Applying the Number Operator

This paper checks that the number operator, applied to ground/first/second excited state of the
guantum harmonic oscillator gives back these states with the appropriate factor in front.

Hope | can help you with learning quantum mechanics.
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Applying the Number Operator

Ground state
The ground state:

_w .2
Yo(x) =e 2k
Note: the normalized ground state for a quantum harmonic oscillator complete is

1
mw\g _mo,
xX) = (—) e 2h
o) = (=
but we work with the core function only to minimize the calculation effort.

Note: the number operator N is the product of the creation operator @* and the annihilation
operatora™:

| at = (P + iwX) | a- = (P —iwX)
N =a%ta-
The number operator N:
(P+iwX)(P —iwX) =
PP — iwPX + iwXP + w?XX =
PP + iw(XP — PX) + w?XX =
PP + iw[X, P] + w?XX
Note: the commutator [X, P] = iA.
PP — hw + w?XX
We need the details:
d =
P = —iho_ X=x
PP = (—if)(—ih) e = —p2 2 XX =t
dx? Qx?

We apply the number operator to the wave function of the ground state:

AP
—h— — hw + wx” |e
0x?

We do this in parts:

. R 92 @ 2
First the derivation —h? 5.2 ¢ 2h

2 [ a 0 w2
—h2 o 2R — _p2 27% =
h xze h axax(e )
0 wx 2 W 2 WX WX 2
2 7 (T ot g2 (D Xt T et
hax(he ) h(he PR )=
2.2
h? (%e_ﬂ s e_%x2> = (hw — w?x?)e 27"
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Applying the Number Operator

w2
_w,2 . L
e 2¢° is the wave function so we write in operator style:

2
—h? peie (hw — w?x?)

We complete the number operator:

_W,2
(hw — w?x? — how + w?x?)e 27" =0

The number operator N applied to the ground state gives (correctly) 0.

First excited state
The ground state:

R W)
Po(x) = e 20"
The first excited state:
_W,2
Y1(x) = 2iwxe 277 = 2iwxyy(x)
The number operator N remains the same:

PP — hw + w?XX

We apply the number operator to the wave function of the first excited state:

262 2.2 \o; — 2
—h*—— hw + w*x“ | 2iwxe 2°° =

0x?
2 _ﬂxz _29(2 —ﬂxz
—Ziwhzﬁ(xe 2h )—Zihwzxe 21 4 2iw3x3e 2r* =
x

We do this in parts:

Deriving second time:

20x _0 .2 wx? WX\ _®,2
<__h e 2h +<1—T>(—7)e 2h >_

20 wx  wix®\ _o,.
_—_— e 2h

n T h T
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Applying the Number Operator

We multiply by the factor —2iwh?:

, 20x  wx  wx3\ _w..
—2iwh? | —————+ e 2R =

h h h?2
_W .2
(4iw?xh + 2iw?xh — 2iw3x3)e 27" =
_W.2
(6iw?xh — 2iw3x3)e 2R
We complete the number operator:
_W .2
(6iw?xh — 2iw3x3 — 2iw?hx + 2iw3x3)e 27" =
_W,2
4iw?xhe 27" =;

We simplified little bit and must correct that. The raising operator and the lowering operator need a
normalizing factor, the correct values are:

- :\/ﬁ(P—le)
at =\/2_—Tlh(P+in)

This gives the correct number operator:
1 . .
N=—(CP—iwX)(P+iwX)
2wh

We take the result above and divide it by 2wh:

4iw?xh _® 2
e 2h
2wh

. — B 2
= 2iwxe 20 =1-¢;(x)

_w,2
The number operator N applied to the first excited state 2iwxe "2i° gives correct one time the first
excited state.

Second excited state
We check the number operator N on the second excited state.

The ground state:
Po(x) = ¢ 2
The second excited state:
Yo (x) = (—h + 20x*)Po(x) = (h + Za)xz)e_zﬂhx2
The number operator N:
P+iwX)(P —iwX) =
PP — iwPX + iwXP + w?XX =
PP +iw(XP — PX) + w?XX =
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Applying the Number Operator

PP + iw[X,P] + w?XX =
Note: the commutator [X, P] = ih.

PP — hw + w?XX
We need the details:

d X=x-"
P=—-ih—
M ax
, , 2 , 07 XX =x
PP = (—lh)(—lh)ﬁ = - ﬁ

We apply the number operator to the wave function of the second excited state

62 az _ﬂxz
—h? Freie hw + w?x? |, (x) = | —h? Frh hw + w?x? | (=h + 2wx?)e 2k
We do this in parts:

First —h? —v,bz(x)

Inner derivative:

2
66 — 1, (x) = aax(a (( h+2wx?)e” 5 >)

@2 WX _w
—hza(élwxe 27— ?(—h + 2wx?)e thz) =

w

, 0 _W 2 w2 2wix3 _w.,
—h Ep dwxe 2h" + wxe 2n° —

e 2n"

Outer derivative:

- =
5 6w?x?\ wx 202x3\\ _@..
—h 5w — - oy S5wx — - e 2n =
e 6w?x% wx o+ wx 2w%x
) : - Swx
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Applying the Number Operator

—h? <5w —

5 Mw?x? 2w3x*\ _o ..
7250 — - + e 27 =

6w?x? Sw?x? 2w3x* W 2
R v

—5wh? + 11w?hx? — 2w3x*Py(x)
Second —hwy, (x):
—hw,(x) = —hw(—h + 2wx?)Py(x) =
(wh? — 20?2 hx?)Py(x)
Third w?x2, (x):
w?x? Py (x) =
w?x?(—=h + 20x®)Py(x) =
(—w?hx? + 2w3xM) Py (x)
We add:
Yo () (=5wh? + 11w?hx? — 2w3x* + wh? — 2w?hx? — w?hx? + 203 xM) P (x) =
Yo (x)(—4wh? + 8w?hx?) =
2:2- (—wh? 4+ 20?hx?)Py(x) =
2hw - 2 (—h + 2wx2)Py (x)

We simplified. The raising operator and the lowering operator need a normalizing factor, the correct
values are:

T = —,le_h(P - l(l.)X)
at = \/;—Tlh(P + iwX)

This gives the correct number operator:
1
N=—>(P—-iwX)(P+iwX)
2wh

We take the result above and divide it by 2wh:

2- (=h+ 20x")Po(x) = 2P, (x)

The number operator applied to the wave function of the second excited state gives back two times
the second excited state.
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