Fourier Transform Introduction

This paper introduces basic ideas of the Fourier transform. It follows:

https://math.stackexchange.com/questions/1002/fourier-transform-for-dummies

https://studyflix.de/mathematik/fourier-transformation-1471 (in German)

https://www.ocean.washington.edu/courses/ess522/lectures/02 fouriertransform.pdf

https://www.allaboutcircuits.com/technical-articles/an-introduction-to-the-discrete-fourier-

transform/

Hope | can help you with learning Quantum mechanics.
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Fourier Transform Introduction

General

The Fourier transform constructs (replaces)a periodic function f(t) with period T by help of sin and

cos functions:

f) = Z(Ak -cos(wy " t) + By, - sin(wy, - t)) ,ke€{0,1,2,..}

k=0

Ay, By, are amplitudes, intensities.

wy, are frequencies:

We distinguish between periodic functions:

21
Wy = Tk'k €{0,1,2,...}

odd

even

Even or odd functions are easier to transform.

neither nor

We want to calculate the amplitudes belonging to different numbers k.

We multiply f(t) by cos(w, - t):

f(t)-cos(wyr - t) = Z(Ak s cos(wy " t) + By * sin(wy, - t)) ~cos(wyr - t),k€{0,1,2,...}

k=0

We integrate:

T T o
fZTf(t) cos(wyr - t)dt = fZTZ(Ak scos(wy " t) + By * sin(wy, - t)) cos(wyr - t) dt
2 "2 k=0

We use orthogonality relations for sin and cos:

T

2
chos(a)k “t) - cos(wy - t)dt

0 for

k+k'

T
EforO;tk:k’
T forO0=k=k'

g 0 for k#k',k=0o0rk’'=0
I . . Q7 I = T
f_zsm(a)k t) - sin(wyr - t)dt {E for 0%k =k
T
)
chos(a)k “t) - sin(w - t)dt =10
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Fourier Transform Introduction

Using the orthogonality relations, we see:

I

T T oo
2 2

fo(t) - cos(wyr - t)dt = fT Ay - cos(wy * t) - cos(wy * t) + By * Siilidputd=etSTO, - t) dt
2 T2 KfF0

The sum vanishes because there is exactly one term that is not zero depending on k'.

The products of sin and cos are zero altogether.

We get:
T T
2 2
fo(t) - cos(wyr - t)dt = fTAk -cos(wy - t) - cos(wy - t)dt
-z _r
Result:
k=k'#0 k=k'=0
T T
2 T 2
fo(t) -cos(wy - t)dt = Ay, 'S fo(t) ccos(wy " t)dt = Ay T
2 2

We get the amplitudes:

2 (2 1 (z
Ay :?-f_zf(t)-cos(wk-t)dt Ay :?-.f_lf(t)dt

Note: k = k'
The same way we calculate By, using sin(wy - t).

We multiply f(t) with sin(w - t):

f(@) - sin(wyr - t) = Z(Ak s cos(wy " t) + By * sin(wy, - t)) sin(wy - t), k €{0,1,2,...}
k=0

We integrate:
T T
2

J?Tf(t) sin(wyr - t)dt = f Z(Ak scos(wy * t) + By * sin(wy, * t)) sin(wyr - t) dt
2 2 k=0

T
2k

We use orthogonality relations:

T ;)1 for k#k'
2
JTcos(a)k “t) - cos(wy - t)dt = 5 for0+k=k'
2 T forO=k=k'
g 0 for k#+k',k=00ork’'=0
] . . Q7 I = T
f_zsm(wk t) - sin(wy - t)dt {E for 0%k =k
T
2
chos(a)k “t) - sin(wy - t)dt = 0
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Fourier Transform Introduction

Using the orthogonality relations, we see:

o]

T T
2 2 —

fo(t) - sin(wyr - t)dt = fT A loSlismmty=STI W)/ - t) + By, - sin(wy, - t) - sinwy - t) dt
2 2

0

The sum vanishes because there is exactly one term that is not zero depending on k = k'.

The products of sin and cos are zero altogether.

We get:
T T
2 2
fo(t) - sin(wy - t)dt = fTBk -sin(wy - t) - sin(wyr - t)dt
-z _r
Result:
k=k'#0 k=k'=0
T
2 _ T
ij(t)-sm(wk-t)dtsz-E 0
2

We get the amplitudes:

ol
o

I

o

2 (2
By, =?-ij(t)-sin(wk-t)dt
2

Example 1: The triangle function
The even triangle function with period T = 2 and amplitude g

b

Y

¥>

Note: The amplitude is half of the total swing of the function.

We use the definition:

This is an even function.
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Fourier Transform Introduction

We need calculate A;, only, because the product of an even and an odd function gives an odd
function.

