Conceptual Level or Basic Level

The four Bell states are:

0%) == (00) + 1)
07) == (00) = 1)
%) =5+ (o1 + [10)
) =5+ (o1~ [10)

The Hadamard

- acts on the one qubit only
- changes |0) to%(|0) + |1)) resp. to |+)
- changes |1) to%(|0) — |1)) resp. to |—).

We use the following circuit:

|a) H 7

|b) H H —@

M

Note: |a) and |b) represent the input bits of the Bell states. The desired result is:

6F) = 100),  |67)~> [01),  [pF)—[10),  [$p7) - [11)

Conceptual level
Bell state one:

16+) = = (100) + 11))
7

Step 1: We apply the Hadamard:

hyo L - _ 1) =
H16") = —==+((10)+ [1D(I0) + 1) + (1) = [1)(10) - [1)))

1
E. (J00) +101) + |10) + |11) + |00) — |01) — |10) + |11)) =

1
N (100) +111))

Step 2: We apply the topdown-CNOT. The CNOT reverses qubit one if qubit two equals one.

1 1
CNOTE- (J00) + |11)) = 5 (J00) + |01))

Step 3: We apply the Hadamard to qubit two.

1 1
Hﬁ' (100) +]01) == (10)(10) + 1)) + [0)(10) — |1))) = |00)
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Bell state 2:

Step 1: We apply the Hadamard:
f— — 1 . —_ —_ — fd
H|6 )——2\/7 ((10) + [1)(0) + [1)) = (10) = [1))(|0) — [1)))

1
ﬁ. (J00) +101) + |10) + |11) — |00) + |01) + |10) — |11)) =

1
N (101) + [10))

Step 2: We apply the topdown-CNOT. The CNOT reverses qubit one if qubit two equals one.

1 1
CNOTEI (Jo1) +|10)) = ﬁ (]11) +]10))

Step 3: We apply the Hadamard to qubit two.

1 1
Hﬁ' (111) +110)) =5 (11710) = 1) +[1)(|0) + [1))) = |10)

Bell state 3:

W) = —- (|01) + [10)
7

Step 1: We apply the Hadamard:
1
+\y — . —_ —_ =
Hl|y )__2\/5 (Q10y + (1) 10y = [1)) + (10) = [1)(|0) + [1)))

L- (J00) —|01) + [10) — |11) +|00) + |01) — |10) — |11)) =

2V2
—- (100} - [11)
V2
Step 2: We apply the topdown-CNOT. The CNOT reverses qubit one if qubit two equals one.
CNOT—=- (100) — [11) = =~ (|00} - [01))
V2 V2

Step 3: We apply the Hadamard to qubit two.

1 1
Ho (100) —101)) = - (10)(10) +[1)) = [0)(|0) = [1))) = |01)

\/_
Bell state 4:
oL oy -
[y )—\/2 (101) —[10))
Step 1: We apply the Hadamard:
Sy L _ 1) — (10) — -
Hly )—2\/2 (Q10y + (1) 10y = [1)) = (10) = [1))(|0) + [1)))

1
ﬁ- (J00) —]01) + |10) — |11) — |00) — |01) + |10) + |11)) =
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1
N (110) —[01))

Step 2: We apply the topdown-CNOT. The CNOT reverses qubit one if qubit two equals one.

1 1
CNOTE' (110) —101)) = 7z (110) — 11))

Step 3: We apply the Hadamard to qubit two.

1 1
Hﬁ- (110) - 1)) = 5 (11)(10) + [1)) — [1)(J0) — [1))) = |11)

Basic level
We can do the same calculation on the basic level.

