Quantum Fourier Transform

This paper deals with the quantum Fourier transform. It is based on:
Nielsen/Chuang, Quantum Computation and Quantum Information

Peter Shor at https://openlearninglibrary.mit.edu/courses/course-
v1:MITx+8.370.2x+1T2018/courseware/Week3/lectures U2 4 gft/6?activate block id=block-
V1%3AMITx%2B8.370.2x%2B1T2018%2Btype%40vertical%2Bblock%40N-

qubit quantum_ Fourier_transform

In this paper we will explicit perform the quantum Fourier transform for 1, 2, 3 and 4 qubits. This
should be enough to see how to expand this to n qubits.

Some remarks

Nielsen/Chuang define the Fourier transformation with the positive coefficient:

1 n-1 "
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Yk = = § xje "' n
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In literature the discrete Fourier transformation sometimes is defined with the negative coefficient:

—21'riﬂ

n-1
=
= — X:e n
Yk = n L
j=0

Both versions are the complex conjugated of each other. The effect is a flip of the complex plane
around the real axis, so all relative results remain the same. Maybe some absolute results (absolute
phase) may be affected but this is beyond the scope of this paper.

Quantum Fourier transformation as well as digital Fourier transformation deal with binary fractions
111
2’4’8’

. . . . . 11
compact way of writing expressions. In this paper we use the traditional notation as sums, Stat
1

g

... Nielsen/Chuang write them in the same way as decimal numbers, 1.123... This is a very

You find a paper dealing with the basics of Fourier transformation on this website in the quantum
mechanics part: Fourier series.

In this paper the part with one, two and three qubits follows the style you find in the lecture of Shor
above. This representation is good for learning and understanding the principle.

In the part dealing with four qubits we strictly follow the wiring diagram. This allows to easy apply
the method to 5 or more qubits.
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Quantum Fourier Transform

Quantum Fourier transform
The matrix for the quantum Fourier transform:

k
l
0 1 2 n—2 n—1
0 1 1 1 1 1
1 1 e—ZHi% e—Zni% e_zni@ e_zm(nT_l) \
n—2 1 e—ZTL’i(nr_lZ) 6_27-”'% e_zn_l,(n_z)nﬂ e_z,n-(n—Z)nﬂ

Note: The development of the matrix and the proof of unitarity you find in the appendix.

Single qubit
We begin with a single qubit, n = 21,
To be consistent with 2, ... n qubits we write this a little bit more complicated:
1 n-1 " 1 21-1 i
_omil® _omil~
== ) e i - — > e k) -
ﬁk:o V2l k=0

ii e—nijk |k)
\/Ek=0

We calculate:

1
=y e k)
\/Ek=0
Note: |j) can be either |0) or |1), the index j in the exponential is 0 or 1.

|k) is the target qubit |0) or |1) and parallel the index k in the exponent.

We get:

1

1 y 1
— ) e k) =—(0) +[1))

0) -
|0) V2L 7

1
1 —Tijk _i _
1) ﬁkzoe k) = 2(10) = 1)
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Quantum Fourier Transform

The unitary matrix reduces to a 2 X 2-matrix:

1 1 1 1 1
/1 e—ZT[i% e—Zn'i% e—Zm’(nT_z) e—Zm'(nT_l) \
W) 4 .(n-2)-2 .(n—-1)-2
il 1 e—Zmﬁ e—Zmﬁ e—Zm—n e—Zm—n |_)i(1 1 )
\/z| 2\ e
1 e—271:i—(n_2) e—27'ri—(n_nz)'2 e —Znii(n_z)n(n_z) —Znii(n_z)(n_l)
\1 e_zm(ngl) e_zm(n—n1).2 e_zm(n—l)rfn—z) e_zm(n—l)rfn—l)/

i(l 1 ) _ i(l 1 )
2\ e V2\ -1
The Quantum Fourier transform for a single qubit becomes the Hadamard transform.

Conceptual level

1) a%(mwe—’”’ll))

10) > —= (10} + e=™|1)) = —=(]0) +]1))
V2 2

\/_
1) > = (10) + e~™[1)) = —= (]0) —[1))
= ZUo+emin =17

The corresponding matrix is the Hadamard:

Basic level
The Hadamard acting on one qubit:

/) H k)
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Quantum Fourier Transform

Two qubits
We use the 2 qubit Quantum Fourier transform.

221

n—1
1 Jk 1 ik
ojs) = <= ) W koks) = 7= > e koky) -
k=0 k=0

3
1 jk
5D e ghy)
k=0

We get:

3 ik
oja) > 5 ) 72 o)
k=0

The expression is somewhat confusing. The index ranges from 0 to 3, the qubits are represented by
|00),01), |10), [11).

N =

We examine the structure of the entries in the matrix. We can build the indices j € {0,1,2,3} out of
the particles of the qubits:

j=2jo+ji.k=2ky+ kg
With jo, j1, ko, k1 € {0,1} we get:
0=2:-0+0, 1=2-0+1;, 2=2-1+0;, 3=2-1+1
This is equivalent to:
0 = 00),1 = |01),2 £1]10),3 = |11)
0 corresponds to |00), 1 corresponds to |01), 2 corresponds to |10), 3 corresponds to [11).

We rewrite the entry (jk):

Jk _ni(2f0+j1)(2ko+k1)
e 2 —e 2 =

_ﬂi‘l’jok0+2j0k1+211k0+j1k1
2

. - - LI
e—ijoko . e—m]ok1 . e—mhko . 6_7]1 1

We get:

3 .
L,
- ~2mijoko . p—Tiijoky . p—Tij1ko . =7 J1K
ljoj1) = E e~ “Hofo - g7k - @70 - @21 o key )

k=0

N| =

We calculate four possibilities (all modulo 2m):

1 3 —7Ti4j0k0+2j0k1+2j1k0+j1k1 1 3 —7[;4j0k0+2j0k1+2j1k0+j1k1
00y 5> e 2 lkokiy = | 101> > ™ ? ok} =
k=0 k=0
1 > 2kot+kq

1% 1 S0 e 7 lkoky) =

5 D lkoks) =5 (100) + 101) +]10) + 1)) = ,

2 2 1 _mi . _3mi

k=0 E(|oo>+e Z|01) + e~™[10) + e~ 2 |11>)
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Quantum Fourier Transform

1< L MokotZjki+2) kot ky 1< Mokt Ziki+2) kot ky
10)>3) e 7 lkokiy = | 11> > ™ ? eoks) =

k=0 k=0

1 > _m.4-k0+2k1 1 > _T”.6k0+3k1

5D e k) = 1) =5 > e ™ Jkoky) =

k=0 k=0

3mi i
%(|00)+e_”i|01)+e‘2”i|10)+e_”i|11)) %<|00)+e_7|01)+e"”|10)+e_7|11))

We get the matrix:

/ 1 1 1 1
i 3mi

|1 ez e™ 2

1 e 2|
\/Z 1 e—ni —2mi e—m‘

3mi i
\ )

e
V1
1 e 2 ™ T2

The matrix corresponds to the general matrix reduced to rank 4.
We rewrite:

k
00 01 10 11

00 1 1 1 1
01 11 —i -1

10l 201 =1 1 <1
11 1 0 -1 —i

In order to build a quantum circuit, we need operators that can be represented by physical
processes. We need to build this matrix out of a series (product) of physically existent gates
(matrices) in order to let it run on a quantum computer.

Basic level
An inspiration, given by peter Shor, lets us try the following.

We translate:

, © ® o ®
. 1 otk ik ik ~TLi ke
ljoj1) = Ez e~ 2mloko . g=Ttljoks . g=Tlirko . @72 1% | k1)
k=0
@ is the identity that has no effect so far. @ is the Hadamard, converting j; to k.
@ is the Hadamard, converting j, to k;. ® is the phase gate ST, from j; to k;.

The circuit, three gates acting on two qubits:

®  (swap)
ljo) * H' Hlkiy—>6  |ko)
|j1)_ H |— st ————|ko»—% |k1)

Note: The two Hadamards H are performing an implicit swap as they produce |k,) out of |j;) and k;)
out of |jy).

We therefore write H'.
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Quantum Fourier Transform

The matrices:

swap Hadamard st® Hadamard @
1000 1 1 0 0\/1 0 0 O 10 1 0
0oo01o0{1f1 -10 ofjfo10 o)lfo1 0o 1]|_
010020 0 1 1J{o o0 1 0fyz2|1 0 -1 0
000 1 0 0 1 -1/\0 0 0 —i 01 0 -1
100 0,/1 1 0 0\/1 0 1 0
1fo o 1 0|1 -1 0 0[O0 1 0 1]}_
210 1 0 0Jlo o 1 1 {1 0o -1 0
000 1\ 0o 1 -1/\0 —-i 0 i
100 0,/1 1 1 1
1fo o1 o0|f1 -1 1 -1]_
20 1. 0 of{1 —-i -1
000 1/\1 i -1 —i
1 1 1 1
(1 —i -1 i
211 -1 1 -1

Note: ST changes |11) to |1(—i)) = —i|11).
Note: Controlled gates cannot be constructed by simple Kronecker product.

