Deutsch-Jozsa

This is an extended version of https://en.wikipedia.org/wiki/Deutsch-Jozsa algorithm

We interpret the quantum circuit.
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Note: |a), |b), |c), |d) are 4D state vectors.
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we have x and y in superposition.

In superposition the action of y@®f (x) does not affect the y-branch only but affects the x-branch

too.

With this it makes sense to evaluate X A

In detail
We have a function f: {0,1} - {0,1}.

in the upper x-branch.

The function given, is it constant £(0) = f(1) or variable: f(0) # f(1)? We know the result of f,
not the explicit definition. A classical computer needs two runs to decide. It must calculate f(0) as

well as f(1).

What we have is:

U: [0®1y) = [)®If ()®y)
@: addition modulo 2

060 =0, 01 =1, 100 =1, 1®1=0

H | : Hadamard operator:
11 1
H‘ﬁ(1 —1)

0= (o 1= })

o AL measuring, @ tensor product

Steps
Step 1 initializing:

0 =10) = (3). ) =11 = (7) = W8Iy = |0@I1) =

S O - O

s |a)
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Step 2 applying the Hadamard transformation to both qubits:
1 1 1 1
%) = Hlx) = ﬁ(i D)= 5(1) = ﬁ(é) +5(2)
1

1¥) - Hly) = %(} D)= %(_11) =500 ‘%(2)

1
1) 1y) = HIx)®Hly) = %(}) ®%(_11) = % ‘f) =:|b)

Alternatively, we could write:

1) y) = (HOH)(|x)®]y))

1 1 1 1
o= ot -1 717
1 -1 1 -1
0
®ly) = [0)@]1) = (3)
0
1 1 1 1 0 1
<H®H>(|x>®|y>)=%<} 7l ‘f)(é)%(‘f) =:1b)
1 -1 1 -1/ \0 -1

Step 3 evaluating the function Uy := [y)®f (|x)):
[)®[y) = [X)®Ur(|y) =
1
§(|0>®|0€Bf(0)) — [0)®[1f(0)) + [1)®[0Df (1)) — |1)Q|1Df (1)) =;
Note: 0Bf(0) = f(0) and 0Bf (1) = f(1) due to ®: addition modulo 2.
1
§(|0)®|f(0)) —10)®[18/(0)) + |1)®|f (1)) — [1)Q1Sf (1)) =

1
5 (10081 (0)) — 18I (0] + IRIIf (1)) — 1&f (M) =

1
> (CD/@100@)0) — 1) + -1/ D1@(0) - 1)) =
Note: |f(0)) is a vector, f(0) a number, 0 or 1.

We have four possibilities for f(x):

f(0)=0 f(0)=1 f(0)=0 f(0)=1
fA)=0 fA)=1 fA=1 fA)=0
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We check all possibilities:

f(0)=0and f(1) = 0:
1
5 (D@00 - 1)
+ (D ODR(I0) - 1)) =

1
- (10)®(10) — 1)) + [1)®(10) — |1)))

f(0)=1and f(1) =1:
1
L (1/©@ 1080 - 1)
+ (D D)O0) — 1)) =

1
- (=10)®(10) - 1)) - [1)®(|0) — |1)))

]1(0) =0andf(1) =1:
5 (D@00 - 1)
+ (1 D)R(|0) - 1)) =
Z(0@30) - 1)) - 1)@(0) 1))

f(0)=1and f(1) =0:
1
(ST
+ (D D)O(I0) - 1)) =

1
—(10®(10) — 1)) — [D®(|0) — 1)))

We compare with:

%(|0)®[0®|f(0)> — 18I ()] + DR[| f (D) — 1&f ()]

The last case f(0) = 1 and f(1) = 0 gives an overall phase of —1 that is not measurable in quantum

mechanics.

The step from

1
7 (10)®[08If(0)) — 1®If (0] + [LI[If (1) — 1&f (1))

to

1
5 (D @10®10) ~ 1) + 1D [1)®(0) ~ 1))

is correct.

We rewrite:

1
> (CD/@100@)0) - 1) + -1/ DD@(0) - [1))) =

1
(D@10 + (=1 D[1))®(10) - 1)) = |c)

If f is constant, f(0) = f(1) we get:

If f is variable, f(0) # f(1) we get:

Z(-D/10) + (~D/OL)@(0) ~ 1) =

—1)f©@
( ; (o) +[1))®(|0)y — 1)) =

1
ii((lo) +11))®(|0) — 1) =

V2 V2

1 1
* (—(IO) + |1))> ®—=(10)-1)

Z(-D/®10) + (-1 D)@~ 1) =
1
+2(00) = 1))®(0) - 1)

1 1
i(E(IO) - |1>)>®ﬁ(|0) —-1)

Note: for f variable we get alternative signs from (—1)7( resp. (—1)/®,
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In terms of superposition, we get:

1 1 1( —
H(H0)eg(t) =437
-1

Step 4 applying the Hadamard transformation to the first qubit |x) — H|x):

Case f constant:

Case f variable:

. Ix>1—>H|x)

50 )0+ m) =
50 DH(0+0)-
70 DE0-

\/51 RS VNG AN |
EG _11)(}):

L= (==

= _15%5:3-m»:

0 D5(0-0))-
\/_15(1 _11)%(_11)=
R

Q=)= =

In terms of superposition applying the Hadamard transformation to the first qubit |x) —» H|x):

1 0 1 0
11 1 1 0 101 0o 1
H®1d_ﬁ(1 —1)®(0 1)_5 10 -1 0
01 0 -1
10 1 0 1 1 10 1 0 1 0
1 _ _ _
L 1fo1 0 1 1=ii1 iL010 1 1=iio
221 0 -1 0 1 Vvz\ 0 221 0 -1 0 || -1 NA!
01 0 -1/\-1 0 01 0 -1 1 -1
We disassemble the 4D vector We disassemble the 4D vector
1 1 0 0 0 0
-1\_1{o -1 _ 3 B o) _|(o 0 |_ B _
o 1710 + 0 =100) —|01) = 11711 + 0 =1]10) — |11) =
0 0 0 -1 0 -1
[0)(]0) — 1)) [1)(10) — |1))

Measuring the first qubit will always give zero.

Measuring the first qubit will always give one.

Result

If f is constant we get the qubit |0) as result when measuring the first qubit.

If f is variable we get the qubit |1) as result when measuring the first qubit.

With one run we can distinguish whether f is constant or variable.
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