Bell state one:

1
1 10
0%y =—"-(]00) +|11)) = —
6%) ==+ 100y + 1) = |
1
The complete Hadamard:
1 1 1 1
11 1 11 1y 11 -1 1 -1
H®H—ﬁ(1 —1)®\/§(1 )t FR
1 -1 -1 1
Step 1: We apply the Hadamard:
H®H|6T) =
1 1 1 1 1 2 1
1f1 -1 1 —1j1fo)__1T (o)_1]o
211 1 -1 —1)yz\o) 2vz2l0) yzlo0
1 -1 -1 1 1 2 1
The topdown CNOT:
1 0 0 O
0 0 0 1
0 010
01 .00
Step 2: We apply the topdown-CNOT.
1 0 0 0 1 1
000 1{1fo)_1[1
0 01 0/[y2\0 V210
01 0O 1 0
The Hadamard:
1 1 0 0
(1 0 11 1y _ 1(1 -1 0 o0
1®H =, 1)®\/§(1 —1)_\/7 0 0 1 1
0 0 1 -1
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Step 3: We apply the Hadamard to qubit two.

1 1 0 0 1 2 1
(1 -1 0 oLl f1)_Ifo)_|[0O
v2\0 0 1 1 [|{210 210 0
0 0 1 -1 0 0 0
Bell state 2:
1
107) = —- (100) — 1)) = [ ©
V2 V2| 0
-1
Step 1: We apply the Hadamard:
H®H|0™) =
1 1 1 1 1 0 0
1f1 -1 1 —1\1[fo|__1(2)_1(1
2\1 1 -1 -1/y2\ 0 22\ 2 NAW!
1 -1 -1 1 -1 0 0
Step 2: We apply the topdown-CNOT.
1 0 00 0 0
000 1)1f1j_1fo
0 01 0/y2\1 V2\ 1
01 00 0 1
Step 3: We apply the Hadamard to qubit two.
1 1 0 0 0 0 0
(1 -1 0 ojLlfo)_1Ifo)_|[0O
200 0 1 1 |21 2\ 2 1
0o 0 1 -1 1 0 0
Bell state 3:
0
%) = —-(01) + [10)) = [ 1
) 2\ 1
0
HQHYp™) =
1 1 1 1 0 2 1
11 -1 1 —1\1[1)_ 1T (o )_1[o
21 1 -1 -1]2\1 22\ 0 V21 0
1 -1 -1 1 0 -2 -1

Step 2: We apply the topdown-CNOT.

1 000 1 1
000 1{1[fo0o])_1([-1
0 01 0ofyz\ 0] 210
0100 -1 0
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Step 3: We apply the Hadamard to qubit two.

1 1 0 0 1 0 0
(1 -1 0 o1 (-1)\_1If2)_[1
v2\0 0 1 1 /210 210 0
0o 0 1 -1 0 0 0
Bell state 4:
1
“y=—-(|01)— |10
[¥™) 7 (101) —[10))
Step 1: We apply the Hadamard:
HQHY™) =
1 1 1 1 0 0 0
/1 -1 1 -1\l )_1[-=2|_1[-
2\1 1 -1 -1[yz\-1) 2v2| 2 V2| 1
1 -1 -1 1 0 0 0
Step 2: We apply the topdown-CNOT.
1 0 0 O 0 0
000 1|1f-1)_1(0
0 01 0/fy2|1 2\ 1
01 00 0 -1
Step 3: We apply the Hadamard to qubit two.
1 1 0 0 0 0 0
(1 -1 0 ojlfo)\_Ifo)_|[0O
V210 0 1 1 /4211 210 0
0o 0 1 -1 -1 2 1
We compare high-level solution with low-level solution.
high-level low-level
1 1 1
6%) = ==+ (100) +|11)) 0 0
V2 100) = 10) ® |0) =
0 0
0 0
1 0 0
167) = —="-(|00) — |11))
V2 10)=1D®0)=| ] )
0 0
1 0 0
[$+) =—=- (101 +|10)) . .
V2 101) = 10) ® |1) =
0 0
0 0
1 0 0
[¥7) =—=-(]01) — [10))
V2 =)= 0
0 0
1 1
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