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This paper deals with the free particle in quantum mechanics. It follows Griffiths, 2.4. 

 

Hope I can help you learning quantum mechanics. 
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The time-independent Schrödinger equation for the free particle without any potential 𝑉(𝑥): 

−
ℏ2

2𝑚
∙

𝑑2

𝑑𝑥2
𝜓(𝑥) = 𝐸 ∙ 𝜓(𝑥) 

We rearrange: 

𝑑2

𝑑𝑥2
𝜓(𝑥) = −

2𝑚

ℏ2
∙ 𝐸 ∙ 𝜓(𝑥) 

We use 𝑘2 ≡
2𝑚𝐸

ℏ2 , 𝑘 = ±
√2𝑚𝐸

ℏ
 

𝑑2

𝑑𝑥2
𝜓(𝑥) = −𝑘2 ∙ 𝜓(𝑥) 

Note: 𝑘 depends of the energy. 

Note: The energy can be any positive value, 𝐸 ≥ 0. 

General Solution: 

𝜓(𝑥) = 𝐴 ∙ 𝑒𝑖𝑘𝑥 

Note: Together with 𝜓(𝑥) = 𝐴 ∙ 𝑒𝑖𝑘𝑥 also 𝜓(𝑥) = 𝐵 ∙ 𝑒−𝑖𝑘𝑥 fulfills the differential equation 

 
𝑑2

𝑑𝑥2 𝜓(𝑥) = −𝑘2 ∙ 𝜓(𝑥).  

Using that every linear combination of possible solutions is a solution again we concentrate on 

𝜓(𝑥) = 𝐴 ∙ 𝑒𝑖𝑘𝑥 with −∞ < 𝑘 < ∞ making things easier. 

𝜓(𝑥) = 𝐴 ∙ 𝑒𝑖𝑘𝑥 is the stationary solution.  

We add (multiply) the standard time dependence: 

𝑒−𝑖∙
𝐸
ℏ

∙𝑡 

We use 
ℏ2𝑘2

2𝑚
≡ 𝐸: 

𝑒−𝑖∙
𝐸
ℏ

∙𝑡 → 𝑒−𝑖∙
ℏ𝑘2

2𝑚
∙𝑡 

We have: 

𝜓𝑘(𝑥, 𝑡) = 𝐴 ∙ 𝑒𝑖𝑘𝑥 ∙ 𝑒−𝑖∙
ℏ𝑘2

2𝑚
∙𝑡 = 𝐴 ∙ 𝑒

𝑖(𝑘𝑥−
ℏ𝑘2

2𝑚
∙𝑡)

 

This is a particular solution for a specific “energy” 𝑘. 

If we fix the position, we get a wave going with time. 

If we fix the time, we get a wave going with position. 

The wavelength: 

𝜆 =
2 ∙ 𝜋

|𝑘|
 

The momentum according to de Broglie: 

𝑝 = ℏ ∙ 𝑘 
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The range over all 𝑘 gives the general solution: 

𝜓(𝑥, 𝑡) = 𝐴 ∫ 𝜙(𝑘) ∙ 𝑒
𝑖(𝑘𝑥−

ℏ𝑘2

2𝑚
∙𝑡)

𝑑𝑘
∞

−∞

 

Note: This is a wave packet. 

From this wave packet we get 𝜓(𝑥, 0): 

𝜓(𝑥, 0) = 𝐴 ∫ 𝜙(𝑘) ∙ 𝑒𝑖𝑘𝑥𝑑𝑘
∞

−∞

 

We have to calculate 𝜙(𝑘). 

This is made by Fourier transformation (Plancherel’s theorem): 

𝐹(𝑘) = ∫ 𝑓(𝑥) ∙ 𝑒−𝑖𝑘𝑥𝑑𝑥
∞

−∞

⇔ 𝑓(𝑥) =
1

2𝜋
∙ ∫ 𝐹(𝑘) ∙ 𝑒𝑖𝑘𝑥𝑑𝑘

∞

−∞

 

Note: This is a method often used by physicists and mathematicians transforming a problem into a 

space (where it is easier to solve) and then transform it back to the original space.  

