Particle on a Circle

This paper deals with periodic functions. We express the function in terms of eigenfunctions. We then
apply the momentum operator and calculate the uncertainty in momentum and energy.

This paper follows a lecture B. Zwiebach gave at the MIT:

https://ocw.mit.edu/courses/8-04-quantum-physics-i-spring-2016/resources/solving-particle-on-a-

circle/

Hope | can help you with learning quantum mechanics.
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Particle on a Circle
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Particle on a Circle

The model

v
x

We transform the path of the particle from a circle to a straight line, thus omitting the problems how
to hold the particle on the circle. We have no potential we need to calculate.

Note: W is a function of x only.

The wave functions
For the wave function we need:

We use the following wave functions:

Y(0) =W(L)

d
Tx Y(0) =— Y(L)

dx

Yy (x) = \/%sin <2Tn . x)

W, (x) = 2 _(2-n-x>+ 4 (6-7r-x)
o (X) = 3L sin I 3L cos I

Note: The factors in front of sin and cos needed for normalization of the integrals [ W(x)?.

We calculate the derivatives:

d
— Wy, (x) = d ’2 2'mrx\2'm
dx a‘l’#z(x)= 3—L-cos( I >_L -
2T |2 21
T.\E.COS(T.J{) i_sm(6-n-x)6-n
3L L L
2
Flp#l(x): d_zl_p (x) = — i_sin<2-ﬂ-x)(_2-n)2_
x dxz #2773 L L

[ (T
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Particle on a Circle

We check the condition ¥(0) = W(L):

Wy,(0) =0

Wyq L)=0

4

Wy, (0) =

LI’#Z(L)—\/: sin(2- 7'[)+\/: cos(6- n)—\/: sm(O)+\/: cos(O)—\/7

. d _d
We check the condition = Y(0) = = Y(L)

d ¥, (0) = 21T
dx ™ L
d 21
—Y,. (L) =—
=P =

d ]2 ) bmr

T Y,,(0) = T cos(O)—— — sm(O)T =
2 21 4

Wyo (L) = ’— cos(2- 7T)—— 3L

sin(6+m)—

2 2

3L L

67‘[_227'[
L 3L L

Preparing the wave function W(x) this way gives the behavior needed.

d d? .
We take a closer look to W(x), = Y(x) and E‘P(x). We note that these are real functions — we can

plot them. We use the parameter L = 5. On the left you find Wy, on the right Wy,.
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Particle on a Circle

The functions seems to be periodic by period 5.

We check whether the normalization is correct, fOL(‘P(x))de = 1 by help of wxmaxima:

2
js 2,(271 ) d_|x 1 _(4n>5_1
. SSln 5 X X = 5 47_[Sln 5 X O—

2
f5 2 _(2-n-x)+ 4 (6-n-x) d —
i = sin|— 5 cos|— x =

. (12m
Sl?’l( [ x) 2 \/’2—5 1 (47'[ ) 1 (87'[ ) 1
18 15 TV 24 \5Y) T g 5 Y))| T

We plot the square of the function:

[
y y

21 21

1,5+ 1,5+

_. | LN _.\N_/\/\_ A’/\A/\./\ /\/.\ﬂ
_0,5_.

-1+ 1+

-1,5+ 1,54

Remark: Expanding the length of the interval to +oo leads to Fourier series resp. the Fourier
transformation. You find a paper dealing with Fourier series here.

We want to measure momentum and need eigenfunctions and eigenvalues of the momentum
operator.
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Particle on a Circle

General W- functions
We have no potential, V(x) = 0.

We use the Schrédinger equation:

. h? d?
‘IJZ———‘}’ EY¥Y
2mdx?

h? d>?
——yY*— Y = Y'EY
2m  dx?

and integrate over the whole space, the interval [0; L):
2 L
—j V'——Wdx=EF | P"Wdx=E
0 dx 0

Remark: For the left integral we apply a standard access in quantum mechanics. You should use it
whenever possible, it saves you from calculating often difficult second derivatives and work with the
first one only.
Using differential rules, we transform the left integral:
d (‘P*d‘l’)— d‘P*d‘P+‘P* @ v
dx\" dx /) dx dx dx?

