Mach Zehnder Interferometer

This paper deals with the Mach Zehnder interferometer. If you are interested in results only maybe
you better search other available information on the internet.

We will work through this problem carefully and do a lot of arithmetic with complex numbers.

Hope | can help you with learning quantum mechanics.
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Mach Zehnder Interferometer

Mach-Zehnder Interferometer without phase shift

mirror 1

detector 1

DO

splitter2 —

D1

detector 2

mirror 2
Input beam a: a (2)
1
Input beam S: B (0)
Note:a? + B2 =1
Matrix splitter 1: Matrix splitter 2:
111 11 1
ﬁ( 1 1) 5(1 —1)

a
Input into splitter 1: (ﬁ)

Effect of splitter 1:
Input into splitter 2:

Effect of splitter 2:

1 (1 1) 1 <—a+ﬁ)_1(—a+ﬁ+a+ﬂ>=(ﬂ)

a+pf) 2\—a+f—-a-p —a
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Mach Zehnder Interferometer

We calculate the probabilities for the photon to arrive at DO or D1:
P(DO) = pp* = |BI?
P(D1) = (—a)(—a") = |al?
P(D0)+P(D1) = |al* +|BI* =1

We insert a phase shifter into the lower path

mirror 1

detector 1

DO

splitter 2 —

D1

detector 2

mirror 2

The phase shifter shifts the phase of the lower beam by e%.
We get the new input into splitter 2:
1 ( —a+p )
V2 \(a + B)e®
The effect of splitter 2 onto the new input:

L(1 1)1( —a+p )_1<—a+ﬁ+(a+ﬁ)e"5>
V2 1~V 2 \(a+p)e® —a+p—(a+pe?

V2 T2
1( a(e®—1)+p(e”® +1) )

2\-a(e® +1) + p(1—e%)

We calculate the probabilities:

PD0) = 7 (a(e® 1) + (e + 1)) (' (™0 ~ 1) + (e +1)) =

1 ; ;
oo e 1)+ ) R
B e )
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Mach Zehnder Interferometer

We do this in parts.

*
4

1aa*(ei‘S - 1)(e_i5 - 1) = %aa*(Z —e 0 — e"‘s)

%aﬁ*(eié' _ 1)(6—1'6 + 1) — %aﬁ*(eid _ e—i6)

%ﬁ'a*(ei‘S + 1)(e_i5 — 1) = %ﬁa*(—ew + e“"s)

1 ) . 1 i ]
FPB (P + D) +1) = 24" (24 (e + 7))

Note: these are the four parts of the sum.

The sum of a complex number with its complex
conjugated gives two times its real part:

x+iy)+(x—iy)=2x

The difference of a complex number with its
complex conjugate gives two time its imaginary
part:

x+iy)—(x—iy)=2-i-y

For exponentials we get:

el6 478 =2.re(8) =2-cos()

el —e 0 =2.i-im(8) =2-i-sin(d)

We work with the middle part:

1 ; 5y, 1 . o1 . o1 . .
Zaﬁ*(ela _ e—lS) + Zﬁa*(_el(s + e—l5) — Z“ﬁ*(ela _ e—l5) _Z.Ba*(ela _ e_lé‘) —

1, . .
2 (% — ) (ap —a'p) =

Note: aff* — a* B is of kind (x + iy) — (x — iy).

4

1(2 i im(ei5)) (2-i-im(ap?)) = - (im(ei‘s)) (im(ap)) =

—sin(6)(im(a,8*))

We treat first and fourth part parallel:

First part

Fourth part

1 . .
Zaa*(z _ e—la _ ela) —
1 . .
Zaa* (2 — (e + el‘s)) =
1 .
Zaa* (2 -2 -re(e“s)) =
1 .
Eaa* (1 - re(e“s)) =
X <1 — cos(5)>
aa* | ————— | =

%ﬁﬂ* (2+ (e +e7%)) =
%.33* (2 +2 -re(ei‘s)) =
%3.3* (1 + re(ei‘s)) =
1+ cos(6)
().

oo (e (3))

D. Kriesell
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Mach Zehnder Interferometer

Note: we used (1_%5(5))

We combine the result:

P(D0) = aa* <Sin (g))z — sin(8)(im(ap) + pp* (COS (9)

We calculate P(D1):

(s %)) one (22) = (cos (2))

2

P(D1) = %(_a(eis +1)+8(1- eia)) (_a*(e—w +1)+8(1- e_i,g)) _

4

1(ococ*(ei‘S +1D)(e®+1)—ap'(e¥+1)(1—e®)—a*p(1—e)(e™® +1)

+BE (1 e®)(1-e79)) =;

We do this in parts.