With this method we get: 

𝜙(𝑘) = ∫ 𝜓(𝑥, 0) ∙ 𝑒−𝑖𝑘𝑥𝑑𝑥
∞

−∞

 

The complete wave function: 

𝜓(𝑥, 𝑡) =
1

2𝜋
∙ 𝐴 ∙ ∫ 𝜙(𝑘) ∙ 𝑒

𝑖(𝑘𝑥−
ℏ𝑘2

2𝑚
∙𝑡)

𝑑𝑘
∞

−∞

 

This expression shows: We have given a spatial distribution 𝜓(𝑥, 0). We transform this by help of the 

Fourier transform into the energy space. The energy space is needed to bring dynamics into life and 

to get the time dependent wave function 𝜓(𝑥, 𝑡). 

Example 1 

A free particle initially localized in the range −𝑎 < 𝑥 < 𝑎 at time 𝑡 = 0: 

𝜓(𝑥, 0) = {
𝐴  − 𝑎 < 𝑥 < 𝑎
0             𝑒𝑙𝑠𝑒      

 

Note: 𝐴, 𝑎 ∈ ℝ, 𝐴, 𝑎 > 0 

Step 1, normalization: 

1 = ∫ 𝜓(𝑥, 0)𝜓∗(𝑥, 0)𝑑𝑥
∞

−∞

= 

∫ (𝐴 ∙ 𝐴)𝑑𝑥
𝑎

−𝑎

= 𝐴2 ∫ 𝑑𝑥
𝑎

−𝑎

= 2 ∙ 𝑎 ∙ 𝐴2 

We get: 

𝐴 =
1

√2𝑎
 

 



The Free Particle 

D. Kriesell  page 4 of 8 

Step 2, calculation of 𝜙(𝑘): 

𝜙(𝑘) =
1

√2𝑎
∫ 𝑒−𝑖𝑘𝑥𝑑𝑥

𝑎

−𝑎

= 

1

√2𝑎
|
𝑒−𝑖𝑘𝑥

−𝑖𝑘
|

−𝑎

𝑎

= 

1

√2𝑎
(

𝑒−𝑖𝑘𝑎 − 𝑒𝑖𝑘𝑎

−𝑖𝑘
) = 

1

√2𝑎
(

−2 ∙ 𝐼𝑚(𝑒𝑖𝑘𝑎)

−𝑖𝑘
) = 

1

√2𝑎
(

−2 ∙ 𝑖 ∙ 𝑠𝑖𝑛(𝑘𝑎)

−𝑖𝑘
) = 

2

𝑘√2𝑎
𝑠𝑖𝑛(𝑘𝑎) = 

1

𝑘
∙ √

2

𝑎
∙ 𝑠𝑖𝑛(𝑘𝑎) 

Step 3, the general solution: 

𝜓(𝑥, 𝑡) =
1

2𝜋
∙

1

𝑘
∙ √

2

𝑎
∙ ∫ 𝑠𝑖𝑛(𝑘𝑎) ∙ 𝑒

𝑖(𝑘𝑥−
ℏ𝑘2

2𝑚
∙𝑡)

𝑑𝑘
∞

−∞

= 

1

𝜋
∙

1

𝑘
∙ √

1

2𝑎
∙ ∫ 𝑠𝑖𝑛(𝑘𝑎) ∙ 𝑒

𝑖(𝑘𝑥−
ℏ𝑘2

2𝑚
∙𝑡)

𝑑𝑘
∞

−∞

 

Unfortunately, this integral cannot be solved analytically but numerically. 

Example 2 

The gaussian wave packet. A free particle has the initial wave function at time 𝑡 = 0: 

𝜓(𝑥, 0) = 𝐴 ∙ 𝑒−𝑎𝑥2
 

Note: 𝐴, 𝑎 ∈ ℝ, 𝐴, 𝑎 > 0 

Step 1, normalization: 

1 = ∫ 𝜓(𝑥, 0)𝜓∗(𝑥, 0)𝑑𝑥
∞

−∞

== 𝐴2 ∫ 𝑒−2𝑎𝑥2
𝑑𝑥

∞

−∞

= 𝐴2√
𝜋

2𝑎
 

𝐴2 = (
2𝑎

𝜋
)

1
2

→ 𝐴 = (
2𝑎

𝜋
)

1
4

 

We get 𝜓(𝑥, 0): 

𝜓(𝑥, 0) = (
2𝑎

𝜋
)

1
4

∙ 𝑒−𝑎𝑥2
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Step 2, calculation of 𝜙(𝑘) according to Griffith, completing the square. 

