Polar and Cartesian Coordinates

This short paper deals with the Lagrangian equation of motion, especially with generalized
. 07y

. . . . ar
coordinates. We use cartesian coordinates and polar coordinates and check that aTl- =% a

i 94

d (or; a7 . .
= (a_ql) = a_ql holds for both cases: 1; cartesian and gq; polar and vice versa.
j j

It follows:

nd

https://phys.libretexts.orq/Bookshelves/Classical Mechanics/Classical Mechanics (Tatum)/13%3A Lagrangian

Mechanics/13.04%3A The Lagrangian Equations of Motion

Hope | can help you with learning quantum mechanics.
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Polar and Cartesian Coordinates

Prerequisite

We describe a point in space with the Cartesian coordinates x, y, z, corresponding to q4, q2, q3-

We could also use spherical coordinates 7, 8, ¢p corresponding to q4, q2, q3-

We express:
x =1-sin(¢) - cos(0) (P1)
y =1 cos(¢) - cos() (P2)
z=1"-sin(0) (P3)
We take a look at the partial derivatives.
ox 9 x ) 9 ox (8
= cos(¢) - cos(6) =" sin(¢) - cos(8) % = —r-cos(¢) - sin(0)
dy _ . - c0s(8 ay _ - c0s(8 ay _ . - sin(@
= sin(¢) - cos(0) 30> r-cos(¢) - cos(0) % = —r-sin(¢) - sin(0)
0z . g 0z 0z 9
a—SlTl() 7% i cos(6)
We need x, y, Z. We differentiate:
x =17+ cos(¢) - cos(6) —r- ¢ - sin(¢p) - cos(8) —r - - cos(¢p) - sin(6)
y =7 sin(¢) - cos(0) + 1 ¢ - cos(p) - cos(6) —r - 6 - sin(¢) - sin(6)
z2=1"-sin(@) +r-0-cos(6)
We differentiate partially with respect to 7, 9, qb
ax 0x 0x
a—:f = cos(¢®) - cos(0) £ = —r-sin(}) - cos(0) £ = —r-cos(¢) - sin(0)
day ay dy
6_2"'] = sin(¢) - cos(0) % =1-cos(¢) - cos(0) ﬁ = —r-sin(¢) - sin(0)
0z 0z
—Z_ = sin(0) —Z = —Z =r-cos(0)
or o) a0
We compare:
0x Ox ax_ax ax_ax
ar  or ap _ d¢ 96 00
dy 0y dy 0Oy dy 0Oy
or  or ah ¢ 30 a0
az'_az 62'_62 az'_az
aF or ap ¢ a6
We generalize:
aTi _ aTl (P4)
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Polar and Cartesian Coordinates

We differentiate partially with respect to r, 8, ¢:

% = —¢ - sin(¢) - cos(0) — 0 - cos(¢) - sin(6)
% = —7 - sin(¢) - cos(8) =1 ¢ - cos($) - cos(8) + 7 6 - sin(¢) - sin(6)
% = —7-cos(¢) - sin() + - ¢ - sin(¢) - sin(6) —r - 6 - cos(¢) - cos(6)

a_y = ¢ - cos(¢) - cos(8) — 0 - sin(¢) - sin(6)

or
Z—Z =7-cos(¢) - cos(8) — 1 ¢ - sin(¢) - cos(8) — - 8 - cos(¢p) - sin(6)
Z% = —7 - sin(¢) - sin(8) —r - ¢ - sin(¢) - sin(0) —r - 6 - sin(¢) - cos(6)
0Z_ . 97 _, v
=9 cos(6) i 55" cos(0) —r- 6 - sin(6)

We take a look at the time derivatives.

d (0x . .
— (—) = —¢ - sin(¢) - cos(0) — 0 - cos(¢) - sin(6)

d /9% 'dt .ar ' - |
&(%) = —t - sin(¢) - cos(8) —r - ¢ - cos(¢p) - cos(8) + 1 - 6 - sin(P) - sin(0)
%(Z—;) = —7 - cos(¢) - sin(0) + - ¢ - sin(¢p) - sin(6) —r - 6 - cos(¢) - cos(6)

%(J’) = ¢ - cos(¢) - cos(0) — 8 - sin(¢) - sin(6)

d (631) . . ; )
— ) =71-cos(¢)-cos(@) —r-¢-sin(¢p)-cos(@) —r-0-cos(¢p) -sin(h)

dt
dov o .
§(%> = —7-sin(¢) - sin(0) —r - ¢ - sin(¢p) - sin(0) —r - 0 - sin(¢) - cos(H)
d 0z _ . 0 daz_o d0zy _ . 9 6 -sin(
%(5> = ¢ - cos(0) E(%) = E(%) =7-cos(0) —r sin(6)
We generalize:
4 (on)_ o7 (P5)

End prerequisite
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Polar and Cartesian Coordinates

We use generalized coordinates g;. With each generalized coordinate we have an associated

generalized force P;.

If the work required to change the coordinate g; by dq; is P;8q;, then P; is the generalized force

associated with the coordinate g;:

p —ZF 6T'l'
l l l aql

We have a system of n particles.
The force on the i-th particle is F;.

