Conceptual Level or Basic Level

Calculating quantum gates can be done on a conceptual level or basic level. We show this with the
example of a combination of Hadamard and CNOT gates.

Example
We use the following circuit:

|0) H H-—qﬁ
[¥;) )
[¥o) Y1) |¥2) [¥3)

The meter sign denotes measurement in {|0), | 1)} basis.

Suppose |y;) = a|0) + b|1), a® + b% = 1.

Conceptual level
We solve this problem by conceptual-level access.

We rewrite the initial state as:

o) = |0>(( )+ (S )|—>)

Note:

0 (“5) = () 0

Note: |0)|+) = |0+) = |0) ® +) represents the tensor product or Kronecker product.
Note: The order of the qubits is important.

1) We apply the first Hadamard onto |4) and get |y ):

1) =500+ 1) ((a—g’) 9+ () |—>>

Note: The Hadamard

acts on the first qubit only
changes |0) to = (|O) +|1)) resp. to |+)

changes [1) to\/—E(|0) — |1)) resp. to |—).
2) We apply the CNOT onto [i;). The CNOT swaps the second qubit if the first qubit is |1).

We multiply out |14 ):

i) = —=00) + 11 ((“—jzb) [+ (<=0) _>) _
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Conceptual Level or Basic Level

1
5((a +b)|0)[+) + (a = b)[0)| =) + (a + b)[1)|+)

In case the first qubit is |0) the CNOT performs no action.
In case the first qubit is |1) the CNOT swaps the second one:

- The |+) qubit swapped remains the same
- The |—) qubit changes the sign

We get |1,):

1
2) = (10)((a+ B)I+) + (@ =)= + 11)((a + b)|+

3) We apply the second Hadamard onto [i,). The Hadamard acts on the first bit only. We get:

1
— 75 (00 +ID)((@+ DI} + (@ = b)1=) + (100 = [ (@ + B+ = (@ = b)) ) =
%((a +B)I0)|+) + (a = b)I0)|=) + (@ + B)VI+) + (a = B)DI-) + (a+ b)[0)|+)
— (@=D)I0)-) = (@ +h)DI+) + (a = L)) =

1
ﬁ(z(a +b)[0)[+) + (2a — b)|1)|-)) =

L @+ B + (@ )I1)-))
\/E a a

The state after the second Hadamard is:

1
lWs3) = —=

\/z((a +b)|0)|+) + (a — b)|1)]-))

Basic level

We can do the same calculation on the basic level. We use the Kronecker product and write all states
explicit.

We write the initial state as:

[1o) = (al00) + b|01)) =

S O T Q

We apply the first Hadamard.

Note: In fact, we apply the Kronecker product H ® I onto [i,) and get |Y;).

50 e ) at

HOI="2( \/—\

_ O

We apply:
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Conceptual Level or Basic Level

1 0 1 0 a a
1o 1 0o 1 |\[b 1 (b
Y1) =—= _ ==
211 0 1 0 0 VZ\a
01 0 -1/1\0 b
We apply the CNOT onto |y).
The CNOT:
1 0 0 O
01 00
0 0 0 1
0 01 0
We apply:
1 0 0 0\ sa a
Ifo 1 0 o}fb L(b
WJZ) == == b
210 0 0 1]J\a V2
0 0 1 0/ \b a
We apply the second Hadamard.
1 0 1 0 a
_1fo1 o 1)1[b)_
|ll)3) - = _ = b
211 0 1 0 |2
01 0 -1 a
a+b a+b
Ifb+al_1f b+a
2\a-b| 2\ a-b
b—a —(a—»b)

We compare with the high-level solution:

1
Iwg)=;§(Ol+bﬂ0ﬂ+)+(a-bﬂlﬂ—ﬂ

Resolving |0)|+) and |1)|—) gives:

1 0
) = —=| @+ B —[ 1 |+ @-py—| ©
= — a — a— — =

D=7 7\ 0 7\ 1
0 -1

a+b

1 b+a

2 a—>nb

—(a—b)

Both methods yield the same result.

Result

Classically two bits are independent. Manipulating on bit doesn’t change the other bits.

The qubits are not independent. The two qubits from our example build a superposition, a kind of

four-dimensional entity.
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Conceptual Level or Basic Level

The initial state 1;) is composed from the qubit |0) and the state |y;) = a|0) + b|1). This can be
calculated via the Kronecker product:

10) ® (al0) + b|1))

Written as vectors:

~
O =
N
~—
S Q
N
Il
oo T Q

Note: This is the superposition 4-D-representation of our 2 by 2 initial state.

Now, following the calculation in the basic level we see that the Hadamard changes the 4-D-
representation @:

a a
b 1 (b
(H®I) 0 _ﬁ a
0 b

Applying the Hadamard again would reverse this effect:

a 2a a

1(p _1 2b\ _[Db
(H®I)ﬁ a 510 1=\ o
b 0 0

But the CNOT @ interferes and reverses line three and four to:
a
b
b
a

The Hadamard, applied in @picks up the interference and does not produce

a
b
0
0
but instead:
a+b
1[ b+a
2 a—b>b
—(a—Db)

The effect: The output of the first qubit changes.

Classically, the simulation doesn’t make sense because a lot of additional calculating time is needed.
In a real quantum computer this happens according to the laws of physics and affects all qubits in
superposition.

We examine the change of probability for measuring |0) at the end of the calculation.

1
ls) = ﬁ((a +b)|0)|+) + (a — b)[1)]-))
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Conceptual Level or Basic Level

a+b\> a?+2ab+ b2
PUN = (") ==
Note:a? + b2 =1
paoy < LF2® L
0 =——=3+a

We use a? + b? = 1 and get:

P(|0)) = %+ Jb? — b*

4 P(|0>)

1,751
1,251
0,751

0,51

0,251

'D'

02 o/ 02 04 06 08 1 12 14 16 18 2

At the two extremes b = 0 and b = 1 we have the probability % If b is equal to V2 the probability is
1. Up to an ambiguity we can determine the unknown state 1);) by measuring the first qubit.
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