As above part one and four parallel:

Part one

Part four

%aa*(ei‘S + 1)(€_i5 + 1) =

1 . .

Zaa* i6 —i6)) = ...

70 (2 + (e +e )) =

This is the same expression as above for §5*. We

get:

18571 e)(1 - eo1) =
Lot = -

This is the same expression as above for aa™. We

get: ,
()

Middle part:

%(—oc,b’*(ei‘S +1)(1—-e®)—a*p(1—e)(e ™ + 1)) =

%(_aﬁ*(eis —e~i0) — g*B(e™i0 — eia)) —

4

%(—aﬁ*(e"‘s —e70) 4 a"p(eid — e—ia)) —

F(e7 =)@ p —ap) =3 (2-1-im(e)) (<2 i+ im(ap) =

im(ei‘s) ~im(af*) = sin(8) - im(af*)

We assemble the complete solution:

P(DO) = aa’ (sin (g))z — sin(6)im(aB*) + BB* (Cos (g))z

P(D1) = aa* (cos (g))z + sin(6)im(ap™) + pB* <Sin (g))

2

D. Kriesell
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Mach Zehnder Interferometer

We insert a phase shifter into the upper path

mirror 1

detector 1

DO

splitter2 —

D1

detector 2

mirror 2

The phase shifter shifts the phase of the upper beam by e .

We get the new input into splitter 2:

SO

The effect of splitter 2 onto the new input:

i(1 1 )i((—a+ﬂ)e”’)_1((—a+ﬁ)e”’+a+ﬂ)_
VZ\1 =1\ a+p )T 2\(—a+p)e¥Y —a—-B)

1 < a(1—e)+B(1+e") )

2\—a(1+e7)—p(1—-e%)

We calculate the probabilities:
1 . . ; .
P(D0) = Z(04(1 —e)+ p(1+e?)) (@’ (1—e ) + B (1+e7)) =
%(aa*(l - eiV)(l — e‘i”) + a,[)’*(l - eiy)(l + e_iy) + ﬁa*(l + eiy)(l - e‘i”)

FBE (L +e)(1+eM)) =

We do this in parts and compare it with the results we already have for the phase shifter in the lower
path:
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Mach Zehnder Interferometer

upper path

lower path (* see page 5)

%aa*(l —e)(1—e7%)
= %aa*(z —e” —e)
%aﬁ*(l —e")(1+e7)
1 . ;
= Zaﬁ*(—e”’ +e )
Fha (14 e)(1— )
1 . .
=_Ba*(e — e~
) 430( (e e )
Zﬁﬁ*(l +e)(1+e7)

= %ﬁﬂ* (2+ (e +e7))

1 . .
Zaa"‘(e“S — 1)(6‘15 — 1)
1 . .
= Zaa*(z —e 0 el5)
1 . .
Zaﬁ*(e“s — 1)(6_‘6 + 1)
1 . .
= Zaﬁ*(ela - e—L(S)
1 . .
Zﬁa*(e“s +1)(e7® —1)
1 . .
= Zﬁoz*(—e“S +e79)
1 . .
268" (e? +1)(e +1)

= %,6’,6’* (2 + (e + e“"s))

Result:

The results for aa™ and SB* are the same.

The results for the mixed terms af* and Ba™ switch the sign:

The result iaﬁ*(—ei5+e_i5) for the mixed term in the upper path is minus the result

1 el i —i . .
Zaﬁ (e”’ —e ”’) for the mixed term in the lower path.

The result iﬁa*(eia—e“’a) for the mixed term in the upper path is minus the result

%,Ba*(—eiy + e~ for the mixed term in the lower path.

We expect that the sign of the result will change too.