Note: The Hadamard gates are constructed traditionally but used in reverse order:

) [0 1o
nou=50 2)eh V=31 0 I o
01 0 -1

) [t 100

o= NesG J)=Fle o 1 1
0 0 1 -1

Conceptual level
Before the swap we have three gates acting on two qubits:

ljo) 7y 1 H' [Flki—> ko)

iy —{ H' H ST —lko}—%  |k;)
Note: The two Hadamards H perform an implicit swap as they produce |k,) out of |j;) and k). We
mark them with an appropriate arrow to the target line.

We have the transitions:
i _1 —in(jo)
ljo) = 7 (10) +e |1))

1) = \/_17(“)) +e~mUD|1)) - <|0> + e—in(j1)e—in(j70)|1>>
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Quantum Fourier Transform

We calculate the transitions:

Jo=0j1=0 )
100) = = (10) + e~ [1)) (|o> + e_i”(jl)e_i”(?o)ﬂ))

! (|00> + e~imUe™ in(Jp )|01> + e~ m00)|10) 4 e~imUo)e=in(j1) ™" (]7)|11))

EGOO) +101) +|10) + |11))

Jo=0,j1=1
101) - = (|0>+e—m(fo>|1))(|0)+e in(j)e™ (7°)|1))

! (|00> + e—imUD (% )|01> + e~ m00)|10) 4 e~imUo)e=in(j1) ™" (]7)|11))
E(|00> +e”™01) + |10) + e"T|11)) =

1
5 (100) —101) +]10) — [11))

Jo=1j1=0
110) - = (|o>+e—m<fo>|1))(|0)+e in(j)e™ (7°)|1))

1(|00)+e in(iy) g ~in(3 )|01>+e—m(io)|10)+e in(jo) g = l”(h)e“”(7°)|11))
E<|00)+e "()|01)+e—m|10)+e—m ()|11))

E(|00) —i]01) — |10) + i|11))

Jo=1j=1 1
111) = 5 (10) + e~ | 1)) (|0) + e-i”(fl>e“'”(7°)|1>)

! (|00> + e-l”(h)e‘”’( )|01) + e~m00)[10) + e~ TUo)g=imU) o™ (7°)|11))
1 _ _
<|00) + e e in(3 )|01)+e“"|10)+e‘m e in(3 )|11))

E(lOO) +i|01) — |10) — i|11))

We get the matrix:

1 1 1
1 -1
- -1 i
L =1 =i

N[ =
=
I
[N

[E=N
~

This is the state before the swap. We add the swap, we interchange |01) with |10) and get finally:
1 1 1

—-i -1 i ::l
-1 1 -1

i -1 =i

1
2

= =

This is the general quantum Fourier transform for a rank 4 matrix.
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Quantum Fourier Transform

Three qubits
We apply to the 3 qubit Quantum Fourier transform, n = 23.

23-1

n-1
1 —2mil® 1 —Znij—k

ljojii2) = _Z e ™ lkokiky) > — Z e 2% |kokiky) —
ﬁk:o V23 k=0

7
1 Z —m'j—k

— ) e 4 |kokiky)

‘/§k=o
We get:

7 .
PR 1 —71:1'ﬂ
ojsiz) > = Y ™4 Ikokake)
k=0

The expression is somewhat confusing. The index is running from 0 to 7, the qubits are represented

by |000), [001),010),011),|100), [101),110),]111).

We examine the structure of the entries in the matrix. We can build the indices j € {0,1,2,3,4,5,6,7}
of the particles of the qubits:

J = 4jo + 2js + jo k = 4ko + 2k, + k;
With jo, j1, j2, ko, k1, ko € {0,1} we get:
0=4-0+2:-0+0; 1=4-0+2-0+1;, 2=4-0+2-14+0; 3=4-0+2-1+1
4=4-14+2-04+0; 5=4-14+2:0+1;, 6=4-14+2-140; 7=4-14+2-1+1
This is equivalent to:
0 £1000),1 = ]001),2 = |010),3 = |011)
4 2100),5 £ |101),6 = |110),7 = |111)
We rewrite the entry (k)

jk _ni(4j0+2f1+j2)(4k0+2k1+k2)
e 4 —e 4 =

_m16j0k0+8j0k1+4j0k2+8j1k0+4j1k1+211k2+4jzko+212k1+j2k2
e 4

.. .. .. .. .. -j1k2
e~ 2mijoko . o =2WijoKy . p=Tijokz . p—2Tij1ko . o=Tij1ky . o 7T

Jaka __J2ks
Ty

. e—ﬂ'ijzko . e_T“‘ 2 ‘e

Note: We calculate modulo 2.

We get:
7 .
P 1 —77:iﬂ
ljojij2) = 78 e 4 |kokiks) -
k=0
1 < j1k jok ok
y y y y y ] y N N
\/_ﬁz e~2mioko . g=2mljoks . g=Tljoks . g=2mij1Ko . g=Mj1Ky . o TG L g=ijaKo . o TG L o THIGE b b gy
=0
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Quantum Fourier Transform

We calculate eight possibilities:

7

1 —4mijok, —2mijok —Tijok: —2mijik —mij 1k _mh_z —Tmijk _m]2_1 —Tfijzﬁ
1000) > — ) e oko . e ok1 . g oKz . @ 1o . g1k . @ se 20 . e e A |kok ky) =

V8

k=0

7
1 1
—Z|k0k1k2) = —(]000) + [001) + ]010) + [011) + [100) + [101) + |110) + |111))
B 7

7
—4mijok —2mijok —mijok: =2mijik -mijik *Tfl'j1 2 —Tijk *Tll'j2
e ofo-e 0f1 . g MHo%2 . g %o . g7t . e 2 reT"2Ro-e 2

7
1 —Tik, ni— —m'k—2
82 e ™o . g2 4 |kok,k,) =

k=

77‘[1

[001) - Ik kiky) =

a’“w

o

1
% (|ooo> +e731001) + e ™]010) + e ™2|011) + e 4[100) + e TE[101) + e TH[110) + e"”‘|111))

—amijoky . ,—2mijoky . p—Tijoky . p—2Tij1ko . ,—Tij1k —mifika —mijok —milzf
e oko . o oki. o okz . o 1ko . o k1. o 2 e 2ko . o 2

77‘[1

[010) - 2 kokyky) =

%~
i™-

7
1 —2mik —-mik —nif2
— ) e 0-e ™. o7 |kokoky) =
8k =0

1000) + e ™2|001) + e ™2010) + e™2|011) + e ~™2|100) + ¢ ™2 101) + ¢ ™2|110) + e"“‘|111))

1/ (
8
J1ka .o Jz2k1

7
|011) N ? E e ~4mijoko . p—2mijoks . p=Tijok2 . p=2Mij1Ko . p=Tij1R1 L o T L p-Tij2ko L o T

—T[l

|k kik,) =

1 —2mik, —mik L —mik, —mifs | _mike
\/_ e 0-e 1.¢e 2 e 0.0 2 e 4|k0k1k2)=
8k=0
1 a k 3k
i ] —- .7 )
VBL e_3"‘k°'e e fkokiky) =

(|000) +¢7™3)001) + e 12]010) + e""‘|011) +eTTE[100) + e TER|101) + e H|110) + e"”—|111))

5l -

7
1 —amijoko . p-2mijoky . p-Tijoks . p-2mijiko . p-mijiky . o=TANL iy -milzk1 —m
|100)_>? e oko . o oki. o okz . o 1ko . o k1. o 2 e 2ko . o 2 |kokk2>

8k=0

1 7

_ e—4mko . e—2mk1 . e—mkz |k0k1k2) —

V8

k=0

ﬁ(|000> +e7™(001) + e727(010) + e~3™|011) + e~4™|100) + e~5™[101) + e =™ [110) + e~7™[111))

J1k J2k1
]12 2 . e—”ijzko . e_mlz2

[101) —» e~4mijoko . g =2Tijoky . g=Tijokz . o=2Tij1ko . o=Tij1k1 . o

1k} =

%~
1™

7
1 20 . .10k 5k,
ﬁ e~ aTiko . oM 1 e_mTzlkoklkZ) —
1
—1]000) + e—m— 001) + e—m— 010) + e—m— 011) + e—m— 100) + e—m— 101) + e—m— 110) + e—m— 111)
\/_
7 . .
|110) — %Z e~4mijoko . o =2Tijoky . p=Tijoky . g=2Tij1ko . o=Tij1k1 . o .]12’(2 . e~ Tjzko . e_”ilzzk kiky) =
k=0

7

1 12 . 6_. 3k,

E e kao.e kal_e i |k0k1k2) —
V8

k=0

1 3 ai® ] _ail2 _ _ _
ﬁ<|000)+e_’”2|001)+e Ti31010) + e Z|011) + e V2 [100) + e TV Z|101) + e L] 110) + € ’”z|111>)

1 _16 ) - —miZke gtk g2k
Illl) e mko e 4mk1 e i kz e 4mk0 e —Ti— k1 e i e i~ e i m |kkk)

\/§

7
1 28, 14, 7k
e zﬂlkg_e 4mk1_e Ly |k0k kz):
r—8 1

\/—_(|000) + e"”4|001) + e"”_|010) + e"”_|011) + e"” T [100) + e"”_|101) + e"”_|110> + e"” 1 |111))
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Quantum Fourier Transform

We get the matrix:

1 1 1 1 1 1 1 1

1 2 .3 4 .5 .6 .7

1 —Tl.'lz —Tl.'lz —TL'lZ e —T[lZ e —T[lz e —TL'lZ —T[lz

.2 4 .6 .8 .10 .12 .14
1 e —71'11 e —71'11 e —Tl.'lz e _an e —ﬂ'lT e _an e —TL'LT

. .6 .9 .12 .15 .18 21

1 1 —Tl.'lz —Tl.'lz —TL'lZ e _ﬂ:lT e —T[lT e _T[lT e —ﬂ.'lT
= .8 12 .16 .20 .24 .28
\/§ 1 —Tl.'lz —Tl.'lz —TH,T e _ﬂ:lT e —T[lT e _T[lT e —ﬂ.'lT
. .10 .15 .20 .25 .30 .35

1 e —71'11 e —THT e —TTLT e _T”T e —ﬂ'lT e _an e —TL'LT

6 .12 .18 .24 .30 .36 42

1 —Tl.'lz —TL'lT —TH,T e _ﬂ:lT e —T[lT e _T[lT e —ﬂ.'lT

. .14 .21 .28 .35 42 .49

1 e —71'11 e —THT e —TTLT e _T”T e —ﬂ'lT e _an e —T[lT

The matrix corresponds to the general matrix reduced to rank 8.