We use the triangle function with T = 2 to calculate A:

_(5-(A+t)for=1<t=<0
f(t)_{S-(l—t) foro<t<1

We calculate A:

2 1 0 1
Ay :Ef f(t) - cos(wy - t)dt = f 5-(1+t)-cos(wk-t)dt+f 5:-(1—1t)-cos(wy-t)dt =
-1 -1 0

0 0 1 1
5f cos(wy - t)dt + 5] t-cos(wy - t)dt + 5f cos(wy - t)dt — 5f t-cos(wy - t)dt =
-1 -1 0 0

0 1

t-cos(wy - t)dt — 5[ t-cos(wy - t)dt
0

1
5] cos(wy - t)dt + 5f

-1 -1
We calculate part two:

0 1
5f t-cos(wy - t)dt — 5[ t-cos(wy - t)dt
-1 0

We take a look at Wikipedia: https://en.wikipedia.org/wiki/List of integrals of trigonometric functions
1 1 _
x-cos(a-x)dx =;-cos(a-x) +E-x-sm(a-x)
We apply, omitting the factor 5:

0 1 1 0
f t-cos(wy - t)dt = [—2 cos(wy - t) +—-t-sin(wy - t)] =
-1 Wi Wy -1

1 1 ) 1 1 .
(—2- cos(0)+—-0- sm(O)) — <—2 ~cos(—wy) ——- sm(—wk)> =
Wy Wy Wk Wi

1 1 1
PRI cos(—wy) + or - sin(—wy)
We note that cos(x) = cos(—x) and sin(—x) = —sin(x)
We get:
1 1

— ———c0s(wg) —— " sin(w
wkz wkz ( k) Wk ( k)

1 1 1 1
f t-cos(wy - t)dt = [— - cos(wg " t) + —-t sin(wy " )| =
0 Wy Wy 0

1 1
w—kz- cos(wy) + w—k -sin(wg) — w_kz
We build the difference:

1 1 1 1 1
- . . . - . qj 4+ — =
0 w2 cos(wy) o sin(wy) 02 cos(wy) o sin(wy) e
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Fourier Transform Introduction

2 () = = sin(wr) = — (1 — cos(ay)) - — sin(wr)
i cos(wy, o sin(wy, =0 cos(wy, o sin(wy

We multiply the factor 5 and get the result for part two:

0 1
10 10
Sf t-cos(wy - t)dt — 5[ t-cos(wy - t)dt = —2(1 — cos(wk)) — —-sin(wy)
-1 0 Wy Wy

We calculate part one:

1 1 ! 1 1
5f cos(wy -t)dt =5 [— - sin(wy, - t)] =5-—- sin(wg) —5-—-sin(—wy) =
-1 (l)k -1 wk wk

1 1
5-—-sin(wy) +5-— - sin(wy) = — sin(wy)
Wy Wy [O)%

We build the sum of part one and part two:

1 0 1
5f cos(wy - t)dt + 5] t-cos(wy - t)dt — 5f t-cos(wy - t)dt =
-1 -1 0

10 (1 - cos(@r)) ~ =2 sin(a) + -2+ sina) =~ (1 - cos(wy)
wkz COS(Wyg wk Sin (,Uk wk Sin(wg —wkz coSs (L)k

We get Ay:

10
A = a)_k2(1 — cos(a)k))

We expand wy and use T = 2:
w, =1k, k €{0,1,2,...}

We get:

10
Ay = W (1 — COS(ﬂ.’k))
Fork = {2,4,6,..} weget A, =0

Fork = 1,3,5,...we get A, = % because the cos for these numbers is —1.

We need Ay—o:

1

1 1 1
Ar—o =E-f_1f(t)-cos(O-t)dt=§-f_1f(t)-dt

We use our function f(t):

L (5-(148) for—1<t<0
f(t)_{S-(l—t) foro<t<1

1 1 5 0 1
= dt=2-(| 1+0d 1-t)dt ) =
Zf_lfo:) ' 2([_1(+t)t+j;( t)t)

We calculate:
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Fourier Transform Introduction

5 £21° 2"
—_— t N t__
2 [+2_1+[ 2

We get Ap—o:

We remember:

oo

)20 (103

+1-=

2

f) = Z(Ak - cos(wy - t) + By - sin(wy, - t)) ,ke€{0,1,2,..}

k=0

We harvest the results:

f(t)=A4,+ Z Ay - cos(wy - t), k€{1,2,..}
k=1

5
f(t)=§

N Ul

+

=||N
o

?'TMS TTMg

20
4 (k)?

~cos(mk -t),k € {1,3,5, ...

1
k_ cos(mk -t),k €{1,3,5,..} =

}=

5 20 1 1
§+F-(cos(n-t)+§-cos(3n-t)+£-cos(5n-t)+---)
The individual functions k = 0,1,2,3:
y Y
6 61
5 5l
4 41
3 3t
2
| VAARNA AN
SRR R VA VR VAVEVEVA
" i
Y Y
6 &
5 5
. o
3 31
2 24
1 N
AA4A¥A2AYA%VAY ?VYV?VB’\/G\,{ T ST RS RS gx
1 N
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Fourier Transform Introduction

The compared with the original function:

By help of the Fourier series we can display the function in another format. Instead x(t) we can
display it by using x(wy)

Necessary for this is that the amplitudes of the individual oscillations build a converging or Cauchy
series.