We check this:

1 . . 1 . . 1 . . 1 . .
Zaﬁ*(—e”’ +e )+ Zﬁa*(e”’ —e™) = —Za,[?*(e”’ —e )+ Zﬁa*(e”/ —e ) =

(e¥ —e™t) (—%aﬂ* + %ﬂa*)

1

=—(e —e )(—ap*+a*p) =

4

(e )@ ) = (e —e ) (21 imGap) =

1 , .
_Z(Z i im(e”’)) (2-i-im(ap)) = (im(e”’)) (im(ap™)) =
sin(y) (im(aﬁ*))

We get the result:

2 2
P00 = e (sn(2)) s (omce) + 5 cos(2)

D. Kriesell
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Mach Zehnder Interferometer

We calculate P(D1):
PO = 3 (~a(L+ ")~ B(1~ ")) (~a'(1+e7) ~ (1~ e7)) =
%(aa*(l +e)1+e ) +ap (1+e¥)(1—e)+aB(l—e?)(1+e77)
+BE (1= e)(1-e)) =
We do this in parts.

Part one and part four parallel:

Part one Part four

1 . . 1 ; .

7o (1 +e?)(1+e77) = 2B (1—eM)(1-e) =

1 ; ; 1 o

Zcxa* (2+(e‘y+e—”’)) = ... Zﬁﬁ*(z_e—l]/_el)/) — ...
This is the same expression as above for S*. This is the same expression as above for aa ™.
We get: We get:

Y 2 y z
(o) ()

The middle part:
(@B 1+ em) (1) +ap(—er)(1+e ) =
(@B (@ — o)+ apler — o)) = 2 (ap* (e — ) —a*pe 1)) =
%(e”’ —e ") (af* —a*p) = %- 2-i-im(e")-2-i-im(aB*) =
i-im(e")-i-im(ap*) = —im(e¥)-im(af*) =

—sin(y) - im(ap”)

We assemble the complete solution:

P(D0) = aa” <Sin (g))z + sin(y)im(aB) + BB* (cos (g))z

P(D1) = aa’ <cos (g))z — sin(y)im(aB*) + B” (sin (g)>2
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Mach Zehnder Interferometer

We insert phase shifters in both paths

mirror 1

detector 1

DO

splitter2 —

D1

detector 2

mirror 2

We get the new input into splitter 2:
1 ((—a+pe?
VZ\ (a +p)e®
The effect of splitter 2 onto the new input:

=G )i((_“ i ﬁ)eiy> - 1<(—a +B)e + (a+ ﬂ)ei5>

VZ\ —U\Z\ (@+p)e® ) 2\(—a+Be? — (a+pe®

1 <—aei7 + pet + ae’d + Bei5> B

2\—ael + pel” — qel® — Beid

(e st 1)

2\—a(e +e) —p(e'd —e")
We calculate the probability P(DO0):
P(DO) = Z((a(e“S —e)+p(e + e”’)) (a*(e“5 —e M)+ p*(e7® + e“y))> =
Z((ow:*(e“S - e”’)(e_“s - e‘”’) + (Jz,[)’*(e“s - e”’)(e‘“S + e‘”’) + a*ﬁ(e“S + e”’)(e_“S - e‘”’)
+ Bﬁ*(ei5 + e"y)(e“"g + e‘iy))) =
Z((aa*(z —elde7lr — e“%”’) + aﬁ*(e‘%‘”’ - e‘“se”’) + a*ﬁ(—e“se‘”’ + e‘l‘se”/)

+ BB (2+e¥e + e“"sei”))) =
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Mach Zehnder Interferometer

%((aa*(z — i1 _ ol=8)) 4 qp*(ei67D) — oi-8)) 4 g B(—l5) 4 V=9
+BB*(2 + €6 4 ei(V“”))) =;
Werenamey —§ :==A
%((aa* (2= (7@ + ei®)) + af (7@ — £i®) — g"B(e~®) — ei®) 4+ fp"(2 + e~ + eim)))) -

1

Z((aa* (2 — (e7i® 4 ei(A))) + (7@ — i) (ap* —a*B) + B (2 + 7™ + ei(A)))> =

%((aa*(Z —2-cos(A) + (—2-i-sin(d))(aB*—a*B)+pB (2 +2- COS(A)))) =
%((aa*(Z —2-cos(8)) + (=2-i-sin(8))(2-i-im(ap)) +pp*(2+2- COS(A)))) =