Thus, we can replace:

lP*dzlp_d(w*dlp) dqj*d
dx? = dx dx dx = dx
We get:
h2 (d(lpd ) ququ>d
dx d d dx
hz d(tp*dtp)d+h2 Lyl g =
dx dx x X
First term:

) [ g KA
2m ), \dx dx *= dx 1o

Note: ¥ and :—x‘l’ are the same on the boundaries 0 and L.

Second term:

Lyd 2

hZ
—| |—=¥

dx

This is an integral of a positive integrand over a positive range, it must give a positive real value.
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Particle on a Circle

We combine the result.

From: h? fLLP* d? wd fLEW*Wd
2m ),  dx? *= 0 *
We ended with: n2 lyd (2
o —LIJ| dx =EF
dx
We name:

d 2
— VY| dx:=k?
dx | x

[

We get an expression for the energy:

h%k?
2m =k

Comparing with the classical case we see 72k? is the square of momentum or:

2mE
k? =
72
Orthonormal wave functions
The differential equation we started with:
ne Y = EY @ LY ZmEIP k2w
—_— = —_ — = — = —
2m dx? dx? h2
2
— Y = kY
dx?
Solutions are e*** or e ~** or any linear combination.
We choose e¥*:
Y = eikx

We have the periodic condition:
Y(x)=%Yx+1L)
elkx — olk(x+L) — pikx . gikL _, oikL — 1 _
k-L=a-2m,a €N

We use the index a:

. 2ma
)
We get the momenta:
_ 2ma
pa - L
We get the energies:
h2k? 2 (nha)z
= - a = —|—
2m m\ L
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Particle on a Circle

Result: We have a set of orthogonal wave functions:

2na
Y, (x) =exp (lT . x)

Note: orthogonality with respect to the interval [0; L).

We check:
L L 2mh 2ma
f‘{'*b(x)‘lja(x)dxzf exp(—l—-x)exp(l—-x)dxz
0 0 L L
f" ( 2mh +,27ra )d J‘L (,Zn(a—b) >d
exp|—-i— x+i— x])dx=| expli———— x|dx =;
o L L o L
Fora,b € N,a # bwegeta—bisa Fora,b € N,a = b we get:

number and the integral, evaluated at the
borders 0 and L gives the same value:

L 2n(a—b) > L < 2m(a — b) > g
——x|dx=0 —— Z.x)dx= 0)dx = L
J;) exp <l T X |dx fo exp|i T X |dx j;)exp( )dx

We get the normalizing factor:

The orthonormal wave functions are:

Y, (x) = \/%exp (imz—ax)

'ha
lax

The momentum operator

We act with the momentum operator on the eigenfunctions ¥, (x):

'halp()— _hc') 1 (_Zna) B
iho=Wo(x) = —ih—| |Texpli——x) | =

i 1( 0 (,2na> ik 1(,2na) (,Zna )_
ih |-\ aoexp(i——x ) | = —ih |7\ i—— |exp(i——x | =
2hma

L

W, (x)

. ) . 2h
Result: For every eigenfunction W, (x) we get the eigenvalue %

We want to express the wave functions from the beginning in terms of eigenfunctions.
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Particle on a Circle

We begin with:
W, (x) = 2 (2n )
w1 (x) = Lsm I X
We note:
] exp(ix) — exp(—ix)
sin(x) = -
2i
We express sin by eigenfunctions. We want to get sin (zTnx) from them. This is true for the two
eigenfunctionsa = 1anda = —1:
2m 2m
expli—(1-x) ), exp|li—(—1-x)
L L
We check sin and use the symmetry cos(x) = cos(—x) and sin(x) = —sin(—x).
exp <i2T7T(1 . x)> —exp (iZL—n(—l . x)>
20 -
1 2ﬂ(1)+_,27'[(1) 27r(1) ,,Zn(l) _
57 cos L x isin I x cos L x isin I X =
) (2 ‘T x)
sin I
We rewrite:

1 . 2T 1 , 2T
2 21T x \/E\/%exp(lTx)—\/i\/gexp(—lTx)
pin(——) - 7

We work with the next function:
w |2 1 <2n ) 2 <6n )
4 (x) = I\ |3 sinlT* + 3 cos\*

exp(ix) — exp(—ix)
21 ’

We note:

_exp(ix) + exp(—ix)
B 2

os(x)

sin(x) =
We express sin and cos by the eigenfunctions.

We want to get sin (T"x) out of the eigenfunctions. As above this is true for the two eigenfunctions

a=1landa=-1:

(_2n> (_2n>
exple, exp le
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Particle on a Circle

We check sin:

exp (iZTnx) — exp (—iZTnx)

2mx

We want to get cos (ZTH

anda = —3:

We check cos:

7 = sin(5%)

We rewrite Wy, (x):

6 621
exp (lTx), exp (—lTx)
exp( T )+exp( Lx):cos(6—nx>
2 L
exp

x) from of the eigenfunctions. This is true for the two eigenfunctions a = 3

)
LX

+exp(

Wy (x) = f; f e

2i

4 1exp
3.\L

The wave function expressed in terms of eigenfunctions
We rewrite our example wave functions W(x) in terms of eigenfunctions. We remember:

lTx

W, () = j%exp('z’m )

2 2
Wyt (1) = \/;sin (Tnx> - Wy, (x) = \/% \/gsin (ZL—nx> + \/gcos (6L—nx> -
\/E\Fexp(iz%r )—‘exp(— ZL—nx) _ \/:\/E<exp exp( ZT”x)
L 2i
W1 (x) —.‘P_l(x) fj;exp + exp( 6ZT x))
2i 2 |7 =
2 1exp(i27”x) 2 1exp(— T
3JL 20 (3L
1 exp 4 1 exp
3L 2
E_Lp1(x) -¥_;(x) + f _ W (x) + ¥Y_5(x)
3 2i 3 2
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Particle on a Circle

Result:

We express the Wave functions

2 /27 2 1 /2'm-x 2 6-mT-x
Yy, (x) = Zsm(T-x) resp. Wy, (x) = I §'Sln< I )+ §-cos< I )

by a set of eigenfunctions ¥ (x), W_; (x), W5 (x), W_3(x). They build a basis for the wave function and
can replace it if we are in search of the results of momentum measurement.

Measuring momentum

Measuring the momentum of W(x) can be done by applying the momentum operator to the
eigenfunctions. Applying the momentum operator reproduces the eigenfunctions multiplied by the

respective eigenvalue.

Quantum mechanically we get with every measurement one of the possible results.

The probabilities are the squares of the eigenfunctions, |¥,(x)|? = ¥, ()W, (x).

Y. (x)—WP_{(x)
Wy (x) = V2————— 2 W@ YL 4 () +Yos(x)
2 P = |3 2 MRER 2
. R 2169 .
For eigenfunction — = we get: Foreigenfunction\/g-wlz(ix) we get:

2i 20

\/5<“’1_(x)>*.ﬁ“’1_@=

2
—¥, " (x) P (x) = 21 .
4! 1 ! 377 B =
_ 2 1
2 S
12 6
The same result we get for the
eigenfunction ly%l(x)

2- W (%) *_ z‘qu(x)_
3 ( 2 ) 320

For the other eigenfunctions W_; (x), W5 (x), Y_5(x) we
get:

eigenvalues | probability
e _2hn 1
L 6
Itey Ghr 1
L 3
W3 (x) _6hn 1
L 3

The total probability sums up to one as it should be.