We plot the spectra (not to scale ...):

b A(w)

Note: For a complete description we need the phase spectrum too. Both together contain the
complete information of the oscillation. For more information you may look at
https://www.sciencedirect.com/topics/engineering/phase-spectrum
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Example 2: An odd function
We use:

fO=t3-3-¢

Zeros:
fO=0->t=0,t=+V3

Slope at zeros:
f'(=V3) =6 = f'(¥3)

The function has period T = 2 - /3 and amplitude 2.

IS
y

3..
2..

5 -4V-1 \1/2 BU e
.1..
,2..

o

Note: The amplitude is half of the total swing of the function.
We need calculate Bj, only because the function is odd.

We use:

We calculate By:

T
2 (z _
By, =?-f_zf(t)-sm(wk-t)dt—>
2

1 V3
Bk:_'f (t3—3-t)-sin<lk-t>dt=
V3 )y V3

1 (V3 3 (V3
Bk=—-f t3-sin(lk-t)dt——-f t-sin(lk-t)dt
V3 )3 V3 V3 )3 V3

From Wikipedia we get (by replacing x with t and a with wy,:

f t.Sin<£k.t)dt=sin(%k-t>_t-cos(%k-t)+c
V3 (%kz %k
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Fourier Transform Introduction

f t3 -sin(%k - t)dt

| (nk t)+3 ‘ (nk t+n)+6 ‘
=—| —=—- cos|—=k- . cos|— .
a0 (k) V32 (lk)3
3 V3 V3
(”kt+ )+ ! ("kt+3)+c
cos|—=k- T cos|—=k- -1
By e
V3
We calculate the integrals one by one, using the scheme from Wikipedia.
We calculate integral one:
V3
[ T 1
3 V3 3 sm( k-t) t cos(—k-t)
——-j t-sin(lk-t>dt=——- V3 > — n\/g =
V3 )z V3 3 (lk) Tk
3 CHE I
. 3 w s
3 //sm —k-v/3) +3-cos —k \/_\ /sm ——k \/_ V3- cos ——k \/—\\l
——|| <f 2 ) f | + B |-
\ (%) w) ))

|
i 3
<3 sin(— nk) 3 cos(— nk)))

(k)? k

3 3-sin(mk) 3- cos(nk)
= (=)

9 <sin(nk) cos(rtk) sin(—mk) cos(—nk))

_ﬁ. (mk)? ok (k)2 B k

We use:
sin(mk) = sin(—mk) = 0

We get:

9 _ cos(mk) cos(—mk) B 18_Cos(nk)
ﬁ <_ mk 7k >_ﬁ k

We calculate integral two:

1 -[‘E 3 T
—_— t -sin(—k-t)dt=
V3 J_y3
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Fourier Transform Introduction

—\%-((g;cos(ﬁk-ﬁ)+3 %-cos(%k-\/§+§)+6-&-cos(%k-\/§+ﬂ)+
V3 V3

1 9 27 3
_ﬁ. - cos(nk)+( BB cos(nk+ ) ( k)3 cos(nk+n)+( 10 cos(nk+§n)

)

° k k k ko =
o G ccos(—m )+( k)z cos(—n +2) ( k)3 ccos(—m +n)+( L cos(—n +E7r) =
1 (9 27 m 3 9 27
—ﬁ-<ﬁ-cos(nk)+(nT)z-cos(nk+ ) ( k)3 cos(nk+n)+( 1o cos(nk+§n)+n—k-cos(—nk)—m
cos( nk+2)+(ns—:)3-cos(—nk+n)—W-cos(—nk+;n)>
We use cos(x) = cos(—x)
1 9 27 3 9
—E- %-cos(nk)+w-cos(nk+ ) o k)3 cos(nk+n)+( PE cos(nk+ n) p—
27 9 3
- cos(—mk) —W-cos( wk + ) ( k)3 - cos(—mk + ) —W-cos (—ﬂk-}-ETL’))
We use:
T T 3 5
COS(”k—§)=0 COS(”’H'E):O cos(nk+§n>=0 cos(nk+§n>=0
cos(mk) = cos(—mk) cos(wk + m) = cos(—mk + 1)
We get:
=0 (2 cos(k) + —os - cosCak + )
\/§ " -cos(m o k)3 -cos(m T
We remember:
1 V3 3 T
B, =—" t -sin(—k t dt—— f t: sm k t)d
V3 f_\/g V3
We insert the integrals:
18 /1 18 cos(nk)
By, = _ﬁ — cos(mk) +( k)3 - cos(mk + 1) \/?: —

D. Kriesell
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Fourier Transform Introduction

18 (1 cos(mk) + —— - cos(mk + m) _cos(nk) =
~ 3 \mk OV (k)3 A - >_
108
—W'COS(T[]{'FT[)

We use:
cos(mk + m) = —(—1)k

We remember (for odd functions):

f(©) = ) (By-sin(wy - 1)),k €{0,12,..}
kzzo k k

" k.