We resolve +1, +i and modulo 2m:

kokik;
l

000 001 010 011 100 101 110 111
1 1 1 1 1 1 1 1
000 . . . i
001 1 e™z2 —j ™z —1 ¢z | ™z
3 1 7 5
Jojuj » 011 i 1 e ™2 | e ™z 1 ez i ™%
5 - . .
101 1 e_T[lZ —i e_n-lz _1 e—TI,'I,Z i e_n-lZ
110 10 -1 i1 i -1 i
.7 5 3 )
H 1 e™ i e ™ -1 ™ - e

Again, we have the task to disassemble this matrix into gates.

We go back to the entry (jk):

n.i(‘l'jo+2j1+jz)(4k0+2k1+k2)
4

7
1

j0j1]2) = — e kokk

ljoj1j2? \/§kZO lkokiky)

We examine the structure of the entries in the matrix:

_m(4j0+2j1+j2)(4k0+2k1+k2)
4 —

Note: We will find this structure in the four-qubit case again.

e =
_ni16f0k0+8j0k1+4j0k2+8j1k0+4j1k1+2j1k2+4j2k0+2j2k1+jzk2
e 4 =
e—Zm'jOkO . e—erijOkl . e—rrijokz .
QB | e~2mijiko . | o~Tijrky . _pilika ®

e 2 -
—n'ijzko . _ -j2k1 _ 'j2k2

e TS Ty

® @)

D. Kriesell
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Quantum Fourier Transform

We interpret:

® is the Hadamard converting
Ja to ky.

@ is the Hadamard converting
J1tokq.

@ is the Hadamard converting
Jo tok,.

® is the controlled ST from j,
to k,

is the controlled T from j,
to k,

@ is the controlled ST from j,
to ky

©, ® and @ are identity transformations that have so far no effect.

Note: Remember the implicit swap with the Hadamards.

We build with the circuit:

. swap
j )tOk )_@ ]0) to k2> :®
i) to ko) =® 1 =
Jj2) to /o> , /
ljo) y Y / . 4 H’ |kez ) [ko)
|j1> H Ry |k1\r |k1>
iy —— " . ko)~ Ikz)
] ] Jj1) to ky) =®
J2) to k) =@ o) to ky) =®

Note: We name the Hadamards as H' and point to the line they perform an implicit swap with.

Note: The gates named R, and R, are controlled ST and T gates. They are special forms of the
single qubit unitary rotation gate Ry,:

Conceptual level

Rk:

<1 : )
_mi
0 e 2¢

From the circuit above we can derive the state before the swap gate:

The Hadamard, acting on |j,): o) |0) + e~™Uo|1)
Jo) 2 F=
V2
The Hadamard, acting on |j;): i) |0) + e~™1|1)
)Ly
V2
The controlled R;-gate: 10y + e~ 1) |0 + e‘””le_m70|1)
ﬁ
V2 V2
The Hadamard, acting on |j,): i) |0) + e~™lz|1)
Yy —

V2

The controlled R, -gate:

y . 1
00 +e~™2[1) _ |0) +e~me 1)

V2

V2

The controlled R,-gate:

J1

.. _ i . 1 ]_0
[0) + e 22 ™2 1) |0) + e "H2e 204 |1)
_)

J1

V2

V2

D. Kriesell

page 12 of 40



Quantum Fourier Transform

We combine:

i, J . j j
|0) + e~™o|1) |0> + e e TmZ |0) Py Py
( V2 > V2 2
1 —TTij —1Tij —nij_l —TL'ij—O - _n,l-j_()
ﬁ(lo)ﬁ-e 10|1))<|00)+e J2e™ ™3 ¢ MR |01) + e~ 1o ™7 |10)
+ emiie MG g omijzg MG "”_|11>)

1 —nik; —nitj, —miZl _pilo —nitj, —mito
ﬁ(‘0)+e 470 1)>(|00)+e Y24 e T4 |01) + e T #te T4 [10)

N O TP SR ) N Y
+e Mg o ~Miy" o ~Mighz , ~Mig m4|11>):

1 —mi%j —mi%j —m’z—jl —nij—o —mi%j —m’z—jo
ﬁ(‘0)+e /o 1))(|00)+e 20707 |01) + e 1T [10)

Lt o6 30
+e M2 e, |11)) =

1 —nii' —Ti—— -~ —n'ié' —Ti— —nié' —m’i —mﬂ
ﬁ<‘000)+e 42p7T Ty 217 220 011)

—m'i' —n'ié' —n'ii' —7'L'iﬂ T~ —n'ié' i
+ e 0 [100) + e 20T M2 T T 4log™ 4’1 4|110)

—m'i' —nii' —ni% —ni%
+ e Mo 2o T e T A 111) | =

1 —niij —m’ﬂ —misr —m’éj —Ti— —m'ij —ni% —7tim
ﬁ 000) +e "#2e "4 e T4 Yie T4 Y2 "4 e 4| 011)

—misj —misj —7'tii —71'15— —misj —7ti6—j°
+e ™40 [100) + e 2T T #1774 110)

—ni%j, —mi® _piTJe
+e T H2eT A e T4 |111)

We get the transitions:

_|000()) %qoom +1001) + [010) + [011) + [100) + [101) + [110) + [111))

Jo =Y,

]'.1 =0,

J2=10 -

_|001()) ﬁ(|000) +e7™[001) + [010) + e™[011) + [100) + e~™[101) + [110) + e~™|111))
Jo =Y,

j_1 =0,

=1 -

'|0103 T(|000) + e ™2]001) + e~™[010) + e ™2[011) + [100) + e ™Z[101) + e~ 110)
Jo =Y,

ji=1, ’”‘|111))

j2=0

_|0113 \/i_(woo) + e ™3]001) + e~™{010) + e ™2[011) + [100) + e ™2[101) + e~ 110)
Jo =Y,

=1 +e‘”"7|111))

=1
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Quantum Fourier Transform

1 1 1 3 ] 5 3
Jlooi \/—g(moo) +e7™7)001) + e ™3[010) + e ™]011) + e™|100) + e ™E[101) + e ™2|110)
Jo =1, 7
j1 =0, + e""Z|111))
j2=0

1 5 1 7 ] 1 3
,|101i v—§(|000) + e ™2]001) + e ™2[010) + e ™7|011) + e~ |100) + e ™7|101) + e ™2]110)
Jo =1, 3
j1 =0, + e""1|111))
=1

1 3 3 1 ] 7 1
Jlloi v—§(|000) + e ™1]001) + e ™2[010) + e ™7|011) + e |100) + e ™7|101) + e ™2]110)
Jo =1, 5
ji =1, +e""Z|111))
j2=0

1 7 3 13 ] 3 1
Jllli v—§(|000) + e ™2]001) + e ™2[010) + e ™F|011) + €™ |100) + e ™F|101) + e ™2]110)
Jo=41, 1
ji =1, +e""Z|111))
j2=1

From the transitions we calculate the matrix:

1 1 1 1 1 1 1 1
1 -1 1 -1 1 -1 1 -1
1 —-i -1 i 1 - -1 i
1 i -1 =i 1 i -1 =i
1 1 3 3 3
— |1 ™ —i e™ =1 ™ i e "2
V8 5 1
1 e™ —i ™2 -1 e™ | ™
3 1 7 5
1 871-”4— l 971-”4 _ 1 377-”4 —l 677-”4—
3 1
1 e™ i e ™ -1 ™2 —i e ™

We need the final swap, interchanging row 2 with row 5: 001 < 100 and
row 4 withrow 7: 011 < 110.