𝐴2 + 2𝐴𝐵 + 𝐵2 = (𝐴 + 𝐵)2 → 

𝐴2 + 2𝐴𝐵 = (𝐴 + 𝐵)2 − 𝐵2 

We have the integral from the left, dealing with the exponent only: 

𝜙(𝑘) = (
2𝑎

𝜋
)

1
4

∫ 𝑒−(𝑎𝑥2+𝑖𝑘𝑥) ∙ 𝑑𝑥
∞

−∞

→ 𝑎𝑥2 + 𝑖𝑘𝑥 

We set: 

𝐴2 = 𝑎𝑥2 → 𝐴 = √𝑎𝑥 

2𝐴𝐵 = 𝑖𝑘𝑥 

𝐵2 =? 

We calculate: 

2𝐴𝐵 = 𝑖𝑘𝑥 = 2√𝑎𝑥𝐵 → 𝐵 =
𝑖𝑘𝑥

2√𝑎𝑥
=

𝑖𝑘

2√𝑎
 

𝐵2 =
𝑘2

4𝑎
 

We get: 

𝑎𝑥2 + 𝑖𝑘𝑥 = (√𝑎𝑥 +
𝑖𝑘

2√𝑎
)

2

−
𝑘2

4𝑎
 

We use: 

𝑦 = √𝑎𝑥 +
𝑖𝑘

2√𝑎
 

We need 𝑑𝑥: 

𝑑𝑦

𝑑𝑥
= √𝑎 → 𝑑𝑥 =

𝑑𝑦

√𝑎
 

We rewrite the integral: 

∫ 𝑒−(𝑎𝑥2+𝑖𝑘𝑥) ∙ 𝑑𝑥
∞

−∞

= ∫ 𝑒−𝑦2+
𝑘2

4𝑎 ∙
𝑑𝑦

√𝑎

∞

−∞

= 

1

√𝑎
∫ 𝑒−𝑦2+

𝑘2

4𝑎 ∙ 𝑑𝑦
∞

−∞

=
1

√𝑎
𝑒

𝑘2

4𝑎 ∙ √𝜋 = 

√
𝜋

𝑎
𝑒

𝑘2

4𝑎 

Note: This is the result when you look at Wikipedia. 

We get 𝜙(𝑘): 

𝜙(𝑘) = (
2𝑎

𝜋
)

1
4

∫ 𝑒−𝑎𝑥2
∙ 𝑒−𝑖𝑘𝑥𝑑𝑥

∞

−∞

= 
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(
2𝑎

𝜋
)

1
4 √𝜋

√𝑎
𝑒−

𝑘2

4𝑎 = (
2𝑎𝜋2

𝜋𝑎2 )

1
4

𝑒−
𝑘2

4𝑎 = 

(
2𝜋

𝑎
)

1
4

𝑒−
𝑘2

4𝑎 

Note: 𝜙(𝑘) is real function. 

Step 3, the general solution. 

We remember: 

𝜓(𝑥, 𝑡) =
1

2𝜋
∙ 𝐴 ∙ ∫ 𝜙(𝑘) ∙ 𝑒

𝑖(𝑘𝑥−
ℏ𝑘2

2𝑚
∙𝑡)

𝑑𝑘
∞

−∞

 

We calculate: 

𝜓(𝑥, 𝑡) =
1

2𝜋
∙ (

2𝜋

𝑎
)

1
4

∙ ∫ 𝑒−
𝑘2

4𝑎 ∙ 𝑒
𝑖(𝑘𝑥−

ℏ𝑘2

2𝑚
∙𝑡)

𝑑𝑘
∞

−∞

= 

(
1

23𝜋3𝑎
)

1
4

∙ ∫ 𝑒−
𝑘2

4𝑎 ∙ 𝑒
𝑖(𝑘𝑥−

ℏ𝑘2

2𝑚
∙𝑡)

𝑑𝑘
∞

−∞

=; 

We calculate the exponent: 

𝑒−
𝑘2

4𝑎 ∙ 𝑒
𝑖(𝑘𝑥−

ℏ𝑘2

2𝑚
∙𝑡)

= 

exp (−
𝑘2

4𝑎
+ 𝑖𝑘𝑥 − 𝑖

ℏ𝑘2

2𝑚
∙ 𝑡) = 

𝑒𝑥𝑝 − (𝑘2 (
1

4𝑎
+

𝑖ℏ

2𝑚
∙ 𝑡) − 𝑖𝑘𝑥) 

We proceed: 

(
1

23𝜋3𝑎
)

1
4

∙ ∫ 𝑒
−(𝑘2(

1
4𝑎

+
𝑖ℏ

2𝑚
∙𝑡)−𝑖𝑘𝑥)