We harvest the results, usingthat B, = 0, k = 1,2,3, ..., wy = 7

f(t)—sz sm( )
f(t)_i(\/_l(ok)?) (—Dk- sm(

We plot the individual functions.

ﬁlﬁ

g)

v v
4 44
3 3
fr\ 2 2
! \1 { Jf/\\ .
LA/ LA A
| 3 ] / ) P X
R T 1 H,-r: [ 5 w7 3 ~7 2 3 4% 6—
.lj \ 1\/ \ ;I-"l -14
A S - A N
1 3
k=1 k=2
y y
4 41
3 34
2 21
1 1
X X
s 4 3 -2 -1 0 1 2 3 4 5 6 -5 -4 -3 -2 -1 0 1 2 3 4 5 &
1 1
2 21
3 -34
k=3 k=4
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Fourier Transform Introduction

We plot the sum (red) together with the original function (blue, not clipped beyond the period
interval):

Note: In contrast to the first example the approximation is smooth. The triangle function of the first
example was continuous, but not differentiable at the vertices. This leads to irrepressible oscillations
at these points.

We plot the spectra (not to scale ...):

b A(w)
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Fourier Transform Introduction

Exponential style
We remember we want to disassemble a function into series of sin and cos functions:

f() = 70 + z(Ak cos(wy * t) + By - sin(wg - t)) , k €{0,1,2,...}
k=1

We remember wy:
21

wk:T.k

We replace sin and cos by their complex counterparts:
X —1lX elx + e—lx

e
sin(x) = T, COS(X) = T

i A
Omitting the term 70 we get the sum:

iwgt + e—iwk-t eiwk't _ e—iwk't
A )

S (a8 .5
2 k 2i

k=1

i 4 eiwk-t + e—iwk-t B eiwk-t _ e—ka-t
- —— - l . e —
§ 2 § 2

had eiwk't e—iwk't eiwk't e—iwk't

1 < . .
E' Z ((Ak —i- Bk) ' e”"k't + (Ak +1i- Bk) . e“”"k't) =

Z (A +i-By)-e~iont) =

k=1

NIH
—
~
N

&

I
—
CU
T
m
g
=
,,
NIP—‘

1 .
(A —i*B ) logt) 4 — (A_ +i-B_ ) Wt
( k—L° e ) 2 ) E_oo( kti k)€ )

=
]
[y

Note: With k = —k we have wy, = —wy.

. . . A .
We can combine both sums into one, using 7" for k = 0 and write:

[oe]

fo=) ¢

k=—0o0

i eiwk-t

1
E(Ak—l"Bk),k> 0
A

Ck: 70, k:0
1
5 A+ Bi) k<0
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Fourier Transform Introduction

We check whether the orthogonality relations for sin and cos are valid for their exponential
counterparts:

T 2 for k+k'
2
chos(wk “t) - cos(wy - t)dt = 5 forO+k=k'
K T forO=k=k'
g 0 for k#k',k=0o0rk’'=0
1 . . Q7 I = T
f_zsm(wk t) - sin(wy - t)dt {E for 0%k =K
T
2
chos(wk “t) - sin(wy - t)dt = |0

We only check the first one:

dt =

T . . . .
jf ela)k't + e—ka-t ela)k/'t + e—ka,-t
T 2 2

T
%. ji(eiwk-t + e—iwk-t) . (eiwk/-t + e—iwk/-t)dt —
2

T
%_ —[iei.(wk+wk’).t + ei-(wk—wkr)-t + e—i-(wk—wk/)-t + e—i'(wk+wk1)'tdt —
2

We remember wy,:

2m
Wy = ? -k
We omit the factor 1/, and get:
T T T T
2 i(k+k) 2 2 i(k-k')2Et 2 _i(k-k')2t 2 _i(k+k') 2t
e T “dt + e T “dt + e T "dt + e T "dt =;

2
We use that k and k' are integers and want to examine the cases k = k" and k # k'.
Casek=k'>k+k'~2'n,k—kK =0.
We get:
5 2 B 2 z 2 : 2
fZTei-(z-n)-T”-tdt n szei'O'Tn'tdt n joe_i'O'Tn'tdt _|_f e_i'(z'”)'Tﬂ'tdt

2
T

We calculate the integrals:

Integral one:

I

N~

T
] 21 T , 27 .12 T . .
l-(Zn)'T'tdt — [ l-(ZTl)'T't] — i2nmw _ ,-iznm) — ()
€ i-Zn-Zne _g i-27t-2n(e ¢ )

N[~
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Fourier Transform Introduction

Integral two:
T ) T
2 j.0.4T 2
f elOTtdtzf eOdt =T
T T
2 2
Integral three:
T ) T
2 2
f e‘OTtdt:f eOdt =T
T T
2 2
Integral four:
T T
fz e_i.(zn).ZT”-tdt S [ —i (Zn)-ZTn’-t]2 —- T (e—iZnn _ eiZnn) =0
_r i-2m-2n _r i-2m-2n

We get the sum (adding the factor 1/4):

N~

Casek k' > k+k'~nk—kK =m=0.