We get the matrix:

1 1 1 1 1 1 1 1
1 3 3 3

1 —THZ —i —THZ _ 1 _T”.Z l —T”.Z

1 - -1 i 1 -i -1 i
. . 5

1 1 —miy i e—mz -1 —miy —i —miy <+
vglt -1 1 -1 1 -1 1 -1 4—,

5 7 1

1 e™ —i ™2 -1 e™ | ™

1 i -1 —i 1 i -1 - <«
7 5 3 1

1 e™ i e ™ -1 e™ —i e ™

This is the matrix for the Fourier transformation for three qubits.
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Quantum Fourier Transform

Basic level
We use the 3 qubit Quantum Fourier transform. The matrix becomes 8 X 8:

We use the unitary matrix:

1 1 1 1 1 1 1 1
—TTi —mZ —mE —ﬂié —7'1:1E —mé —mz
1 e ™ e " e 74 e "4 e "4 e "4 e T4
2 4 .6 .8 .10 12 .14
1 —TL'lZ —TL'lZ —Tl.'lz —TL'lZ _ﬂ:lT —TL'lT _T[lT
3 .6 .9 .12 .15 18 .21
1 1 e—TL'l4 e_T”Z e—ﬂ'lz e_an e—TL'lT e_T”T e—ﬂ'lT
—_— 4 8 12 .16 20 24 28 =
\/§ 1 e—TL'l4 e_T”Z e—TL'lT e_an e—TL'lT e_T”T e—ﬂ'lT
—TTi —mlo —nil—s —ni@ —mE —m@ —mE
1 e "4 e 74 e "4 e T4 e T4 e T4 e T4
12 .18 .24 30 36 42
1 e—TL'l4 e—ﬂflT e—TL'lT e_an e—TL'lT e_T”T e—ﬂ'lT
.7 14 21 .28 .35 42 .49
1 e—TL'lZ 6—77.'14 —TL'lT e_T”T e_ﬂ:lT —Tl.'l4 e_ﬂ:lT
1 1 1 1 1 1 1 1
1 3 .5 7
1 e—mz —i e—m4 -1 e—mz i e—m4
1 —i -1 i 1 —i -1 i
.3 1 .7 .5
111 e™2 i e™ -1 ™8 —i e ™
Vv8l1l -1 -1 1 -1 1 -1
.5 7 1 3
1 e—mz —i e—m4 -1 e—mz i e—m4
1 i -1 —i 1 i -1 —i
—7'L'iZ —1'rii —n'i3 —nil
1 e ™+ i e "% =1 e ™ —i e "4

This is a symmetric matrix.

We need to build this matrix out of a series (product) of gates (matrices) in order to let it runon a
guantum computer. We will calculate all gates “from left to the right”.

The first Hadamard is the Kronecker product. We remember that they perform an implicit swap and
calculate:

11 1 1 0y,(1 O

H®1d®1d‘ﬁ(1 el 1o 1)
1000 1 0 0 0
/01000100\
1000 0010 0 0 1 0
i(11)®0100:i00010001
V2. -1 0010[ 21000 -1 0 0 0
0001 0100 0 -1 0 0
0010 0 0 -1 0
0001 0 0 0 -1
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Quantum Fourier Transform

The first R;-gate:

k

000 001 010 011100 101 110 111

000
001
010

- 011

7 100
101
110
111

S O =

|
ko

S O oo

S OO OO

S o oo RO

S ook OO

o

(=Nl o NeNo)
O Rr OO OO0

(e)

_J

|

SO OO O OO

Note: As the first Hadamard does an implicit switch, we need to modify the first R;-gate.

The first R,-gate:

000 001 010 011100 101 110 111

000
001
010

011

7 100
101
110
111

S OO oo oo
eNeoBloNoNeol =

0

SO OOk o

SO Or oo

0 0

k
0 0
0 0
0 0
0 0
1 0
1
0 e_T”Z
0 0
0 0

O OO oo

SO OO O OO

Note: no modification needed because this gate is positioned symmetric.

Note: Controlled gates cannot be disassembled in simple Kronecker products.

The Hadamard on qubit |j; ) is the Kronecker product:

The second R;-gate:

O = O

o RO

Id®HQId = (

10
0 1

)®

V2

5l -

—

1

—
S OO OO R O

k

Vo
_

SO OO, OO

1 0

)®(0 1) -

1 0O 0 0 O
0 1 0 0 O
-1 0 0 0 O
0O -1 0 0 O
0 0O 1 0 1
0 0O 0 1 O
0 0O 1 0 -1
0 0O 0 1 O

000 001 010 011100 101 110 111

000
001
010
011
7 100
101
110
111

S OO OO O

(= eloleNoll e

o

[Nl oo Ne)

SO RrRr OO OO

O rRr OO O OO0

O Rr OO OO Oo

N
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Quantum Fourier Transform

Note: Controlled gates cannot be disassembled in simple Kronecker products.

The last Hadamard is the Kronecker product. We remember the implicit swap and calculate:

Id®1d®H=(1 0)®(1 0)®i(1 1)=

0 1 0 1/ 7 \2\1 -1
1 1 0 0 0 O 0 O
/1 -1 0 0 0 0 O 0\
1 1 0 0 o 0o 1 1 0 0 0 O
(10)®i1—100:1001—10000
0 1/7y2\0 0 1 1 V20 0 0 O 1 1 0 O
0 0 1 -1 O 0 0 0 1 -1 0 O
\0 O 0o 0 0 0 1 1/
o 0o 0 0o 0 O 1 -1
The swap matrix interchanges qubit 0 with qubit 2:k
000 001 010 011100 101 110 111
000 1 0 0 0 00 0O
001 —»/0 0 00100 0\
010 0 01 0 0 O0 OO
. 011 0 0 00O0O 0 1 0fe—m
J 100 | |0 100 00 00
101 0 000OO1O0TO0
110 \0 0 01 0 0 O 0/4—
111 0 000 O O O0OT1
We calculate the product of all matrices (see appendix) and get:
1 1 1 1 1 1 1 1
.1 .3 .5 .7
1 e—Tl.'l4_ —i e—Tl.'l4_ _1 e—TL’lZ i e—Tl,'l4
1 —i -1 i 1 —i -1 i
1 1 e—TL’lZ l e—TL’lZ _1 e—TL’lZ —i e—ﬂ.’lz
veltT -1 1 -1 1 -1 1 -1
.5 .7 1 .3
1 e—Tl.'l4_ —i e—Tl.'lZ _1 e—TL’l4 i e—Tl,'l4
1 i -1 —i 1 i -1 —i
.7 .5 .3 .1
1 e—TL’lZ l e—TL’lZ _1 e—TL’lZ _l e—ﬂ.’lz

This is the matrix for the Fourier transformation for three qubits.
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Quantum Fourier Transform

Four qubits
We apply to the 4 qubit Quantum Fourier transform, n = 2*.

24-1

Lo 1 < —2milk 1 —27Tij_li
ojsjaia) = <= > 2N kokukaka) > = B €72 lkokakak) =
nk=0 2 k=0

15
1 —m'j—k
220 € 78 Ikokakoks)
k=0
We get:

I
ljoj1i2)3) _)ZZe 8 |kokikzks)
k=0

The index is running from 0 to 15, the qubits are represented by:
[0000),]0001),0010),]0011),[0100),]0101),|0110),|0111),
[1000),]1001),]1010),|1011),|1100),|1101),|1110),|1111)

We examine the structure of the entries in the matrix.

We can build the indices j € {0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15} from the particles of the qubits:

Jj=8jo+4j1 + 2j, +j3,k =8k + 4k + 2k, + k5
With jo, j1,j2.J3. ko, k1, k2, k3 € {0,1} we get:
0=8-0+4-0+2:-0+0;, 1=8:-0+4-0+2-0+1;, 2=8-0+4-0+2-1+0; 3=8:0+4:-0+2-1+1
4=8-0+4-14+2-0+0; 5=8:-0+4-1+2-0+1;, 6=8-0+4-1+2-1+0; 7=8-0+4-1+2-1+1
8=8-1+4-0+2-0+0;, 9=8-14+4-0+2-0+1;, 10=8-1+4-0+2-1+0; 11=8-1+4-0+2-1+1
12=8-1+4-1+2-0+0; 13=8-1+4-1+2-0+1; 14=8-1+4-1+2-1+0; 15=8-1+4-1+2-1+1

This is equivalent to:

0 Z[0000),1 = |0001),2 £ |0010),3 £ |0011),4 = |0100),5 = [0101),6 = [0110),7 = |0111)
8 = [1000),9 = ]1001),10 £ |1010),11 £ |1011),12 = |1100),13 £ |1101), 14 = |1110),15 = |1111)

We rewrite the entry (k)

jk _m(8j0+4j1+2j2+j3)(8k0+4k1+2k2+k3)
e 8 =e¢ 8 =

_nl.64]'0k0+32j0k1+16j0k2+8j0k3+32j1k0+16j1k1+8j1k2+4j1k3+16j2k0+8j2k1+4j2k2+2j2k3+8j3k0+4—j3k1+2j3k2+j3k3
8

e

o . . . ; ) ; jaks , . . joka  joks , . jska | jaka  jzk
e—m(8]0k0+4}0k1+2]0k2+10k3+4]1k0+211k1+11k2+hT3+2]2k0+12k1 t 122 2 :124 3+jzkot }32 1 =]34 2 :]38 3) _

. . . _piliks
—2mijikg . p—2Tij1ky . p=Tj1 Kz L o TG

e~ 2mijoko . g—=2Tijoky . p—2Tijoks . p=Ttijok3 . o . e ~2mijzko
. __Jeka  __.Jak3 .. sk sk, j3ks
—Tijakq . e T e = e—”l]3k0 ‘e =5 e = e g

e

Note: We calculate modulo 2.
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Quantum Fourier Transform

We get:

15

P 1 —ﬂij—k
ojafais) > 7 ) €8 [kghakpks) -
k=0

7 .