l((owz*(Z —2-cos(A)) + (2 sin(A)(2 - im(aBp)) + B (2+2- COS(A)))) =

4
%((aa* <1_CTOS(A)> + sin(A)im(aB™) + BB* (HCT(M))) =

M M
aa” (sin (E)) + sin(Ad)im(aB*) + BB* (cos <§)>
We calculate the probability P(D1):
P(D1) = Z((—oz(e“S + e”’) — [?(e“S - e”’)) (—a*(e‘“s + e‘”’) - [3*(@‘“S — e‘”’))) =
Z((aoz*(e“S + ely)(e‘l5 +e )+ cz[?*(e“S + e”’)(e‘“s —e )+ a*ﬁ(e“s - e”’)(e‘“S +e7)
+ BB (e — &) (et — e—iy))) _
Z((aa*(Z +ee 4 e BelV) 4+ qf* (e Pel —elde™) + a* (e — e~ielr)
n Bﬂ*(z — eip-iv _ e—iaeiy))) —
%((aa*(Z F i) 4 l0-0)) 4 qp*(ellV=8) _ oi6—M)) 1 g*B(e16-1) _ oitr=0))
+ BB (2 — eV — ei(y—a)))) -
We renamey — § = A

Z((aa*(Z +e i@ 4 ) + af*(e — e i) 4 q*B(e7I® — ) + pR* (2 — e7I® — elA))) =

Z((aa*(z + elA + e—l(A)) + a,B*(elA _ e—l(A)) _ (X*ﬁ(elA _ e—l(A)) + ,8,8*(2 _ elA _ e—l(A)))) =

%((aa*(Z +2-cos(A)) + (e —e i) (ap* —a*B) + BB (2 -2 COS(A)))) =
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Mach Zehnder Interferometer

%((aa*(z +2-cos() + (2-i-sin(d))(2-i-im(ap)) +pp*(2—2- cos(A)))) =

1-— cos(A)) B

. <1 + cos(4)
aq* | ————— >

2

aa’ (cos (%))2 —sin(Ad)im(aB®) + BB* <sin (%))

The complete solution:

> —sin(A)im(aB*) + BB* <

2

A\ &Y
P(D0) = aa” (sin (§)> + sin(8)im(aB”) + BB (C"S (E))

2

(o Y oy e e (e (B
P(D1) = aa (cos (§)> —sin(d)im(af*) + BB (Sm (E))

Remarks

a) The A-solution seems identic with the upper path solution. If y shifts more than §, y — & becomes
positive and we have a net phase shift in the upper branch. If y shifts less than §, y — § becomes
negative and we have a net phase shift in the lower branch. The sin-function is antisymmetric and
shows this behavior too: sin(—x) = —sin(x).

b) We invested a lot of work in the A-case. We can avoid this by manipulating the vector.

The vector with both phase shifters:
1 ((~a+pe?
V2\ (a+p)e’?
We draw out the phase of the upper path:
L ((—a+per) 1 (—a+p)
_< i6>_)_'ely'< i6-y) | =
V2\ (a+pe V2 (a+ Ble
i.y’y.( (—a'+,[)’). )
V2 (a+ple™™

Note: We get —A because of § — y compared to the A used above.

The overall phase e has no effect, the interferometer reacts to the value of A in the lower path only.

c) A mirror adds a phase of 180° or ' to the beam. The two mirrors will add this effect to 360° or e2®

thus cancelling out.

We use splitter matrices:

Matrix splitter 1: Matrix splitter 2:

The —1 belongs to the part of the beam that is reflected by the splitter. The +1 belongs to the part
transmitted. Remember that e’ = —1.
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Mach Zehnder Interferometer

Matrix and splitter

a
We work with an input beam represented as (ﬁ) where a belongs to the upper beam, 8 to the lower

beam, a and B are complex numbers. Quantum mechanics treat this as probability amplitudes
requiring |a|? + |B|? = 1, so aa™ + BB* = 1.

Any linear optical element used in the path of the interferometer can be represented by a 2 X 2 matrix
(at least | hope so ...).

The conservation of the probability requires the matrices M to be unitary:

MtM =1
Note: T stands for transposition and complex conjugation of the matrix, T is called “dagger”.
Unitary matrices preserve the probability.