This leads to the following behavior:

k+k'=2n—-1=o0dd

k+ k' =2n = even

k'=2n—-1-k

k'=2n—k

k—k'=k—-2n+1+k=2(k—n)+1

k—k'=k—2n+k=2(k—n)

k—k'=m=o0dd

k—k' =m=even

Case k + k' = odd:

We get the integrals:

T
2m

We calculate integrals:

Integral one:

T T
Z . 2m 7 . 2m 7 .
f el"Ttdt+f elmTtdt+f e t™m
_Tr _r _T

T

2m, 7 il
T dt+f e T “dt =

2
T

2 n 2— t [ i n_z_ﬂ'_t] T . s
e T “dt = T — einm _ o—inm
f__ i-2mn r i-2m- n( )
Integral four:
T 5 T T
2 _inle [ —i n_”.t]Z i .
e T "dt = — T — e~inm _ pinm
f_g i-2m n _r i-2n-n( )
Integral two:
T T T
. T . T 2 . .
im-=—-t imiit _
e T "dt = [e ] — elmm _ o—imm
J__ i-2m-m _r i-27t-m( )
D. Kriesell page 17 of 27




Fourier Transform Introduction

Integral three:

T T
2 2T T i 2T 2 T . )
f e LmTtdt=—_ [e LmTt] = —- (e—lmn_elmn)
_T i-2m-m _r i-2m-m
We remember: eV = ¢ 7IT = oiMT — o=iMT — _1 for odd numbers n, m. All integrals are zero.

Case k + k' = even

For even numbers we have e = =i = giMT — g=iMT — 11 The integrals are zero too. From
this we conclude without further proof that the orthogonality relations for sin and cos hold if we
express the trigonometric functions by their exponential counterpart:

T

E —i-n-z—n-t lmz—nt
€ T e T dt=Téun

We write f(t) as a complex function:

f®©) = i Cy - et @kt

k=—o0

(L :
|§(Ak—l'Bk),k>0
Ck:{7; k=0

|1 ,
kE(Ak+lBk),k<0

We remember the coefficients A, and By,:

T T
2 2 (2 d p 1 (2 d
k=T Tf(t) cos(wy - t)dt 0= Tf(t) t
2 2
T
2 (2
Bk=?- Tf(t)-sin(a)k-t)dt By=0
2

We replace the expressions for sin and cos by the complex exponential functions.

We remember:

21 i
Wy = T
We get:
T T
2 (2 _ 2 (2 :
Ay =?-J_Tf(t)-cos(a)k-t)dt—> i+ By =l-?-fo(t)-sm(wk-t)dt—>
2 2
2 g eiwk-t + e—ia)k-t 2 g eia)k-t _ e—iwk-t
= t) —————dt = = t) ————dt =
r o g [
2 2
1 (2 2 1 [z n 1 [z n 1 (2 n
. it 1. ikt L R ikt
T ,[_Zf(t) e’T dt+T J_Zf(t) e T "'dt 7 j_Zf(t) e’ T hdt 7 j_If(t) e 'T “dt
2 2 2 2
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Fourier Transform Introduction

We calculate Ay, — i - By:

T T T T
12 2t 1 (2 —i2 gt 1 (2 2 gt 1 (2 it g,
Ak—L'Bk—T'J‘_Zf(t)'eT dt+7-f_zf(t)-e T dt—f-f_zf(t)-eT dt+f-flf(t)-e T " dt =
2 2 2 2

T
T-fjf(t)-e T " dt
2
We calculate Ay, + i - By:

T T T T
12 2t 1 (2 —iZ gt 1 (2 2 gt 1 (2 it g,
Ak+L-Bk_7-flf(t)-eT dt+7-f_zf(t)-e T dt+7-f_zf(t)-er dt—f-flf(t)-e T " dt =
2 2 2 2

T
T-flf(t)-e T " dt
p)
We see that this fits with k > 0 and k < 0 and can write Cy:
1 3 2
2 —iZ" k.
Ck=7-flf(t)-e rktge
2

Replacing 2?” - k by w;, we get:

T
C _L 7f(t)-e“""k"fdt
2

The use of exponential functions instead of sin and cos allows us to write the deconstruction in one
term:

[e9) T
2

f(t)=ick-eiwk't=%.z f_

Tf(t) . e—iwk-tdt . eiwk-t
k=—0o0 k=—o0 2

Aperiodic function
We increase the period length T — co:

[ee] T

O =timz O | [Lr@-eiontar |- et
Tooo T T
2

k=—oo

With increasing period length, the distance between two spectral lines becomes smaller:

Aw — _2m e+ 1) 27Tk_27'[
W= Wi — Wi = T T =T
Note: w;, = 2?71 - k. Keeping the ratio%fixed, w can take any value between —oo and co.