1 .. .. L. L. L. .. L. _ -1k3 L.

Z E e—2m]0k0 . e—27'[lj0k1 . e—ijokz . e—mjok3 . e_szlko . e—2m]1k1 . e_mflkZ e THJT . e—2T[l]2k0
k=0

.,k  k ok .k
i _pd2fe )2k i _pdaka g J3%2 _J3Ks
e T2k . g i e T e sk L o iy e "8 |kokykyks)

We calculate 16 possibilities (note: inconsequently sometimes calculated modulo 27):

7
.. .. .. .. .. .. .. Jiks .. ..
|[0000) — Z e~ 2mijoko . p—2mijoky . p—2Tijoks . p=Tijoks . o —2Wij1Ko . o=2ij1Ky . o—TiLj1kK, . e—ﬂ-’l 7o . g~ 2Mijako . p=Tijoky
k=

e

__J2ky  __.j2k3 .. Jaka ]3 2 __.Jzks
T e T e sk o T T TS | keghey kepks) =

1
7 (10000) +[0001) +]0010) + [0011) + 0100} + [0101) + [0110) + [0111) + 1000} + [1001) + [1010) + |1011)
+ [1100) + [1101) + [1110) + [1111))
7

1 kg . —mikl _mike  _gks
|0001>—>—Ze 0. T L T | Rokykoks) =
k=0

1 ol 2 3 ot 5 _6 7
Z(|0000)+e ig 8|0001) + e i 8|0010) + e i 8|0011) + e i 8|0100) + e g 8]0101) + e mig 8]0110) + e mig 8]0111)
+e_m§|1000)+e ’”‘|1001)+e"”_|1010)+e"“_|1011>+e‘”‘_|1100)+e‘”l—|1101>
.14
+e‘”1?|1110)+e‘"‘—|1111))

7
. _ K K
[0010) - Z e2miko . o miky L g TG L TG 1k koo fo) =

-M»—\

1
Z(IOOOO) + e7™H0001) + e ™5]0010) + ¢ 740011 + e ™[0100) + e 770101) + e ™2]0110) + e 7|0111)

+ e_m1|1000) + e‘”“|1001) + e"”—|1010) + e""—|1011) + e‘”‘—|1100) + e"”_|1101)
.14
+e ™7 |1110) + e"”_|1111))

1 7 —2mik, —mik —7'riﬁ —7'riE —mik —7'riﬁ —7'riﬁ —niﬁ
|0011)—>—Ze TiKo . @M1 . @70 n @7 T - T2 T T B |koky koks) =
N k=0
Z(|0000) + e_m_|0001) + e_m_|0010) + e_m_|0011) + e_m_|0100) + e_m_|0101) + e_m_|0110)

+ e"”’?|0111) + e"”_|1000) + e"”_|1001) + e"”_|1010) + e"”_|1011) + e"”_|1100)
.39
+e ™8 |1101) + e"”_|1110) + e"”_|1111))
7

1
|0100) N _Z e—ZnLhko . e—thk1 . e—mhkz e —milils |k0k1k2k3)
k=0

1
Z('OOOO) +e7™2]0001) + e ™2|0010) + e 20011 + e ™2[0100) + ¢ 72|0101) + e ™2|0110) + e "Z|0111)

’”‘|1000) +e7™211001) + e Z|1010) + e 2 |1011) + e Z|1100) + e 2 ]1101)

+ e"”—|1110) + e""—|1111))
7

1 —2mik, —2mik -mik —nifa -mik —nifa w2 ks
|0101)—>— e o-e 1.eTTRz TS o TR L TS T TR Kok ko kg) =
k=0

1 5 _.10 5 _ 20 e _mi30
Z(|0000)+e"” [0001) + e ’” |0010)+e ’” |0011)+e ’” |0100)+e ™810101) + e ’” |o110)
+e"”’?|0111)+e"”_|1000)+e""_|1001)+e""_|1010)+e‘”‘_|1011)+e‘m_|1100>
.65
+e‘mF|1101)+e‘”‘_|1110)+e""_|1111)>
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Quantum Fourier Transform

7
1 —-2mik, —2mik —rik —nika —2mik, -mik s
|0110)—>Z e o-e 1.7z T e 0. M. TR TG - | kok ko ks) =
k=0

1
Z('OOOO) + e"”‘|0001> + e""‘|oo1o) + e""‘|oo11) + e"”—|o100) + e‘"‘—|0101) + e"”—|o11o)

+ e 0111) + e"“—|1ooo) + e ™T11001) + e T]1010) + e 1 ]1011) + e ]1100)
.39
+eTER|1101) 4+ e R [1110) + e‘”‘T|1111))

7
1 2mik 2mik ik —Tri& 2mik ik —m'ﬁ —m'ﬁ ik —m'ﬁ —Ti—=
|0111)_)Z e 4TiRy . p—2TIKy . o~ T2 ., o 2 @ 4Tk . o~ MKy . o 2 e 4 . MKy .o 2 -e 4

_mﬁ
) 8 |k0k1k2k3) =
Z('OOOO) + e ™E[0001) + e E|0010) + e T 0011) + ¢ T2 [0100) + e TEE|0101) + e E|0110)

+ e"”’?|0111) + e""_|1000) + e""_|1001) + e‘”‘_|1o1o) + e""_|1011> + e"”_|1100)
+ e_"i%l|1101) + e""_|1110) te e |1111))
7
|1000) N %Z e—Zn’ikO . e—27rik1 . e—27rik2 . e—n:ik3 |k0k1k2k3) —
k=0
%(|0000) +e~™0001) + e~2™|0010) + e~3™|0011) + e~*™|0100) + e ~5™|0101) + e~®™|0110) + e~7™|0111)

+e8m1000) + e ™| 1001) + e =107 |1010) + e~ 117|1011) + e~127|1100) + e ~137|1101)

+ e M71110) + e~ 157 |1111))
7

1 . . . . o ke ke ks

|1001> N _Z e—zrnko . e—ka1 . e—kaz . e—mk3 . e—mk0 e L e iy e 8 |k0k1k2k3> —
1 k=0
Z('OOOO) + e"“‘|0001) + e"”_|0010) + e"“_|0011) + e""_|0100> + e""_|0101) + e"“_|0110>

. .108
+e‘”‘?|0111)+e‘"‘_|1000)+e"”_|1001)+e"“_|1010)+e"“_|1011)+e nitg” [1100)

117 . .
+e ™8 [1101) + e~ mitg? |1110)+e mit |1111)>
1 U k k
[1010) - ZZ e—2miko . g=2miky . g=27ik, . p=Tiks . p=2TiKg . p=Toik; e_niTZ . e—m‘f kokykokes) =
=

=0
1 5 ) I 720 _i25 _mi3®
Z<|0000)+e_m4|0001)+e m |0010)+e m |0011)+e m |0100)+e m |0101)+e m |0110)

+ e"”—|0111) + e""—|1000) +eTTE[1001) + e ]1010) + e ER|1011) + e T |1100)
+ e TTI1101) + e A |1110) + e""—|1111)>

ko

u k k k
. ; . . ; . _gikz  _piks : _misl g2
|1011) N z e~ 2miko . g=2miky . o =2Tiky . o=Tiks . g—27iky . g=Tiky . g TG, TG o=Tikg . o TG, oY

L

_m-g
) 8 |k0k1kzk3) =
Z(|0000> + e"”_|0001) + e"”_|0010) + e"”_|0011) + e"” 5 |0100) + e"”_|0101) + e"”_|0110)
+ e"”’?|0111) + e"”_|1000) + e"”_|1001) + e"” 8 |1010) + e"” s |1011>
.132
+e ™78 [1100) + e"”T|1101) + e"”T|1110) + e"”T|1111)>

[u=y

7
|1100) N ZZ e—2mko . e—kal . e—2mk2 . e—mk3 . e—kao . e—kal . e—mkz ‘e i~ |k0k1k2k3) —
k=

1
Z('OOOO) + e"“‘|0001> + e"“‘|0010) + e"“‘|0011) + e"“—|0100) + e‘”‘—|o101) + e"”—|011o)
+ e‘”"7|0111) + e‘"‘_|1000) + e"”_|1001) + e"”_|1010) + e"”_|1011) + e"”_|1100>
.39
+e ™7Z|1101) + e"“—|1110) + e"”—|1111)>
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Quantum Fourier Transform

7
. . . . . . . k3 . K1 ko
§ e—kaU . e—2mk1 . e—2mk2 . e—mk3 . e—kaO . e—kal . e—mkz . e—mT . e—mko . e_mT . e—mT

k=0

11101) -

e

_m_ 8 |kokikoks) =
(|0000)+e"”—|0001>+e""—|oo10)+e‘"‘—|0011)+e‘"‘—|01oo)+e‘"l—|o1o1)+e‘”l—|o11o>
+eTR|0111) 4+ e T8 [1000) 4+ e T8 |1001) 4+ ¢ 8 [1010) 4+ e 5 [1011)
L 71 _nil8d L
+e ™78 [1100) + e ™ 8 [1101) + e ™ 8 |1110) +e ™ 8 |1111))