A look at the wave function

We take a look at the wave function:

W#Z(x)z\/% \/%_Sl.n<2-7z.x)+\/élcos<6.7z.x)
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Particle on a Circle

We use L = 200 We use L = 200,000.
A
y Ily
0,51 0,05+
0,41 0,041
031 0,031
0,2+ 0,021
017 0,011
" —\ N N N N e N ' : ).(_ X
20 0] 2040 60 B0 400120 140460 180 200 2100 0] 100 200 300 400 500 600 700 800 900 1000
014 -0,011
0,21 -0,021

The wave function is expanded onto the new range, the x-value falling.

In the limes Llim Y(x) the wave function goes to zero.
—00
Remark: this is a typical behavior for probabilities if you proceed from finite probabilities to continuous

probabilities and shows the need for probability densities instead of discrete probabilities because the
discrete probabilities will go to zero.

We check Llim Y(x):

lim W) = i 2 1 _(2-n-x>+ 2 (6-n-x> _
pe T =M Tl 3 T 3 ¢\ -
im |2 |2 n(0) + 2 ©) | =1Ii * o
e | 375" 3 s =10 130~
Measuring energy

We use the Schrodinger equation:

9 h2 92
iha(‘{’) =F = —%ﬁ(W)
Note: we have no potential.
The energy operator:
h? 02
TRl W)

We act with the energy operator on the eigenfunctions W, (x):
h? (')le()_ h? 02 1 (_Zna ) B
2max? T Tomaxz| (TP ) | T

h> |10 (0 (,Zna) _ h* 10 (,2na) (,2na> B
2m Laxaxexple ~ 2m|Lox lL exple B
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Particle on a Circle

h? 1(,27ra)6 (,2na> R 1(,2na>2 (,2na> B
am JL\" L ) ax\FPU T Y)) T T om L\ ) \ P TY)) T

o o (o152 -2 o

hm . .
Result: For every eigenfunction W,(x) we get the eigenvalue ;(Ta) The eigenfunctions for

momentum are eigenfunctions for energy too with different eigenvalues. This corresponds with
2
classical physics, the kinetic energy there is ;—m.

We express the wave function Wy, (x) in terms of eigenfunctions:

fg_%(x)_ 2 ¥, [4 W (a0
[ 3

Measuring the energy of Wy, (x) can be done by applying the energy operator (the Hamiltonian) to the
eigenfunctions. Applying the energy operator reproduces the eigenfunctions multiplied by the
respective eigenvalue.

Quantum mechanically we get with every measurement one of the four possible results. The
probabilities are the squares of the eigenfunctions, |¥,(x)|? = ¥," ()W, (x):

For eigenfunction ¥, (x) we get:

g W
f_ @ f ) ﬂ_mﬁz 000 =
1 2 1
3 -2 7 12756

We get:
eigenvalues probability
Yi(x) =¥_1(x) 2 (A2 l
E(L) 6
Y3(x) = ¥Y_35(x) 18 /Am\2 1
E(L) 3

The total probability sums up to one as it should be.

Note: We get only two different energy eigenvalues, they are degenerated.

Uncertainty in momentum
We know eigenfunctions and eigenvalues with respect to momentum that construct W, (x):

. l}’1(75) 2 . Y_1(x) 4 . ¥s(x) 4Y¥Y_3(x)
Wy, (x) = f \/; T +\/; — +\/; >

We got the eigenvalues (the momenta) for each eigenfunction (basis function) and their probabilities:
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Particle on a Circle

eigenvalues p; probability P;

v, (x) h2m-1 l
L 6

Y_, (%) _h2m-1 1
L 6

Y, (x) h2m- 3 1
L 3

ll—’_3(x) _ h2m-3 1
L 3

We calculate the expectation value for momentum:

()—i p=2r 11+( 11)+31
p_-1pi 1 6 6 3
i=

2-h-m

The expectation value for momentum is zero.