We express % by Aw:

1_Aa)
T 2m
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Fourier Transform Introduction

1
We replace s

T—o0 27T

k=—o0

o T
.1 - z on-
lim —- Z e”"kt-Aw-fo(r)-e‘l“’der =;
2
With limes T - o Aw = dw, w; = @, Y, = [:

1 © © ;
f(®) =§f_ elwt dw-f_ f(@) e @t

1, , . ,1 ,1 . .
Usually the factor ol split up into P byl keep things symmetric:

f(t)=\/;-f_o:oei‘”dw- %-I_O:of(r)-e‘i‘”dr

Note: It is possible to hold % on either side of the product but this changes the way to work with the

\/; . f_o:of(l-) . e—iw-‘rd,[

We rename 7 to t and get a function of w:

1 *© . ~
j;' | r@-etde = f@)

f(w) is the Fourier transform of £(t). It is a function of frequencies.

Fourier transform.

We work with:

We name it f (w).

Having the Fourier transform f(w) we can build | Having the original function f(t) we can build
the original function f(t) by: the Fourier transform f (w) by:

1 ® . ~ - 1 (00} .
f(t) = \/; J_ el@t f(a))da) f((u) = \/; J‘_ f(t) ce-lwt gy

Note: The sign of the exponentials must be opposite but can be defined the other way around. This
reflects if we go through the unit circle clockwise or counterclockwise or waves propagating to the
left or to the right. In physical scenarios this may become important.
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Fourier Transform Introduction

The Fourier transform has some useful properties.

Differentiation results in a multiplication with
iw: d ] 1 ® ot 7
Ef(t)=uu- EI et f(w)dw

The Fourier transform of %f(t) then is

iw - f(w)

Integration results in a division through iw: 1
77 [ et f(w)dw

iw

ft Fe)dt =

The Fourier transform of t)dt then is: =

+c

lw

Translation results in multiplying with e®¢:

ft+a)= jzzn ' f_wei“"(”“) flw)dw =

, ’1 * -
elwa , %f e“‘"t-f(w)dw

e f(w)

The Fourier transform of f(t + a) then is:
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Fourier Transform Introduction

Discrete Fourier Transformation
Assume that x(t) is given by the following waveform:

A

x(t
0,75t

0,57

0,251

2 4v8 10 12V6

Note: The t-axis in units of 1/8000 s.

\ And

We use a sampling rate of 8,000 Hz taking L = 8 samples.
We get:

' X(t)
0,75+

0571

0,251

The values sampled might be:

n 0 1 2 3 4 5 6 7
x(n) 0.2165 | 0.8321 | 0.7835 | 0.5821 | 0.2165 | —0.5821 | —1.2165 | —0.8321

Trigonometric functions have a period of 2m.
We took 8 samples so the space between two frequency points will be:

27[_11

8 4
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Fourier Transform Introduction

The frequency set w of trigonometric functions is of form:

Zkk=01,.,7
4 ) - yLy ey

We express all trigonometric functions by Euler’s identity:

iTen
e4" " ',n=01,..,7

The weighted sum x(n) representing the original signal:

We decompose the sum:

7
xm) =Y X'(k)- el Tkn

x0)=X'0O+XD+X'2Q+XB)+X@D+X'G)+X'(6)+X'(7)

— ¥ N . L N £ TN = L. P 11 NN L. S i
x(D)=X'0)+X'(1)-e7+X'(2)-e"*++X'3)-e2+X'(4)-e"+ +X'(5)-e"+ +X'(6)-e"+ +X'(7)-e"=

x(2) = X'(0) + X'(1) -
x(3) = X'(0) + X'(1) -
x(4) = X'(0) + X'(1) -
x(5) = X'(0) + X'(1) -
x(6) = X'(0) + X'(1) -

x(7) = X'(0) + X' (1) -

2n an 61 8n . 1om 12m 1am
et +X'2) e T +X'(B) e T +X'(4)e" T +X'(5)e"F +X'(6) e d +X'(7)e"2

et +X'(2) e T +X'(3)e T +X'(4)e"F +X'(5)-e"d +X'(6) e F +X'(7)-e2

2m

4m 8 121 16m 20m 24m 28m
e +X'(2) et +X'(3) " +X'(4)-e"F +X'(B)-eF +X'(6)eF +X'(7)et

e T +X'(2) e % +X'(3):e"F +X'(4)-e" % +X'(5):e"F +X'(6)-e"F +X'(7):e"2

e T +X'(2)-e" % +X'(3):e"F +X'(4)-e" % +X'(5):e"F +X'(6)-e"d +X'(7):e"2

14w

e +X'(2) e +X'B) et +X'(4)et +X'(5) et +X'(6)-e"F +X'(7)-e 2

These are eight equations with eight variables we can solve to calculate the coefficients X'(n).

