oo (@) 51050 (D) (0 (D)4 12002

After some lengthy calculation and use of the trigonometric identities of the prerequisite we will
arrive at the known result:

.1 .1
e'2%%g,e72%% = g,cos(p) — 0,5in(@)

Fourth approach: For diagonal matrices holds:

03 is a diagonal matrix:

In this case we get:

oQ
-
N[ =
~
&R
=)
N
N—
—
o
O =
__
o
|
o
N[ =
S
~
&R
=)
o
N—r
Il

1 1
e'2? 0 (O 1) e 2% 0 \_
_il 1 0 Lo
0 e 2% 0 e'z?

( 0 cos(p) +1i- sin(go)) _
cos(@) — i - sin(p) 0 N

(coso(q)) COSO((p)) + (—i : s(zn(qo) i .Si(;l((p))

coso) (7 o) =sm@ (Y )=

cos(@)ay — sin(@)o,
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