In order to calculate the uncertainty, we use:

(Ap)? = (p?) — (p)?

As we have (p) = 0 this gives:

(Ap)? = (p?)

We calculate (p?):

<p2)=ipi2'Pi :(2-?.7-[)2_(12.%+<(_1)2.%>+32.%4_((_3)2.%)):
i=1

(2-h-n)2 (1+1+9+9)_<2-h-n>2 (1+1+18+18>_
L 6 6 3 3/ L 6 B
(2 i) n)z 38_(2-h 7'[)2 19
L 6 L 3
We get:
ey = 1y = 2 (E Y
The uncertainty in momentum:
A _Z-h-n 19
P="7 3

Uncertainty in energy
We know eigenfunctions and eigenvalues with respect to energy of Wy, (x):

2 4V¥_
W () = ﬁ ' ﬁ o)

W3 (x)

2 Y_;(x) 4
ﬁ' 2i +£' 2

¥ (x) _
2i
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Particle on a Circle

We got the eigenvalues (the energy) for each eigenfunction (basis function) and their probabilities:

eigenvalues probability
Wi(x) =¥_1(x) 2 (h-m\2 l

() ;
W300 = ¥_5(x0) 18 (h- )2 1

) 3

Note: If two eigenfunctions have the same eigenvalue we call them degenerate.

We calculate the expectation value for energy (e):
0= Z 2T Gt G-
€ Pt =\ 6 6 L 3737
2 (h-n)z (1)+18(h-7r)2 (2)_ 2 (h-n)2+ 36 (h-n)z_
m\ L 3/ m\ L 3/ 3m\ L 3m\ L /]
38 (h-n)z
3m\ L
We get the squared expectation value for the energy:
o — (28 (h-n)z © 1444 (h-n)4
¢ 3-m\ L “9 m2\ [
The expectation value for the energy squared:
<2>-Z D) G (2O G-
€ Pt Pi= L 6" 6 L 373) 7
2(h-n)2 ? <1)+ 18(h-n)2 ? (2>_ 4 (h-n)4 (1)+324(h-n)4 (2)_
m\ L 3 m\ L 3/ m2\ L 3/ m2\ L 3)
4 (h-n)4+ 648 (h-n)4 652 (h-n>4
3m2\ L 3m2\ L /) 3m2\ L
In order to calculate the uncertainty, we use:
(Ae)? = (e?®) — (e)?

652 <h-n>4 1444 <h-n>4_
3m2\ L /  9-m2\ L

(h-n)4(652 1444)_(h-n)4(1956 1444>_
L 3mz2 9m?2/) \ L 9m2  9m2)

) (o)
se= (5 (5

(Ae)? =

We get the uncertainty:
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Particle on a Circle

Degenerate eigenstates
We found the energy eigenvalues degenerate:

eigenvalues e; probabilities P;
Yy (x) =¥_1(x) 2 (h-m\* 1
nl) 6
Y (x) = ¥Y_4(x) 18 (h -\ 1
) 3

This is valid for all eigenstates:
I'IJL'(X) = lp_i(X) VieZ

Degenerate states do not mean the states are identic. They are identic with respect to the energy (the
eigenvalues). They differ in the momenta:

eigenvalues p; probabilities P;
ll—’l(x) h2m-1 1
L 6
lp_l(x) _ leT[ " 1 1
L 6

Physically the momentum of a particle on the circle rotating clockwise or counterclockwise is different,
its kinetic energy is not. The kinetic energy is independent from the direction of movement.

Position operator X
The position operator in this setting is not an easy task. Please see: https://arxiv.org/pdf/2111.12538

You may find this paper directly here.
Summary

Whenever you want to predict the results of quantum measurements you need to work with
eigenfunctions. Their eigenvalues are the basis for the probabilities of measuring outcome.
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