Rounded to three decimals we get from wxmaxima:

X'(0) = 0.244,

X'(1) = 0.244 — 0.500,

X'(2) = 0.352 — 0.063i,

X'(3) = 0.244

X'(4) = 0.244,

X'(5) = 0.244,

X'(6) = 0.352 + 0.063i,

X'(7) = 0.244 + 0.500i

We eliminate the

constant 0.244:

X'(0) =0,

X'(1) = —0.500i,

X'(2) = 0.108 — 0.063i,

X'(3)=0

X'(4) =0,

X'(5) =0,

X'(6) = 0.108 + 0.063i,

X'(7)=0

.500i

Note: | don’t know where wxmaxima takes the constant factor 0.244 from. matlab produces the
correct solution directly. For your convenience | added the sheets of wxmaxima and matlab in the

appendix.

We take a look at the sum:

7
xm) =Y X'(k)- el ikn

We omit the X' (n) that are zero and rewrite:

D. Kriesell
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Fourier Transform Introduction

x(0)=X'(D+X'2)+X'(6)+X'(7)
; 1w .
x(D=X'(1)-e"21+X'(2) €' T Z4X'(6)-e" a4+ X (7) e
D 1L N £t DN I 1.0
xQR)=X'(1)-e"+7+X'2)-e 2" +X'(6) et +X'(7)-e"%
oy itk R L P L3 P L
xB)=X'D)-e* " +X'Q2)-eT“+X'(6)-e 2" +X'(7)-e2
3 1 NN 7= SO 3 .27 S & .
x(@)=X'(1)-e"+7+X'2)-e 2" +X'(6) et +X'(7)-e=
oy i P S-L ey L i PP L
xB)=X'1):-e* " +X'2)-eT“+X'(6)-e 2" +X'(7)-e2
L R 2. SN ALY SO AL
x(6)=X'(1)-e" 27 +X'2)-e2°+X'(6) et +X'(7)-e%
L7 .
x(7)=X'(1)-e" 21+ X' (2)-e" 22+ X'(6) "2 +X'(7)-e" 27
We get x(n):
(T L (T L
x()=X'(1)-e" 2 +X'2)-e" T+ X' (6)- "2 +X'(7) e 2

We get rid of the factors 6 and 7 by using the periodicity of 8:

. N TLT[ . NI . NI
el 77 = ¢! 4 (8-1 _ =e 2.t =t
. N . N . N . N
el.T.6 elT(g 2) el.T.g ) e_L.T.Z e_l.T.z

We get:
e 7T.2 _'.E-l
x(n) =X'(1) - e T LyXx'(2)-é T 24 X'(6) e +X'(7)-et"a o

/ iy ' 2T / PR / -2,
x()=X'1)-e"+ " +X'(7)-e" 2" +X'2)-e"+°+X'(6)-e 2

We use that X' (1) and X'(7) as well as X'(2) and X'(6) are complex conjugated

X'(1) = —0.500i X'(7) = 0.500i
X'(2) = 0.108 — 0.063i, X'(6) = 0.108 + 0.063i,

We get:

. _nm nm _nm
x(n) = [—0.500i ' T +0.500i- "% ] + [(0.108 —0.063i) - Z + (0.108 + 0.063i) - e z]
We use that for complex numbers u = (x + iy) and v = (a + ib) holds:

wv+uv* =& —-iy)la+ib) + (x +iy)(a—ib) =

xa + ixb —iya + yb + xa — ixb + iya + yb = 2xa + 2yb = 2Re(u)Re(v) + 2Im(u)Im(u)

Re(0.500i) = 0 Im(0.5000) = 0.5
Re (e = 1) = cos (n %) Im (ei'%'l) = sin (n %)
Re(0.108 + 0.063i) = 0.108 Im(0.108 + 0.063i) = 0.063
Re (ei'nZ_n) = cos (n g) Im (ei'%) = sin (n g)

Note: Don’t confuse complex and complex conjugated.
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Fourier Transform Introduction

We get:
x(n) = [sin (ng)] + [0.216 * cos (ng) + 0.126 - sin (n g)]

Forn = 0,1, ...,7 we get back the values measured.

We replace the discrete n by the continuous variable t and get:

A
Y

A Ko

This is the wave we came from.