7
k k
11110) > l e-2miky . p=2miky . p=2miky . p=Tiks . p=2miko . p=2miky . p=Tiky . g~ . p=2ike . =TIk . o~
4

_m&
L 4 |kok1k2k3) =
Z('OOOO) + e7TH0001) + e CH|0010) + e A [0011) + ¢ ]0100) + e ER|0101) + e 4 ]0110)

.49
+ e‘”‘T|0111) + e""—|1000) + e""—|1001) + e"”—|1o1o) + e"”—|1011> + e"”—|1100)
te ’“—|1101) + e""—|1110) + e""—|1111))

7
. . . . . : ; —niks ; ; —mikz ks
|1111> N Z e 2Miko . p—2miky . p—2Tik; . o—Tik3 . o —2Tikg . p=27iky . o=Tiky . o 7T, p=2Mikg . o—TiRy . 7T, 7Y
k

B =

—Tik, —1'Eih —1'n'ﬁ —m'ﬁ
1 e 0-e 2 e 4 - 8 |k0k1k2k3) =
Z(|0000)+e"”_|0001)+e""_|0010)+e"”_|0011)+e""_|0100)+e""_|0101>+e"”_|0110>
108 _gil20 138 150 _nil65
+e ™8 |0111) + e ™8 |1000) + e "8 [1001) +e "8 [1010) +e "B [1011)
_ni180 195 _pi210 225
+e ™8 [1100) + e "8 [1101) + e "8 |1110) +e " B |1111>)

We get the matrix:

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
=Ty —TILE —1'[lE —T'[li —1'[1E —T'[lé —1'[1Z —T'[i§ —T[lg 7'[!E —1'[1H —7'[!E —T[lE —1'[1H —T[lE
1 e 8 e '8 e’ 8 e 8 e "8 e 8 e 8 e '8 e '8 e 8 e 8 e 8 e 8 e 8 e 8
—Tiz —miy —miz —Tiy —Tmiz —Tiy —1'u'Z —Tiy —miz —1'nm —mH —1'riE —mE —1'uH —mE
1 e ™ e "% e 72 et e Tt e Tt e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4
1 e—m‘% e—nig e—m'§ e—m% e—mle e—m% e—m% e_"i% e—mz—g e—m’% e—m% e—m%’ e—ni‘% e—m’% g_m4_85
— it —TtiZ —mi5 —Tis —m’E —Tiz —Tiz —Tiz —m’2 —mE —mitt —m'E —mil2 —mitk —ml—s
1 e "2 e "2 e "2 e "2 e "2 e "2 e "2 e "2 e "2 e 2 e 2 e 2 e 2 e 2 e 2
—m'§ —midd —111'15 —mi22 —miZ2 —mi32 —mi2 ) —mit2 —mi22 —mi2 —mi®2 —mi®2 ~miZd —mi?2
1 e "8 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e 8
1 e—m% e i e ™ e—ni% e—mlTS e_mlT e—m% e—m% e—mZTZ e—m’% e‘"iBT,B e—m% e—m% e—m% e—m%s
7 14 21 .28 35 .42 49 56 .63 .70 .77 .84 91 98 105
1|1 —mig —mig —mig —mitg —mitg —mig —mig —mig —mig —mitg —mig —mig —mig —Tig
ﬁ 1 —mi e~2mi  o=3m 4w ,=5mi ,—6mi e~ 7mi p—8mi e—omi e-lomi  o-limi p-l2mi ,-13mi ,-l4mi —-157i
—mg —1rig 11127 —ni36 1'uﬁ —m& —1'[1673 —1'tiE m’E —m% —m% 111108 17 111126 135
1 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e e
—Tig —mE —ml—s —niﬂ —mE —rriﬂ —mE —mﬂ —ni4—5 —mﬂ —m’E —m@ —7116—5 —m7—0 —m7—5
1 e ™2 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4
A1 .22 .33 44 .55 .66 .77 .88 .99 .110 121 132 143 154 .165
1 e—m? e Mg Mg o Mg Mg Mg Mg Mg My Mg Tt Ty e—m 5 e g g
—niS —miS —nid —mit2 —mit2 —mit® —miZk —miZt —miZl —miZ2 —miZ2 —mi8 —miZ2 —mit2 —mit2
1 e "2 e "2 e "2 e 2 e 2 e 2 e 2 e 2 e 2 e 2 e 2 e 2 e 2 e 2 e 2
—ml—3 —niﬁ —mg —m2 —ni6—5 —rriE —m'g—1 mm—4 —Ti 117 —m'ﬁ —m'l;"3 —m'ﬂ —7'riE = iﬂ —711197
1 e 8 e 8 e 8 e 8 e 8 e 8 e 8 e e 8 e 8 e 8 e e 8 e e 8
—miZ —mild —miZl —mi28 —mi32 —mit2 —mi®2 —mi58 —miS2 —miZ® —miZl —mi%t —miZd —miZ2 —mit%
1 e ™% e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4 e 4
.15 .30 45 .60 .75 .90 105 120 135 .150 165 .180 195 210 .225
1 e—m? e Mg o Ty e—mi e g o Mg Mg Mg Mg Mg Mg Mg Mg WSy omitg

The matrix corresponds to the general matrix reduced to rank 16.
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Quantum Fourier Transform

We use the picture of a rotating unit vector to simplify the entries in this matrix:

3. 12 28
2t T T gttt
A

=1
We resolve +1, +i and calculate modulo 2m:
kokykyks
l
S 0000 0010 0100 0110 1000 1010 1100 1110

JoJ12Js 0001 0011 0101 0111 1001 1011 1101 1111

0000 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
—m'1 —Ti —1'ri§ —Ti —Tig —mz —TTi; —ml—o —m’l—l —m—3 —ni—4 —nil—s
0001 1 e e "8 e 8 —f e 8 e 8 e '8 -1 e '8 e 8 e '8 i e '8 e 8 e '8
1 —m’Z . —m‘E —m’2 —1'L'Lﬂ —mZ —mE —mE —m’E
0010 1 e™s —i e™ —1 e "' i e ™8 1 e ™8 —i e ™8 -1 e ™8 i e "8
3 N 9 5 5 .11 .14 1 .10 13
0011 1 e ™3 e Mg e Mg i e ™E g e Mg -1 e T g TF Mg —i e Mg o TF o TF

0100 1 —i -1 i 1 —i -1 i 1 —i -1 i 1 —i -1 i
—ni§ —mlo —n11—5 —Tig —1'L'LE —ml —1'L'ig —m'E —mE —mw —n11—5 —mE
0101 1 e™8 e ™8 e ™8 —i e "8 e "8 e "8 e "8 e "8 1 e "8 e 8 e '8 —i e '8
0110 1 e—m'g i e—m% -1 e —m% —i e—m’% 1 e—m’g i e—m% -1 e—m% —i e—ni%0
7 14 5 . .10 1 15 . 13 11 . 9
0111 1 1 —Tig E‘_TH? e—m§ i e—m§ e—m§ e —Tig -1 e—m§ e—m§ e—mﬁ —i e—m§ e—m§ e—m§
1000 411 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
—miy -mis-misk i mf omld —miy-midl s e 1 S
1001 1 e™8 e ™8 e ™8 —i ™8 ™ e ™8 -1 e ™ e ™8 ™8 i e ™ e ™8 e s
1010 1 e™s  —i s _1 ™ i i e™s 1 e i e 1 o™ o7
1011 —mE —Tig —ml —Tig —Tig —1'L'LE —1'L'i§ —m'H —mg —n11—5 —ml— —1'L'1E
1 e™8 e "8 e '8 i e '8 e '8 e 8 -1 e "8 e 8 e '8 —i e 8 e 8 e '8

1100 1 i -1 —i 1 i -1 —i 1 i -1 -1 1 i -1 —i
1101 —mg —m—o —mz —Tiz —m’l— —1'L'L'2 —Tig —mZ —1'L'i1—5 —Tig —Tig —1'L'1é
0 1 e™8 e "8 e '8 —j e '8 e "8 e '8 -1 e "8 e "8 e '8 i e '8 e '8 e '8
1110 s _mitl il _niZ - —y il _ni2
1 e ™3 i Ty 1 e g —i e g 1 e g i P -1 e g —i e g
1111 15 1 _ 13 a1 ) . 6 5 o . Y
1 e T 8 e T 8 e L 8 i e T 8 e L 8 e 1118 _1 e 7'[18 e 7'[18 e 1'[l8 —i e 7'!18 e 7T18 e 7T18
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Quantum Fourier Transform

Again, we have the task to disassemble this matrix into gates.

We go back to the entry (jk):

7
_m.(8j0+4j1+2j2+j3)(8k0+4k1+2k2+k3)
Ye g lkokskaes)

e

ljoj1j2J3) =
k=0
We examine the structure of the entries in the exponent:
(8jo + 4j; + 2j, +j3)(8ky + 4ky + 2k, + k3) _
5 =
8 8
16j,ko + 8j2kq + 4j2k, + 2j3k3 4 8j3ko + 4j3ky + 2j3k, + j3ks _
8 8

. . . . . . . Jiks
8joko + 4joky + 2joky + joks + 4j1ko + 2j1kq + jiko + 17 +

. . j2k2 j2k3 . j3k1 j3k2 j3k3
2]2k0+]2k1+T+T+]3k0+ 2 + 4 + 3

We get:

e—2mijoko . p=2Tijoks . p=2Tijoky . p=Tijoks .

m @ 3 W
e 2Tijiko . p=2mij1ky . o1k . e—T[im .

