Gauss Integral

This paper shows proofs related to the Gauss Integrals:

fooexp(—xz)dx =r

[e4) _ 2
f exp(—u)dx =/ma

a
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Gauss Integral

Proof one: [ exp(—x?)dx = Vr

The function looks like:

A Aol

We need:

<f_o:oexp(—x2)dx>2 = f_o:o <f_o:oexp(—(x2 + yz))dx> dy

f:o (f:exp(_(xz + yz))dx> dy =

[ ([ entesremtcyan)is -

— 0o

f ) (exp(—yZ) f wexp(—xZ)dx) dy =

fooexp(—xz) dxfmexp(_yZ)dy =

— 00

We check:

fooexp(—xz) dxfooexp(—xz)dx =

— 0o

oo
(f exp(—xz)dx>
—00
We rewrite in polar coordinates:

f_‘: (f_zexp(*xz + yz))dx> dy =

fom (fooor - exp(—rz)dr> do =;

Note: r is a correction factor needed because the circumference with radius r is r-times the
circumference of the unit circle. Integration along the angle ¢ gives r-times the contribution.

2
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Gauss Integral

The inner integral is independent of the angle ¢ and gives 2m:
27rf r-exp(—r?)dr
0
We substitute u := r2:

u
- —=2r>dr=—

w=r dr 2r

We rewrite the integral:

2J‘°° ( )du_
norexp qu_

nf exp(—u)du =
0

1+ exp(—u)§ =
—m1-(0—-1)=m
We get:

o 2
(f exp(—xz)dx> = r?

It follows:

fooexp(—xz)dx =+r

. )2
Proof two: [__ exp (— %) dx = +ma
We substitute:

X — X
u =
Va
X — Xg du 1
u = - —=—;dx =+a-du
Va dx  +a va

® (x — x9)°
f_wexp<—T>dx -
fwexp(—uz)\/a cdu =

Va- jmexp(—uz)du =

Va-vm

Note: this holds for complex valued x resp. a > 0 too.
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Gauss Integral

o )2
Proof three: f_oox - exp (— @) dx = x, - Vma
We substitute:

X — X

u = \/a

X=X du 1

u = - —=—
Ja dx Va

[e4) _ 2
f x-exp(—%)dxe

foo (uva + x¢) - exp(—u®)Va - du =

;dx =+a-du;x = ua + x

[oe]

jmu ~a-exp(—u®)Va-du+ f xo - exp(—u?)Va - du =

— 00

0+f xo - exp(—u?)-va-du =

xo'\/afwexp(—uz)-du=
NN

_ 2
Proof four: ffoooxz - exp G ) ;0) dx = (g + xo) -ma
We substitute:

X — X

u:= 7a

X — X du 1
u = > —=—;dx=+vVa-du;x =uva+x
7 T Va Va +x,

© X — x)?
[ (-

foo (uwva + x0)2 - (exp(—u?))Vadu =

foo (u?a + 2uvaxy + x¢?) - (exp(—u?)) - Vadu =
Jmuza(exp(—uz))\/adu + jm 2uvax, (exp(—u?) Wadu + fmeZ(exp(—uZ))\/Edu =

ava - j u? - exp(—u?)du + 0 + xOZ\/aJ exp(—u?)du =

ava- j u? - exp(—u?)du + 0 + xy%var =;
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Gauss Integral

We integrate by parts:
ff’-g=f-g—f fg

We set:

exp(—u?)

fl=usexp(-ud) g =u— f=————",9' = 1

f u? - exp(—u?)du -

exp(—uA)|”  (* exp(—?)
B [‘TLO B L,‘Td“ =

du =

_ f:o _ exp(z—uz)

1 [ee]
E_[ exp(—u?)du =

We combine the result:
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