With a sampling frequency f; = 8,000 Hz we obtain the frequencies of the two compounds:

fi="-521000Hzand f, =% % = 2,000 Hz

T4 2m 2 2m

The compound signal is a sum of two waves:

A
Y

0,751

NG AN 4
_Or +
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Fourier Transform Introduction

We now can differentiate the original wave by differentiating its components.

x(t) = [sin (tg)] + [0.216 * cos (tg) + 0.126 - sin (tg)]

& x() = [3-cos (¢5)] + [-0:216 7 sin (¢ 7) + 0.126 7 -cos (¢ )]

We plot the function (red) and its derivative (blue):

A

Y

1,57

D. Kriesell
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Fourier Transform Introduction

Appendix

wxmaxima mput

© o505

Dstei geofinet

matlab input

R=[11111111,;

linsolve([2.165=x_0+x_1+x_2+x_3+x_d+x_5+x_6+x_7,
0.8321=x_0+x_1-0xp(%i-1-%pil 4) +x_2-0xp(%i-2-%pil 4) +x_3 OXp %i-3-%4pil 4) 4x_4-0xp{%i-4-%ipil 4)+x_5 -oxp(%i-5- /p:m«-x §-0xp(%i-6- /pru)-»x 7-0xp(%i 7- /pmu
%p) % %P %6p) i-10-%pil

0.5821=x_0+x_1-exp(%i-3-%pi -exp( . %p 4-oxp(%i12-%; 5 4 6 /pru)u 7exp(/« 21- Vprll)
0.2165=x_0+X_1-exp(%i-4-%pi/ 4) +x_2-exp(%i-8-
~0.5821=x_0+x_1-exp(% 5%pil 4) +x_T-exp(%i-35-%pi/ ),

%pi/ 4)+x_4-oxp(%i-24-%pil 4)+x_5 -oxp(%i-30* %pi/ &) +x_7-0xp(%i-42-%pil 4),
i/ d)+x_3 exp(/,, 21-%pi/ &) +X_4-exp(%l-28-%pil 4)+x_5-exp(%i- 35 %pi/ 4)+x_6 exp(/w -42-%pi/ 4)+X_T -exp(%i-49-%pil 4)],

-0.8321=x_0+x 1-exp{”/
: replaced
: replaced
: replaced
: replaced 0.

replaced 0
replaced . 1
: replaced -1.2165 by -2433/2000

: replaced -0.8321 by -8321/10000 = -0.8321
3r2
%i+ 19485
/ ) 32 L (mnz -20000
_ 3897 (707” zuocu %i=10485 | :A( 1000%i-5620 | __ (707,2 ,2000(,]%‘ 10485 | _ 3807 x =
D 16000 ] 16000 3 4 18000 "5 80000 6
80000 80000

/ %i+19485
1000%1+5620  _ [707\ 2 .20000] )
16000 7 80000
float(%)

-5 -5
[)(0:02435625 x ==(1 2510 ~ (39999.80819908032 %i - 19485.0)) x2:f(625 10 ~ (1000.0 %i-5629.0)) Xy -(12510° ( (0.19180091968519264 %i )~ 19485.0)), X, =0.2435625
5 5 5
)(5:1 2510  (19485.0-0.19180091968519264 %i) 102625 10~ (1000.0 %i+5629.0). x7:1 2510  (39999.80819908032 %i + 19485.0)]

=1.25-10*~5(39999.80819908032)
-0.499997602488504

-1.25-104-5-(~19485.0).
0.24356250000000002

~(6.25-10%~5-(1000.0-%i)).
-(0.0625 %)

~(6.25-10%-5-(~5629.0))
0.35181250000000003

=(1.25-104~5+(~(0.19180091968519264-%:i))).
213975114960649082 10~ 'r'a!

~(1.25-107-5-(~19485.0))
0.24356250000000002

L)

1 exp(1i*pi/4) exp(2i*pi/4) exp(3i*pi/4) exp(4i*pi/4) exp(5i*pi/4) exp(6i*pi/4) exp(7i*pi/4);

1 exp(2i*pi/4) exp(4i*pi/4) exp(6i*pi/4) exp(8i*pi/4) exp(10i*pi/4) exp(12i*pi/4) exp(14i*pi/4);

1 exp(3i*pi/4) exp(6i*pi/4) exp(9i*pi/4) exp(12i*pi/4) exp(15i*pi/4) exp(18i*pi/4) exp(21i*pi/4);

1 exp(4i*pi/4) exp(8i*pi/4) exp(12i*pi/4) exp(16i*pi/4) exp(20i*pi/4) exp(24i*pi/4) exp(28i*pi/4);
1 exp(5i*pi/4) exp(10i*pi/4) exp(15i*pi/4) exp(20i*pi/4) exp(25i*pi/4) exp(30i*pi/4) exp(35i*pi/4);
1 exp(6i*pi/4) exp(12i*pi/4) exp(18i*pi/4) exp(24i*pi/4) exp(30i*pi/4) exp(36i*pi/4) exp(42i*pi/4);
1 exp(7i*pi/4) exp(14i*pi/4) exp(21i*pi/4) exp(28i*pi/4) exp(35i*pi/4) exp(42i*pi/4) exp(49i*pi/4)]
V=[0.2165;0.8321;0.7835;0.5821;0.2165;-0.5821;-1.2165;-0.8321]

linsolve(R,V)

ans =

0.0000 - 0.0000i
0.0000 - 0.5000i
0.1083 - 0.0625i

0.0000 + 0.0000i
0.0000 + 0.0000i
-0.0000 - 0.0000i
0.1082 + 0.0625i
-0.0000 + 0.5000i
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