Two-level system Hamiltonian by density matrix

We analyze the model of a general two-level system in a magnetic field using the density
matrix formalism instead of pure state vectors.

You may find more information at:

https://ocw.mit.edu/courses/8-05-qguantum-physics-ii-fall-
2013/7c376a3b5b27e5ea586a7e37b85a05d3 MIT8 05F13 Chap 07.pdf

https://phys.libretexts.org/Bookshelves/Quantum Mechanics/Essential Graduate Physics -
Quantum_ Mechanics (Likharev)/05%3A Some Exactly Solvable Problems/5.01%3A Two-
level Systems

Hope | can help you with learning quantum mechanics.
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Two-level system Hamiltonian by density matrix

Recall the Hamiltonian:

iwt
2 \wge —wy

_ o1 ~iwt
H=—ﬁ'B=—h< @o . URE )
We can express by help of the Pauli matrix basis:

1 ( wo Vl—iV2>

H=3mMy, 1iv, —w,

1 N N N
5 = Eh(V1Ux + V6, + woaz)

Note: 6y, 6y, 6, are the Pauli matrices:
~ (0 1\ . (0 —i\. (1 O
Gx_(1 o)ay_(i 0)02_(0 —1)
We calculate the coefficient matrices.
(0 V1)+(0 —iV2>_ 0 wge i@t
Vi 0 iV, 0 ) \wget 0

We have two equations:

Vl_iVZ = (,()Re_lwt V1+lV2 = (I)Relwt
V1 = lVZ + (L)Re_lwt

in + (A)Re_iwt+iV2 = wReiwt
ZlVZ = (L)R(elwt - e_lwt)
v, = sz(eiwt _ e—iwt)
Can be noted as:

V2 = wRSln(wt)

1 ) .
V]_ - EwR(elwt + e_lwt)
Can be noted as:

V, = wgrcos(wt)

Equation of motion for Bloch vector
We take the Pauli matrix representation of the general two-level system Hamiltonian:

~ 1 . . .
H = Eh(VNx + V,6,, + woaz)
We get an equation of motion for the Bloch vector, evolving under this Hamiltonian, by

computing the evolution of an arbitrary general two-level system density matrix state g,
represented using the Pauli matrices:

1
ﬁ = T = E(Id +T'16x +7"26y +7"362) =

1(1+r3 rl—irz)
2\rp+ir, 1-r3
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Two-level system Hamiltonian by density matrix

We use:

. dﬁ T 2 dﬁ I’ iT =
lha = [H,p] i _E[H"O]
We calculate the equations of motion for the coordinates ry, 1y, 5.
We can do this in two ways.

First by the cross product.

We use:

5 T
dp — - — V1 - !
d—=w><r, w=\|V,|, r=|"1

t o s

We calculate:
Vars — wory
5 X 7;) = ((Uorl - V1T3)
Vir, —Von

We get the equations of motion for ry, r,, 73:
1 = Vars — wory
Ty = woly — Vi13
73 = Vir, = Vory

Second by calculating the commutator:

dp i i, .
r_ , - - __ H—) _ —)H
o =~ Al = -+ (Hp - pH)
We use:
2 \wget  —w, 2 \1+iV, —wg
_ (.011 Plz) _ 1(7”0 tr3 - irz)
P21 P22 2\np tir, 1rg—713
We get:

ﬁ zlh( (O Vl—iV2)<T'0+T3 Tl—iT'2>
p 4 \V; +iV, —wy rntir, 1y—T13

lh (a’o(ro +13) + (V= iVo)(r +iry)  wol(ry —iry) + (Vy — Vo) (g — r3)>
4\ + V) (g +13) —wo(ry +iry) (Vi + Vo) — irp) — wo(rp — 13)

ﬁ_lh(r0+r3 rl—ir2>< Wo Vl—iV2>_
p - 4 ™ + irz To — 13 V1 + le —Wy -

1 ((7'0 + 1w+ (rp — i)V +iV,) (g +13)(Vy —iVy) — (1 — irz)a)())
4\ +irdwe+ (ro —r) (Vi +iV,)  (ry + i) (Vy — iV,) — (1o — 13)wg
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Two-level system Hamiltonian by density matrix

