Mach Zehnder simple

This paper deals with the Mach Zehnder Interferometer and the following scenarios: plain
interferometer, phase shifter in one path and in both two paths.

A more elaborated version dealing with transmission and reflection you find in the paper “Mach
Zehnder”.

Hope | can help you with learning quantum mechanics.
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Mach Zehnder simple

Mach-Zehnder Interferometer

a

‘beam splitter

]
-1

beam splitter

! 1
Lo N -s

phase
shifter

We have an input beam:
a
(s)
Note that the photon is in superposition with @ and § complex numbers, normalized to the
probability |a|? + |B|? = 1.

The left beam splitter can be expressed as a matrix:

1 (—1 1)

V2Vl o1
The right beam splitter:

1 (1 1 )

J2\ -1
The phase shifter can be expressed as a matrix too:

1 0
(0 ei‘sl)

All matrices act on the input photon:
= DE SSE DE)-
3G D6 S
%G —11) (ei‘s_l?a—:ﬁﬁ)) -
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Mach Zehnder simple

)

1 <—a + B+ e (a +,6’)>

2 —a+ B —ei(a+p)

As we know we will get a solution of double angle. We rewrite:

3( a(e'dt — 1) + (et +1) )

2\—a(e+ 1)+ p(1—€'%)

)

We isolate the double angle:
51 _i% 51 _i%
ei% a(elz —e 12>+ﬁ(6’12 +e 12)

2 S 8 S b
—a(elz +e lZ)—ﬁ(eLZ —e lz)

We use complex identities:

S s 0 Soo % 1
e2—e 2=2isin—, e2+e 2 =2c05—
2 2
We get:
)| 6y
& [ ari-sin—+p-cos—
el? 2 2
5y Bei-si 5y
—a-coSs——f-i-sin—
2 2

We check by calculating the probabilities on the detectors, the sum must give one.

|Po|? = (a-i-sinﬁ+ﬁ : cosé> (E- —i-sinﬁ+,[_?-cosﬁ) =
2 2 2 2

(a-i-sin%) (E- —i -sin%) + (a ' i-sin%) (,[_)’ cos%) + (,b’ ' cos%) (E- —i-sin%)
+ (B-cos%)([_?-cos%) =

0 — o) o) o) 0 o)
|a|?sin? 5[ + aﬁisin%cos;l — aﬂicosésinil + |B|%cos? 31 =

8 6, = )
Ialzsinzé + isin%cos;l(a,b’ —aB) + |‘8|2c05271 =

We use trigonometric identities:

6 6 1
sin—-cos— = Esmé‘l

We get:

o) 1 — o)
IalzsinZEl + izsin&(aﬂ —ap)+ Iﬁlzcoszil =;

We calculate the complex number using:
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aE:x+iy, ia[_?=—y+ix
aff =x—iy, iaf =y +ix
iaB —iaf = -2y = —2-Im(ap)

We get the probability for the upper path:

0 — o)
|a|?sin? ?l — siné; - Im(apB) + |B|*cos? 31

With the same calculation we find the probability for the lower path:

1) — o)
Ialzcoszé + siné; - Im(ap) + Iﬁlzsinzé

Both probabilities must give 1:

o) — 1) o) — o)
Ialzsinzil — siné; - Im(apB) + Iﬂlzcoszé + Ialzcoszgl + siné; - Im(ap) + Iﬁlzsinzé =

o) o) o) o)
la|? (sin2%+ cos? ?l) + |B? (c05271+ sin? é) =lal?+|B1?=1
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Mach Zehnder simple

Mach-Zehnder Interferometer with the phase shifter in the upper path

a

beam splitter beam splitter

B

! 1 ! 1
Lo N -s A "

We have an input beam:
a
(s)
Note that the photon is in superposition with @ and 8 complex numbers, normalized to the
probability |a|? + |B|? = 1.

The left beam splitter can be expressed as a matrix:

1 ,_
ﬁ( 11 D
The right beam splitter:
1
V2 G —11)

The phase shifter can be expressed as a matrix too:

(ei5u 0)
0 1

All matrices act on the input photon:
1 /1 1\(eldu 0\ 1 /=1 1\
5(1 —1)( 0 1)5( 1 1) (ﬁ)
Instead of running through the same calculation we use:

(6" D= o)
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Mach Zehnder simple

s 12
The overall phase will not affect the probability because |e‘5u| = 1.
We take our result from above and replace §; by —3§,,:

The probability for the upper path:

) — )
la|?sin? Tu — sin(=8,) - Im(aB) + |B|*cos? Tu
The probability of the lower path:
2 2% ; - 5 . 5 Oy
la|?cos — + sin(=8,) - Im(aB) + |B|*sin —

The probabilities sum up to one.
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Mach Zehnder simple

Mach-Zehnder Interferometer with two phase shifters in each path

a

beam splitter beam splitter

B

! 1 ! 1
Lo N -s A "

We have an input beam:
a
(s)
Note that the photon is in superposition with @ and 8 complex numbers, normalized to the
probability |a|? + |B|? = 1.

The pair of beam splitters can be expressed as a matrix:

(eié'u 0 )
0 eiol

We use:

<ei(;5u 3?61) = et ((1) ei(s?—au)) = e'%u ((1) e?A)

Note A= §; — 6,
We take our result from above and replace §; by A:

The probability for the upper path:

—A — —A
la|?sin? - - sin(—=A) - Im(ap) + |B|?cos? -

The probability of the lower path:

—A — —A
la|?cos? - + sin(—4) - Im(ap) + |B|?sin? -

The probabilities sum up to one.
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