We check with all numbers being complex:

M=z o)
=5 )

=G )@ D=Galie briaa=6 1)

= (2 )G @)= G tar o taae) =G 1)

We get the requirements:
a‘fa+c'c=1=aa" + bb"
b*b+d*'d=1=cc*+dd"
a’b+c'd=0=ac"+bd"
b*a+d'c=0=ca" +db"
For complex numbers holds:
a*a = aa” etc.
afa € R,a*a=>0

From the requirements we get dependencies for the coefficients:

% b*b =c*c
a*bh =—c*d
c*a=—d'b
b*a = —d*c
a*c=-b*d
We check:
MM = (Z 2) (ccl Z) = (—a;?cib;*bc ;€;d++di;d) - (a*a :)r v b*b f: d*d) - ((1) (1))
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Mach Zehnder Interferometer

= (2 D) )= L0000

We get back the unity matrix.

The Matrix M must conserve the probability:

@) () =a e+ g =1

a\ _(a b)(@\ _ (ax+ bp
(ﬁ’) - (c d) (ﬁ) - (ca + dﬁ)
We use the dependencies (**) and calculate:

(a*a” +b*B*)(aa + bB) + (c*a* + d*f*)(ca + df) =
(@*Q)a‘a+ (@b)a*B + (b*a)B*a + (B*D)B*B + (c*)a*a + (c*d)a*f + (d*c)B*a + (d*d)B*B =
(aa)a*a+ (b*b)B*B + (c*c)a*a + (d*d)B*B =
(a'a+cd)a*a+ (b*b+d*d)B*B =
ata+pBp=1
Matrix M preserves the probability.

Variable reflection and transmission ratio
We modify the splitters and allow a ratio in transmission T and reflection R, T + R = 1. We use

square roots \/T =t and \/E =T.

The picture changes:

mirror 1

detector 1

DO

splitter 2 —

D1

detector 2

mirror 2
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Mach Zehnder Interferometer

Input beam a: a (2)
Input beam £: B ((1))

Note:a? + B2 =1

Matrix splitter 1, Mg4: Matrix splitter 2, Mg,:
-r t r t
Ms1 = ( t r) Ms = (t —r)

Note: we could either swap the input to splitter two or swap the matrix of splitter two by its
antidiagonal. This is done by sandwiching the first matrix with the swap-matrix X:

x=(1 o
We check:
XM¢ X =
G JG DG 0= DG =G 5)
Result:

XM51X = MSZ

Input into splitter 1:

Effect of splitter 1:
(—r t)(a) _ (—a-r+ﬁ-t>
t r/\B) \a-t+p-r
Input into splitter 2:

(aiipr)

Effect of splitter 2:

A e iy B L v S A )

(—a-rz +,8-rt+a-t2+ﬁ-rt) B ( a(t? —r?) + 2prt )
—a-rt+p-t?—a-rt—p-r? —2art + (% —r?)
We can compact this process by building the combined matrix M for Mg, and splitter Ms,:
Mg = Mg, Mg, =
r t\(-T t\_ (—r2+¢t? 2rt
(t —r)( t r) - ( —2rt  t2 _rz)

Note: The order of matrices is important.
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Mach Zehnder Interferometer

We check the effect of the combined matrix to the input beam:

(_rz 2 2t )(a) B (—arz + at? + Zﬁrt)
—2rt  t2—r2/\B —2art + Bt? — pr?

( a(t? —r?) + 2prt )
—2art + B(t?> —1r?)

Result: The combination of the two matrices gives the same result.

We can treat reflection and transmission as real and imaginary part of a complex constant z = e'?:
r =re(z) = cos(p)
t =im(z) = sin(p)

We get the matrix Mg:

)

(—rz +t2 2t ) _, [—cos* (@) +sin*(9)  2cos(g)sin(p)
—2rt  t?—r? —2cos(@)sin(p)  sin?(¢) — cos?(¢)

We use trigonometric formulas:
2cos(@)sin(p) = sin(2¢)
sin?(p) — cos?(p) = —cos(2¢)

We proceed:

—cos?(p) + sin®(p)  2cos(p)sin(p) . (—cos(2<p) sin(2¢) )
—2cos(@)sin(e) sin?(p) — cos?(¢) —sin(2¢p) —cos(2p)

Note: we write this with exponentials only:

1—(z2+ (2D (22— (D)) _1 —(e? + e7120)  (e'2¢ —e7129)
E<—i(22 -(zD%) —(z*+ (Z*)2)> B E<—i(ei2‘*" —e7i2¢) —(e'2¢ 4+ e‘iz‘/’)>

Result:
1/ — eiZgo + e—iZ(p i eiZ(p _ e—iZ(p
=1 (ef 22) ife" )
2 _l(eLZ(p _ e—lZ(p) _(eLZq) + e—tZ(p)
Note: (z2 — (z%)?) is pure imaginary, so i(z? — (z*)?) is real.
Note: (z2 + (z*)?) is a real number.