2
(5) (6) (7) (8)

Jok Jok
~2mijoko . g-mijshy . g~MGE | mmilEE

(9) (10) = (11~ (12)

e "Tsko . e_m'j32k1 . e_”i% . e_m.h%
(13) (14) (15) (16)

We interpret:

(1),(2),(3),(5),(6),(9) are identity transformations that have so far, no effect.
(4), (7), (10), (13) are Hadamards.

(8), (11), (14) are Stgates or R, gates

(12), (15) are TT gates or R, gates.

(16) is the R5 gate.

(4) is the Hadamard converting j, to ks. (7) is the Hadamard converting j; to k.
(10) is the Hadamard converting j, to k;. (13) is the Hadamard converting j; to k.
(8) is the controlled R, gate from j; to k; (11) is the controlled R, gate from j, to k,
(14) is the controlled R, gate from j; to k; (12) is the controlled R, gate from j, to k5
(15) is the controlled R, gate from j; to k, (16) is the controlled R5 from j, to k;
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Quantum Fourier Transform

We build with the circuit:

J2) to k3) = (12)

Jo) to k3) = (4)

Jj3) to kp) = (15)

J1) toky) = (7)

e

| J2) to k1) = (10) — swap
o Y \¥ .4 H |kes) ko)
|]1> 4 H R1 Ik2> Ikl)-
lj2) —o— H H Ry R, _AK Ik} )
lj3)— H I Ry |] Ry || Rs \ o) o

R .

Js) to k3) = (16) J1) to k3) = (8)
Ja)to k) = (14) ek = (D

Js) to ko) = (13)

Note: The gates named R; and R, are the controlled ST and TT gates. They are special forms of the

single qubit unitary rotation gate Ry,:

Conceptual level

Rl::S:(

1
0

1 0
Ry = _mi
0 e 2

0
_7T_i>'R2 = T:<
e 2

1
0 e

0

i

4

ol

1

0

i

0 e 8

)

From the circuit above we can derive the state before the swap gate:

The Hadamard, acting on |j,):

PR LAl
oy —te I

V2
The Hadamard, acting on |j;): ) |0) + e~™1|1)
lj1) = T |
The controlled R;-gate: 10) + e~ |1) R 10) + e_m.jle_m-l?oll)
V2 V2
The Hadamard, acting on |j,): ] [0) + e~ ™U2|1)
lj2) = &5
The controlled R,-gate: 10) + e~z |1) R 10) + e'””ze_"i%u)
V2 V2
The controlled R,-gate: 10) + e'””ze_"i%u) 10) + e‘””ze_"i%e_"i%ou)
V2 V2

D. Kriesell

page 24 of 40



Quantum Fourier Transform

The Hadamard, acting on |jz): i) [0) + e~ TU3|1)
_) ———————eeee
]2 \/i '
P . e
The controlled R;-gate: 0) + e~™2|1)  |0) + e~Tae mzzll)
ﬁ
V2 V2
The controlled R,-gate: |0>+e_n—ij3e—7'[l—|1> 10) + e~ Tijs g™ n'_z m—ll)
V2 V2
The controlled R;-gate: 10) + e_mj3e—mf76—m4|1) 10) + e_mj3e_mlzze mJ_l —m—ll)
V2 V2
We combine:
(|0) + e‘”ij°|1)) |0) + e‘"iile_"1_|1) [0) + e‘"”ze_m |1) |0) + e‘"ii3e_”i]726_"i%e_"i]§o|1) _
V2 V2 V2 V2

1 y y R R
ZGO) + e~ |1)) <|0) + e—’”he"”_u)) <|0) + e—”lJZe‘"‘?e‘”’Zo|1)> (|0) + e—mhe‘”’?ze‘"lxe‘mm1)) =

1 N e & pmilt iy e e
Z(|0)+e‘ﬂ110|1)) <|0)+e‘mne mzll)) <|00)+e"”13e T2eMaeE|01) + e Re 2 ] 10)
+e—ﬂijze_"i]?1e_”i%e_"”3e m%ze_m]_l 8|11)>

I S A S
—(|O)+e‘””°|1))<|0)+e‘””le_m_|1))<|00)+e‘"”3e'm72e e T8101) + e~ ™2 e ™2 |10)

B3J2 301 _3Je
L |11))=

1 L e o C g _pido
Z(|0)+e—”Uo|1))(|000>+e—’“13e T2e e "‘s|001)+e—”112e ™7 e ™4 |010)
. 3] 3j ;3J i, :J y ) J iJ
+eTse T e Mg T LTD|011)+e'””1e mi 2|100) + e e 7 e~z T o Mg e §)|101)

P — [} . i1 Jo iJo <3 L S} ) [
t e T g MR g o oIS oY 4]110) + e ™ie M2 se 2 e A e "8 |111)) =

1 -~ R S R o _midi _pide
Z(|0)+e-’wo|1))(|000)+e—mfze ™2 ™ae " 8(001) + e Tz 2 ™4 |010)

2 il 2 _piSh i)
+ e‘””3e_mTze_mTe_mT|011) + e‘””le_m_|100) + e~mse 7T g e T8 |101)

_ 31 _302 7T 7o
+ e T2 ~mi%g? 4 |110)+e‘””3e "2 eT™ae i’ 8 |111)) =

1 —TTi ] —T[lj_z —71'11 —7Tl_ - —71'11_ T[l_ - 77.'L3] 77.'1,M —niﬂ
Z(|0000)+e Tlse" 2 e |0001)+e Tijze ™% e |0010)+e Tiae ™2 e ™4 78 |0011)

.. J S5i 31
+e‘””1e_m_|0100)+e‘””33 TiZe e i [0101) + e ™ize ™2 m_|0110)

L _ 32 7J1 _idz 1_ _mile

+e T T e Mg e g |0111)+e‘"”°|1000)+e‘”"Oe‘””3e mi Tl ol 8]1001)
. o1 3j2 __.3j1

+ e~ mogTil2e M7 e m4|1010) + e Moz MY e TG i [1011)

. . o _pidz _pSin _Sh
+ e Tlog TljopTii1e mz|1100)+e‘"”°e‘””3e e ™ e i |1101)
. L -ﬁ gz _ 7 T
+ e Mo Ml2g T 2 [1110) + e ™o Tize ™2 e e mig |1111)>

1 N A g 3 3h 3
Z(|0000> + e—”llze‘”‘fe‘”‘fe‘”’§°|0001) + e‘mhe—m?le_mTOWOlO) + e Tae T e T 07T 0011)

—mij _T”_ —Tij —T[ll— —T[lSL - —ij _71—13] ni%
+ e ™1eT210100) + e "ze M 2e T 2 8 [0101) + e~ ™2 "2 4 |0110)
L. 3] 7J1 d2 _pili
+ e‘””Se_mTze_mTe_mT|0111) + e~T0|1000) + e—"Use MY e Mg e ~miZge 5 |1001)
J . .3J, 3j1 )
71e_mT|1010) + e‘””3e_m76_mTe_mT|1011) + e‘"”le_mTllloo)
—mij —7'rij—2 —mi —m —mij. nii —m'm
+e e 2e 4 e 8 |1101)+e ze” "2 74 |1110)
.3j» .7j1 .
P e |1111))

+ e 2™
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Quantum Fourier Transform

The picture of the rotating unit vector is helpful to examine the structure of the transitions.

Note: factors of r only.

We calculate the transitions:

JoJ1/zJa
1
10000) 7(10000) + [0001) + [0010) +[0011) + [0100) + [0101) +]0110) + [0111) + [1000) + [1001) + [1010) + [1011)
i + |1100) + |1101) + [1110) + [1111))
10001) 7(10000) = [0001) + [0010) ~ [0011) + [0100) — 0101) +]0110) — [0111) + [1000) — [1001) + [1010) — [1011)
i +1100) — |1101) + [1110) — [1111))
10010) 7(10000) = 10001) = 0010) +0011) +0100)  {10101) — [0110) +{0111) +[1000) — /1001)
— |1010) + {|1011) + [1100) — {|1101) — [1110) + i[1111))
1
10011) 7(10000) +10001) ~ [0010) — 110011) +]0100) + [0101) ~ [0110) ~ {]0111) + |1000) + [ 1001)
— |1010) — {|1011) + [1100) + {|1101) — [1110) — i[1111))
10100) ~(|0000) + e=%|0001) — i |0010) + ¢ - - ' -
7 e y—[0010) + 757 [0011) — [0100) + e %] 0101) + i [0110) + e~17 | 0111)
T 31 51
+1000) + ¢~%| 1001) - i |1010) +e7'%|1011) — [1100) + e "4 [1101) + i|1110)
7T
+e"T|1111))
10101 1 an I i T
Z(|0000)+e “%[0001) — i0010) + e7#]0011) — [0100) + e~ #|0101) + {0110) + "4 |0111) + [1000)
sn n on Boe:
+e7F11001) — 111010y + €™ F11011) ~ [1100) + €™ 4[1101) — [1110) + e™ ' [1111))
0110) 1 an , oz o , on
7(10000) + ¢™10001) +10010) + ¢ 7¥]0011) — [0100) + e™410101) ~ §]0110) + e™F |0111) - 1000)
31 T T 5T
+e7T%|1001) + i[1010) + e'5|1011) — |1100) + e~ #]1101) — i|1110) + e“T|1111))
0111) 1 o , on T , oz
Z(|0000)+e %10001) + i]0010) + e~ #]0011) — |0100) + e~ #]0101) — i|0110) + e~3]0111) + |1000)
T 5T 3T T
+e 1% |1001) + i[1010) + "4 [1011) — [1100) + e~"4|1101) — i[1110) + e“z|1111))
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Quantum Fourier Transform