We build the differences Hp — pH:

Hpyy — pHyy:

wo(rg +13) + (Vy —iVo)(ry + irp) — (g + 13)wo — (1, — i) (V; +iV) =

W = iV)(ry + irp) — ( — ir) (VL + iVp) =

V1T1 — iV2T1 + iVer + Vzrz — (V1T1 + iVZrl — iVer + Vzrz) =

V1T1 - iV2T1 + iV1T2 + Vzrz - V1T1 - iVZT'l + iV1T2 - Vzrz =

—2iV,ry + 2iVy7,

Hps, — pHyy:

wo(ry —iry) + (V; —iV5)(rp —13) — ((To +r3)(Vy —iV) — ( — irz)wo) =

WoTy — Woiry + Virg — Virs — iVorg + iVory — (rgVy — iV + 13V — 13V, — riwg + inywg) =

Worqy — (1)01:7'2 + Ver — V17"3 - iVZrO + iV2T3 — T0V1 + TOiVZ — T3V1 + T3iV2 + rwo — irz(i)o =

WoT1 — WoliTy + Viry — Virg — iVorg + iVors — 1gVy + iV —13Vy + 131V + rwg — irywg =

2WoTy — 2w¢iTy — 2Vi13 + 2iV,13

Hp,q — pHy:

(V1 + Vo) (g +13) — wo(ry +imy) — ((T1 + ir)wy + (1o —r3)(V; + in)) =

Virg + Virs + iVorg + iVors — wory — woiry — (wory + woiry + Virg + iVorg — Viry — iVors) =

Vlro + V1T3 + iVZTO + iV2T3 — Wl — woirz — Wl — woirz - Vlro - iVZTO + V1T3 + iVZrS

2V 3 + 2iVor; — 2wy — 2wginy

Hpz, — pH;:

WV + Vo) — i) — wo(rg — 13) — ((T1 + ir)) (VL — iVy) — (o — r3)a)0) =

Viry = Vhiry + iVory + Vory — wory + wors — (M Vy — niVy + inVy + 1V, — wory + wors)

V1T1 - Vlirz + iV2T1 + Vzrz — WoTy + Wol3 — T1V1 + TliVZ - iT‘le - T2V2 + WoTy — Wol3 =

V1T1 - Vlirz + iV2T1 + Vzrz — WoTy + Wol3 — T1V1 + TliVZ - iT‘le - T2V2 + WoTy — Wol3 =

—2Viir, + 2iV,n

We get the complete commutator:

lh . _i( —ZiVZT'l + 2iV1T2
4 h 2V1T3 + 2iV2T3 - 20)07"1 - Zwoirz

_ i( —iVor +iVir,
2\Vir3 + iV,1r3 — wory — wyiry
1( —Vory + Vimy
2\—iVir3 + Vors + iwgry — woT,
1 Vir, = Vpry

2 (i(worl —Vir3) + Vors — wors

—ZVliT'z + ZiVZT'l

WoT, — Wity — Virz +iV,r3
—Viiry +iVory

—lwgry — woTy + iV T3 + V2r3)
—Vir, +Vory

(V113 — wory) + Vors — worz)
Vory = Vi,

2w0T1 - Zwoirz - 2V1T3 + 2iV2r3

)
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Two-level system Hamiltonian by density matrix

We use the equation of motion:

Id+7#-6

p = 2
dp

dt

We use the Pauli matrices:

1
= E(ld + 110y + 126, + r362) -

1 A
E (rlax + 720y + r3az)

~ _(0 1. (0 —-i . _(1 O
Jx_(1 o)oy_(i 0)02_(0 —1)
We expand:
A A A 0 np 0 —iry 3 0
710y + 120y + 130, = 0 + it 0 + 0 —7y =
T+ iy —T3
We compare:
1( Vir, —Vory i(Virs — wory) + Vors — a)orz)
2 i((i)orl - V1T3) + V27"3 — Wol, V2r1 — V]_Tz
We get:
| 7 = Vors — wely | Ty = wohy — Vi13 | T3 =Vir, —Von

This fits with the cross product:

gl

X
=
I

Vars — wory
wory — Vi13

Vir, = Von
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