𝑑𝑘
∞

−∞

=; 

We have the coefficient with 𝑘2: 

(
1

4𝑎
+

𝑖ℏ

2𝑚
∙ 𝑡) 

We have the coefficient with 𝑘: 

−𝑖𝑥 

We get the value of the integral (Wikipedia): 

√
𝜋

1
4𝑎 +

𝑖ℏ
2𝑚 ∙ 𝑡

∙ 𝑒

(−
𝑥2

1
𝑎

+
2𝑖ℏ
𝑚

∙𝑡
)
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We calculate 𝜓(𝑥, 𝑡): 

(
1

23𝜋3𝑎
)

1
4

∙ √
𝜋

1
4𝑎

+
𝑖ℏ

2𝑚
∙ 𝑡

∙ 𝑒

(− 
𝑥2

1
𝑎

+
2𝑖ℏ
𝑚

∙𝑡
)

= 

(
1

23𝜋3𝑎
)

1
4

∙ √

𝜋

𝑚 + 2𝑎𝑖ℏ𝑡
4𝑎𝑚

∙ 𝑒

(− 
𝑥2

1
𝑎

+
2𝑖ℏ
𝑚

∙𝑡
)

= 

(
1

23𝜋3𝑎
)

1
4

∙ √
4𝑎𝑚𝜋

𝑚 + 2𝑎𝑖ℏ𝑡
∙ 𝑒

(− 
𝑥2

1
𝑎

+
2𝑖ℏ
𝑚

∙𝑡
)

= 

(
24𝑎2𝜋2

23𝜋3𝑎
)

1
4

∙ √
𝑚

𝑚 + 2𝑎𝑖ℏ𝑡
∙ 𝑒

(− 
𝑥2

1
𝑎

+
2𝑖ℏ
𝑚

∙𝑡
)

= 

(
2𝑎

𝜋
)

1
4

∙
𝑒

(− 
𝑥2

1
𝑎

+
2𝑖ℏ
𝑚

∙𝑡
)

√1 +
2𝑎𝑖ℏ𝑡

𝑚

 

Result: 

𝜓(𝑥, 𝑡) = (
2𝑎

𝜋
)

1
4

∙
𝑒

(− 
𝑎𝑥2

1+
2𝑎𝑖ℏ𝑡

𝑚

)

√1 +
2𝑎𝑖ℏ𝑡

𝑚

 

We calculate |𝜓(𝑥, 𝑡)|2 = 𝜓(𝑥, 𝑡)𝜓∗(𝑥, 𝑡): 

(
2𝑎

𝜋
)

1
4

∙
𝑒

(−
𝑎𝑥2

1+
2𝑎𝑖ℏ𝑡

𝑚

)

√1 +
2𝑎𝑖ℏ𝑡

𝑚

∙ (
2𝑎

𝜋
)

1
4

∙
𝑒

(−
𝑎𝑥2

1−
2𝑎𝑖ℏ𝑡

𝑚

)

√1 −
2𝑎𝑖ℏ𝑡

𝑚

= 

(
2𝑎

𝜋
)

1
2

∙
𝑒

−𝑎𝑥2(
1

1+
2𝑎𝑖ℏ𝑡

𝑚

+
1

1−
2𝑎𝑖ℏ𝑡

𝑚

)

√1 + (
2𝑎ℏ𝑡

𝑚 )
2

= 

(
2𝑎

𝜋
)

1
2

∙
𝑒

−2𝑎𝑥2(
1

1+(
2𝑎ℏ𝑡

𝑚
)

2)

√1 + (
2𝑎ℏ𝑡

𝑚 )
2
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We plot |𝜓(𝑥, 𝑡)|2 for 𝑡 = 0 and 𝑎 = 1: 

|𝜓(𝑥, 𝑡)|2
𝑡=0 = (

2

𝜋
)

1
2

∙ 𝑒−2𝑥2
 

 

Note: For 𝑡 = 0 ℏ, 𝑚 vanish with the exception 𝑚 ≠ 0. 

We plot |𝜓(𝑥, 𝑡)|2 for 𝑡 = 10 and 𝑎, ℏ, 𝑚 = 1: 

|𝜓(𝑥, 𝑡)|2
𝑡=10 = (

2

𝜋
)

1
2

∙
𝑒

−2𝑥2(
1

1+(20)2)

√1 + (20)2
 

 