If the i-th particle moves, the total work done on the system is:
8rl 6rl
2P D 20T g, o
With the definition of the generalized force P; we rewrite this:

We use:

From Newton we use:

We get:

From the product rule we get:

d o\ ar; d or;

dt\'" 0q; ‘'0q; ' dtog;
aTi _ d aT'l' d 0rl-

i aq]_dt ¢ aq] ¢ dtaqj

We replace in (6):

We use (P4) and (P5):

(1)

(2)

(3)

(4)

(5)

(6)

(7)

(8)
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Polar and Cartesian Coordinates

We get:
p = Z d . 6Ti . d aT'l' _
1= LM \ae\" aq;) " " dcaq;) T
l
d (. 0 . ory (9)
o (8l )+ )
L

1 .2
=§-zmi-ri (10)
i

We write the kinetic energy:

We build the partial derivations:

Z 1 Z 5. o7y
m; r —_ — m; * Yy — =
aCIj aCIj : P 2 - ! ' dq;
a7y
Z"li Tyt (11)
7 99
aT Ja (1 Z 2 1 Z 5. a7y
Z m 7 l==-) my2-7 - —=
aq} aq} i i 2 i i i aqj
z . 0fy
mi T == (12)
7 aq}
We plug (11) and (12) into (9):
p. = Z d . 67"1 . aTl _
J - i dt i aq] i 0q1 N
l
m;-|—|[71 - — — m; r; — =
i L dt l aq] i L l aqj
d oT 0T (13)

This is the generalized force associated with a given generalized coordinate.
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Polar and Cartesian Coordinates

We reverse the coordinates.

We have:

x =r1-5sin(0) - cos(¢)
y =r-sin(0) - sin(¢)

z=1"-cos()

We express the coordinates the other way around:

r=\tyits |70 () + 2Y(0) Gy ®) + 20 G x(t)

Vz(O? +y(O)* + x()?

¢ = arctan (%)

x50 — y(©) (G x(©)
_ y()* +x(t)?

Z
0 = arccos

VX% +y?+ 22 i J2@©2 + y(©)? + x(1)? 202 +y(©7 + 2(07)3

L0 | 2(0) (2(8) GE2(0) + ¥(8) Gy() + x(0) (Gex(6)

1 z(t)?
Tz +y(®)% + x(t)?

Note: ¢ simplified for x > 0.

Let us take a look at the partial derivatives of 7, ¢, 8 with respect to x, y, z:

or x 0 y 0 Xz

X \[xZ+y%+22 ox  x2+y? 0X  (x% +y? +2%) - /2% +y?
or y Jdp  x 6 vz

0y  [x2+y? + 22 dy x*+y? 0y (x2+y%2+22) Jx2+y?
ar z a¢—0 a0 x? +y?

0z [x2+y? + 22 0z 9z (X2 + y2 + 22) - /22 + y2

We get the identities:

d or X x(zz+yy+xx) Or
= - - =—
dt 0x [x2 + yZ + z2 (XZ n yz N ZZ)E 0x
dor y y(zz +yy +xx) 07

dtdy Jx2 +y?%+ 22 (x2 + y2 _|_22)% ~dy
z

dor z(zZ +yy +xx) 07

— = — s =—
dtdz  [x2 4 y2 4 22 (2 + 92 + 22)2 0z

dop 2xy%y—2xy> xy-—2xy 0¢

A, 2 2 =57

dt 0x xS(y—2+1> x3(y—2+1> ox
x?2 X

dop  2xyy—2y%k xy 09
dtoy 2 2 x249y2° 9y
y x4(%+1> y y

_%¢

T oz

09

i

0
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Polar and Cartesian Coordinates

dog  xz*(xk +yy+22) — x2°2(x* + y* + 2%) 3xz(xx + yy + z2) + Xz + zx _69
drox 2402 4 52)% z? : 24 y2 4 g2 z? : 2402 4 ,2)8 z2 ;o
@4y ”)Z(l‘m) 4+ +Z>2(1‘m) G4y “)2(1‘m)
d 06  yz3(zz +yy + xx) — yz*2(x* + y* + 2°) 3yz(zz + yy + xx) + yz + zy _69
a0y 2402 4 ,2)8 z? : 24 vz 4 2)8 z? : 24024 ,2)8 z2 :
@ +y ”)2(1‘m) @4y ”)2(1‘m) G4y +“2(1‘m)
_ 77 +zz(zz'+yy+x5()+ 732 _z*(zz + yy + xx)

3 5 5 .
dod  (2+y?+2z9)7  (xP+y?+22)27 (P +y2+22)7 (a2 +y +z2)2 N (3zz + yy + xx)(x? + y? + z%) — 32%(z2 + yy + xX) _ a6
dtdz 72 % . 2 % =9z

e — 2 2 2)2 e —
(1 x2+y2+22) G +y +Z)2<1 x2+y2+zz>

Note: The calculations were made by wxmaxima. | tried to summarize the results and put them into a
readable form. For your convenience | added the maxima-file.

Remark

There is an apparent asymmetry in complexity. While the derivations from cartesian coordinates to
ox
or

. ar
coordinates P etc. are very elaborated.

polar coordinates — etc. are relatively simple, the derivations from polar coordinates to cartesian
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