Note: The matrix Mg has real values only.

Concatenating several interferometers
By using the matrices we can concatenate interferometers with different reflection and transmission
parameters.

It is helpful to use the four Pauli matrices:

= 9= Hr-( H-( 9

The Pauli matrices build a basis for the space of Hermitian 2 X 2-matrices.

The matrix Mg depends on the argument ¢ only.
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Mach Zehnder Interferometer

We express the matrix Mg by help of the Pauli matrices I and Y:

1, . » 1 o0y 1, » 0 —i
Mg = _E(elmp +e 12<p) (0 1) _ 5(612(,0 —e lZ(p) (i Ol)
We use:

. 1, . , 1, . )
elf0i = id -5(6‘2"’ +e72%) + ig; -E(elz‘p — e~i2¢)

Note: o; are the Pauli matrices.

i2 —i2 i2 —i2
o120 — i (M) N y<u)
2 2

MS — _eiZ(pY

We apply:

We get:

We apply this to a sequence of interferometers:

a4

N

The transformation matrix M,, is a sequence of n matrices M;:

/

Mn — (MS)n — (_eiZ(pY)n — (_l)n . ei2nq0Y

This result is valid if the ratios of reflection and transmission are the same for each interferometer. If
we concatenate interferometers with different ratios, ¢ changes. We set the ratio ¢; for
interferometer i and get:

My,=M;..-M, = —eli2(@i++on)Y
Note that in any case i2ng resp. i2(¢, + - + ¢,,) is modulo 27.

Experimental settings
We will work with a set of n interferometers having the same reflection and transmission ratio.

Beams staying on their side
How have we to adjust reflection and transmission ratio to hold the output on the same side as the
input? The input beam a to go completely through D0?

In this case reflection must be 100%. It is sufficient to take a look at a single transfer matrix:

M = =5 (e + o) (0 §) =5 (e —e20) (¢ )
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Mach Zehnder Interferometer

The transmission part:

_%(ei&p + e-i20) ((1) (1))

The reflection part:

_%(eiZ(p _ e—iZ(p) ((l) —Ol)

The transmission part must be zero:

1, . . 1 0\ _
—E(elz"’+e i2¢) (0 1)—0—>
ei2? 4 o720 = 0 >

- - T
el“’:—e_”p—>2(p=5—>

_T[
?=3

We check the transmission part:

_%(eiZ(p + ei20) (é 0) .

1
SR

S Y-

_%(i+ “0)(; ) =0

We check the reflection part:

_%(eiZq) — ei20) (? —i) R

)
-36-e0( 3)-
i ((l’ _oi) -
G %)
The beam is reflected 100% at any splitter, any beam remains on its side.

Beams passing through

How have we to adjust reflection and transmission ratio to swap the output onto the other side? The
input beam a to go completely through D1?

In this case we must work with the whole transfer matrix M,,:

Mn — (_1)n . eian)Y
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Mach Zehnder Interferometer

We omit the factor (—1)™:
M. = ei2nqu =|id _l(eiZn(p + e—iano) + Y_l(eiZmp _ e—iano)
n 2 2
The (reflection) swapping part:
Y - l(ei2n<p _ e—iZn(p)
2
The transmission part:
id _l(ei2n<p + e—i2n<p)
2

The transmission part must become zero:

eiZn(p + e—iZn(p =0

ei2n<p — _e—iZn(p N
_T[
2ng =57
_ T
L™

We check the transmission part:
id _%(eiZn(p 4+ e—iZn(p) N
id _l(eiZn% + e—iZn%) _
2
o1 & =
ld-E(e 2+e 2)—
d 1 (i—D)=0
i > i—i)=
We check the reflection part:

1, . .
Y_E(eLZn(p_e—Lan)) N

Y - % (eiZn% _ e—iZn%) _
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Mach Zehnder Interferometer

0 1
(51 o)
In the transfer matrix we find the term (—1)".

Depending on n being odd or even this will direct the output to D1.
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