Partial derivatives and coordinate transformation

Quantum mechanics works with cartesian and polar coordinate systems. It is useful to switch
between them and especially, to know how to transform partial derivatives, e.g. work with the
momentum operator.

This paper is based on http://www.math.uni-kiel.de/geometrie/klein/ingws9/mo1611.pdf

Hope | can help you with learning quantum mechanics.
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Partial derivatives and coordinate transformation

A function in cartesian coordinates:

f(x,y):R* >R

Written in polar coordinates:

f(r,@):C>R

We transform polar coordinates in
cartesian coordinates:

X =71"CcoSQ
Yy =71"Ssing
f@r,@) = f(r-cosp,r sing)

The partial derivative
with respect tor:

af
8r

—f( )3 (T COS¢)+—f( Y —(T sing) =

0 NE ay

S G) o5 + () sing

The partial derivative
with respect to ¢:

af ) dy
a¢ axf(x)’) _(p+

0 0
af(x,y) '%(T - cosg) + @f(x,y) '%(r - sing) =

%f(x, y) - (=7 sing) + ;—yf(x, y) -+ (r* cosg)

We use: cosg = x
Jx% + y?
sing = Y
JxZ+y?
We get: af d
f( V) e f( Y)Y
6 / a /x2 _|_y
af 0
90 =@y (=y) +—f(x y)x
We omit the target function and i 6 0
write: 6(;" m ax W ay
% - ay Y ax
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Partial derivatives and coordinate transformation

We will check this with an example:

foy)=x-y
2
fr0) =5 sin(29)

We do a quick check whether this gives the same values.

Cartesian coordinates:

y=0 x=y
f(x,0)=x-0=0 fle,x) =x-x=x?

The same in polar coordinates:

F(r0) = - sin(0) = 0 2 b
r,0) = —-sin = L, T r T r
2 — ) =— "9 —) = — =
f(r,4) > sm(z) >
x2+y?  x%+x? 5
= =X
2 2
We derivate f (7, ¢):
i f(r, @) = n(2¢)
arf r,@) =1-sin(2¢
0 f(r, @) =12 )
a(pfr,qo =r“-cos(2¢
We transform this to cartesian coordinates:
y x

Jd .
—f(r,p) =r-sin(2p) - \x?+y?-2- . _
or \/x2 _|_y2 \/XZ +y2

2xy

T+

9 ) NN el i
%f(r,(p)=r ccos(2¢) - (x* +y?)- m =

xz_yz

We compare with the transformation of the partial derivation. We had:

J x d 4 y 0
or  [x?+y? Ox [xZ4yZ Oy
0 0 0

50~ 3y YV ox

D. Kriesell page 3 of 5



Partial derivatives and coordinate transformation

We check i:
ar

9 x oGy,

y  of@y) _

aT [xz + yz ax

Jx?Z 4+ y? dy

2xy

X y
v+ v —
Jx2 + y? Y Jx? + y? g Jx? + y?

We check i:
o9

0 _ ofxy) of ey _ ,
2oy —y S =xt -y

ap dy

Our example works.

To calculate the other way round we formalize the procedure and use symbolic vectors.

. a a
We rewrite — and —:
or dp

X

9 oo V) 9 Gy)
ar " ox 9
iz_r-Sln -M_l_r-cos -M
do ¢ dx ¢ dy
We construct the transformation matrix T:
T = ( cosp sing )
“ \—r-sing r-cose
We need the inverse matrix T~ 1:
—sing
cosQ
-1 _ T
r—= ) cosQ
sing "
We check whether this is the correct inverse:
—sing
1 cos@ sing cosy r
T = (—r ssing T cosgo) cosp |~
sing
—Ssin sin
cos?p + sin?¢ i 4 1 0
r = (0 )

—7 - SInYcos@ + r - singpcose

cos?@ + sin?¢
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Partial derivatives and coordinate transformation

|

o)
\aw/

We write partial derivatives as vectors:

SloPle
N~—_

We apply the transformation matrix:

T—( cosQ sing )
“ \-r-sing r-cose

We calculate:

9]
= cos sin
V=T-V= (—r . 5?;140 T coqs)g0> aax -
dy
9] _ 0
cosg - = + sing @
0 9]

—r-sinqo-a+r-cosg0-$

Result:
0 0 +si 0
p B cosQ 9% sing 3y
a |~ 0 0

% —r-sin(p-$+r-cos<p-@

Now we can calculate the partial derivatives of the cartesian coordinates by polar coordinates, using
the symbolic description.

—sing d
[ cose ar
— T-1F— r —
V=T""V= ) cosQ a |~
sing —
de

d singp 0
cosg or r Jdo

d cosp 0
\simp ewaian L

or r%

Result:

Jd sing 0
oS8 or r 0@

_\=
\a/ d cosp 0

smtp-§+ - %

D. Kriesell page 5 of 5



