Integration by Complexifying

If we want to integrate expressions with sin or cos, it may be helpful to replace them by their

temi¥ i i

. eLx_e—ix e
complex counterparts sin(x) = ————and cos(x) = ———, tan(x) = —— — —
P P (x) 2+ () 2 (x) e2ix4]  e—2ix4q

We try this with three examples:
fex - cos(x)dx
f cos(x) - sin(x)dx
f e?* - cos(3x)dx

More information you may find at:

https://en.wikibooks.org/wiki/Calculus/Integration technigues/Integration by Complexifying

Hope | can help you with learning quantum mechanics.
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https://en.wikibooks.org/wiki/Calculus/Integration_techniques/Integration_by_Complexifying

Integration by Complexifying

Complexifying is a method to solve exponentials containing trigonometric functions.

We want to solve the first example:

fe" - cos(x)dx
We know:

cos(x) = Re(eix)
Note: Re(eix) is the real part of the complex e®*.

We have:

f e* - cos(x)dx = Re (f e* - eixdx> = Re (f ex(“i)dx)

For better readability we omit the "Re" and solve:

f ex-(1+i)dx
We get:
.]- x-(1+i)d ex-(1+i) e¥ - eix
e X = =
@A+ @+

We need to extract the Real part:
ex,eix_(l_l-)_ex,eix_
A+ QA+d)-Q-0

1 , .
E.(ex.elx_i_ex,elx):

N| =

_ex . (eix —i- eix)
We transform in sin/cos:

%- e* - (cos(x) + i+ sin(x) —i-(cos(x) +i- sin(x))) =

g% - (cos(x) +i-sin(x) —i-cos(x) + sin(x))

N| =

We extract the real part only:
1
> e* - (cos(x) + sin(x))
We get the solution:
1
f e* - cos(x)dx = 5 e* - (cos(x) + sin(x))

We check with the product rule:

d (1 _
E(E e* - (cos(x) + sm(x))) =
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Integration by Complexifying

1

—. X

N

%- e*- (cos(x) + sin(x) — sin(x) + cos(x)) =

e* - cos(x)

The same example, working with exponentials:

fe" - cos(x)dx

We know:

el.x + e—lx

cos(x) = >

We insert:

1 , .
Ejex-e‘x+ex-e_”‘dx=

l(f ex(1+i)dx+jex(1—i)dx) _
2

1 ex(1+i) ex(l—i)
— _|_ =
2\ 1+ 1—i

1 ((1 — e ) + (1 + i)ex(l—D)
2

A+HA-10)
%((1 De*(+D 4+ (1 + )e*(-D) =
%(ex (@—oe+ @+ l)e_lx)>
%ex (% + e — i(ei — e7i¥)) =
3¢ (2c0500) - i(2isin(x>)) -

%ex(cos(x) + sin(x))

This is the same solution as above.

. (cos(x) + sin(x)) + % g% (—sin(x) + cos(x)) =
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Integration by Complexifying

Example two:
f cos(x)sin(x)dx

We replace cos and sin by the respective exponential expressions:

dx =

felx +eiXx pix _ o-ix
2 2+

1 . . . .
_Ef(elx + e—lx) . (elx _ e—tx)dx —

1 2ix ix ,—ix ix,—ix —2ix
Y etr —elt*e + ee —e dx =
i

- ezix _ e—Zixdx —
4i

1
——_j 2isin(2x)dx =
4i
1
—Ejsin(Zx)dx =

L cos(2x)
4-COS X

Example three:

We want to solve:
f e?* - cos(3x)dx

We know:
ei3x + e—i3x

cos(3x) = >

We insert:

i3x —i3x

e* +e

fez" ——dx =
2

1 . .
Ef er . el3x + er . e—13xdx —

l(f pX(2+i3) 4 ex(z—is)dx) _
2

1 ex(2+i3) ex(Z—iB)
— + =
2( 2+i3 ' 2-1i3 )

1/(2- i3)(ex(2+i3)) + 2+ ig)(ex(z—m)) ~
5( 2+ 3)(2-3) >—

1 . .
7 (2= 3)e* @) 4 2+ 3)e* D) =
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Integration by Complexifying

%(Zex(ZHB) — i3eX@2+i3) 4 9ox(2-i3) 4 i3ex(2_i3)) _
1 2 i3 2 —i3 . 2 —i3 3 2 i3

%(Zer(eBx 4 e—i3% 4 303X _ i3ei3x)) _

%(Zeu (ei3x +em3% — (3e8% — 3e—i3x))> _

er
3 (2COS(3x) + 35in(3x))

We check:
d er
o E(Zcos(3x) + 3sin(3x)) | =
er er
2 = (2cos(3x) + 3sin(3x)) + = (—6sin(3x) + 9cos(3x)) =
er er
2 3 (2605(3x) + 3sin(3x)) + EE) (—6sin(3x) + 9cos(3x)) =
iezxcos(?vc) + iezxsin(?»c) - iez"isn(Bx) + iez"cos(Bx) =
13 13 13 13
iezxcos(?vc) + iez"cos(Bx) =
13 13
13 2x (3 ) —
3¢ cos(3x) =
e**cos(3x)
D. Kriesell Page 5 of 5