1 p .
11000) Z('OOOO) +¢7'5]0001) + e~5]0010) + e*l—|0011) —{]0100) + e*‘—|0101) + e*‘—|0110) + e*l—|o111) [1000)
9
e "8 (1001) + e“—|1010) + e“—|1011> +i1100) + e“—|1101) + e“—|1110)
.15m
+ e*lT|1111))
1 . . ,
11001) Z('OOOO) + e*l*|0001) +¢7'7)0010) + e*l*|0011) —i]0100) + e*‘*|0101) +e ST (0110) + e*l*|0111)
+1]1000) + e_l_|1001) + e*l*|1010) + e“—|1011> +i]1100) + e_l_|1101) + e*’*|1110)
7T
e*l?|1111))
.15m
11010) (‘0000)+e 0001) + e 8 B “—|0101)+e“—|0110)+e“—|0111)
13w L2TC
—]1000) 4+ ™8 |1001) + e "8 [1010) + e“—|1011) +i]1100) + e“—|1101) + e“—|1110)
1w
+ e*lT|1111))
1
1011) Z(IOOOO) + e_l_|0001) + e“—|0010> + e_l_|0011) —{]0100) + e“—|01o1> + e“—|o110) + e_l_|0111)
|1000> + e_l_|1001) + e_l_|1010) + e“—|1011> +i1100) + e“—|1101) + e“—|1110)
|1111>)
|1100) 1 —L— —L— —L— —z— —L— —l.—
Z('OOOO) +e778]0001) + e "8 |0010) + e "8 [0011) + i|0100) + e~ 8 [0101) + e "5 ]0110) + e *5|0111)
|1000) + e“—|1001) + e“—|1010> + e“—|1011> —{]1100) + e_l_|1101)
te b |1110)+ e“—|1111))
1
[1101) Z('OOOO) + e“—|0001) + e“—|0010) +e78]0011) + 1]0100) + e“—|0101> + e“—|0110) + e“—|o111>
—1000) + e‘l*|1001) + e“i7|1010) + e“?|1011> —i]1100) + e"'*|1101) + e_17|1110)
51
e“?|1111>)
1
[1110) Z('OOOO) + e“—|0001> + e“—|0010> + e“—|0011> +i]0100) + e“—|0101) + e“—|o11o> + e“—|o111>
—11000) + e“i7|1001) + e‘l*|1010) + e‘i7|1011) —i]1100) + e_i7|1101)
21T
e [1110) + e“?|1111)>
1
1111) Z('OOOO) + e“—|0001> + e“—|0010) + e“—|0011> +i]0100) + e“—|0101> + e“—|o110) + e“—|o111>
— |1000) + e‘l*|1001) + e‘l*|1010) + e‘l*|1011> —i|1100) + e‘l*|11o1) + e"*|1110)
“‘|1111>)

From the transitions we get the matrix:

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1
1 —i -1 i 1 —i -1 i 1 —i -1 i 1 —i -1
1 i -1 —i 1 i -1 —i 1 i -1 —i 1 i -1
_iT 3T _i5m il P 3T _i5rm
1 e 4 —i e 4 -1 e "4 i e 4 1 e 4 —i e 4 -1 e 4 i
_LS_T[ _1_7_” I.E _13_7-[ _LS_T[ _L7_T[ LT[
1 e "4 —i e 4 -1 e 4 i e 4 1 e 4 —i e 4 -1 e 4 -1
_LS_T[ —I.E _17_7-[ _LS_T[ _L3_T[ lE _L7_T[
1 e "4 i e 4 -1 e "4 —i e 4 -1 e "4 i e 4 —1 e "4 —i
_1_7_7-[ _LS_T[ _13_7-[ LT[ _L7_T[ _LS_T[ _L3_T[
1 e "4 i e 4 -1 e "4 —i e 4 1 e 4 i e 4 -1 e 4 —i
1 pus _2m 3 5T _bm I o _;dom _um _3m _an
-1 e '8 e 8 e 8 —i e '8 e 8 e 8 —1 e 8 e 8 e 8 i e "8 e "8
4 —ig—” - 111” 1—13” SpEL i—lsﬂ i —ls—n —L3—7r —LS—7r L
1 e "8 e 4 e 8 —i e 8 e 4 e 8 —1 e 8 e 4 e 8 i e 8 e 4
_L.S_n _.lom _.15m _lg_n' _.l4m _L.3_n 137w _lZ_rr _L.7_n LT[ _l.6_rt
1 e 8 e 8 e 8 —i e 8 e 8 e 8 —1 e 8 e 8 e 8 i e 8 e 8
_j13m 101 il _i JLan Al _5r _i2m 51 _ion _i¢m
1 e 8 e 8 e 8 —i e 8 e 8 e 8 =1 e '8 e 8 e 8 i e 8 e 8
_3n 6 _om (15w _j2m 5 11w am ; _m ;10m
1 e "8 e 8 e 8 i e 8 e 8 e 8 —1 e "8 e "8 e 8 —i e 8 e 8
_am _bn s _jm _2r _j13m _3r _jlan _om _jsm 0w
1 e 8 e '8 e '8 i e 8 e 8 e 8 —1 e 8 e "8 e 8 —i e 8 e 8
_m [4m _sn _3n ;1o ; ; _on 13 1171 _j2m
1 e 8 e 8 e 8 i e 8 e 8 e 8 —1 e 8 e 8 e 8 —i e 8 e '8
_i151r _11471 _11311 _l.117r _l107r l.9_7r _L.77r _i6n _L.57r _L.37r _l.Zn
1 e 8 e 8 e "8 i e 8 e 8 e 8 —1 e '8 e 8 e 8 —i e '8 e '8
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Quantum Fourier Transform

We need the final swap:

0001 «—
0010 <—
0011 «—|-|—
0100 «—
0101 «——|—
0111 «—|—|—|—
1000 «—
1010 «——
1011 «——
1100 «—|——
1101 «—
1110 =
We get:
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
it _i2m L 5 _5T _In o _;jLom 1in _13m l4n 157
1 e 8 e '8 e '8 —i e '8 e '8 e 8 —1 e '8 e 8 e '8 i e 8 e 8 e '8
it L 5 , _Im i 3 5 , i
1 e —i e 4 =1 e "4 i e 4 1 e 4 —i e 4 =1 e "4 i e 4
1 3 _¢T o _5m _i2m 5 _jim 4w i _jm _jom 13w
e '8 e '8 e '8 i e 8 e 8 e 8 =1 e 8 e 8 e8 —i e'8 e "8 e 8
1 —i -1 i —i -1 i 1 —i -1 i 1 —i -1 i
_5m jom 15w o _jl4am 3 _j13m fris _jm i _8m _im
1 e 8 e 8 e '8 —i e 8 e '8 e 8 —1 e '8 e '8 e '8 i e '8 e '8 e 8
1 _L.S_n =i —17—" : —LS—T[ —i3—n =i —17—” : —ls—n
e 4 i e s =1 e 2 —i e 4 =1 e "4 i e s =1 e 4 —i e 4
_jIm _;jlan _5m _3n _jLom _ i _bm _j3m _um _i2m _on
111 e e8 e7's i e'8 e'8 e -1 e'8 e'8 e'8 —i e'8 e's e's
411 -1 1 -1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
_igl _11_” _111711’ _in _13_” _ilSJ i _15_” _i3l lSTL’ _,'7” _i7l
1 e '8 e 4 e '8 —i e 8 e’ e "8 -1 e 8 e 4 e '8 i e '8 e 4 e '8
L —im —i -3 L - —iZ -3
1 e 4 —i e 4 =1 e % i e 4 1 e % —i e 4 =1 e 4 -1 e 4
_im _T i _im _i2m _13m 3 _l4m 157 _;15m 10m _5m
1 e "8 e '8 e 8 i e '8 e’ e 8 —1 e8 e 8 ¢ '8 —i e 8 e '8 e '8
1 i -1 —i 1 i -1 —i 1 i -1 —i 1 i -1 —i
3w 10w _Im . T _l4m 13w _5r _m Jgsm o _bm L
1 e "8 e "8 e’'s8 — e 8 e 8 e 8 —1 e '8 e '8 e '8 i e '8 e '8 e '8
i 5 _3r i Frud I _5r _3r i
1 e 4 i e 4 =1 e 4 —i e 4 1 e % i e 4 =1 e 4 —i e 4
5w l4m 3w _im 10w o i _m 5T 3 _2m it
1 e8 e'8 e B i e'8 e'8 e'8 -1 e'8B e'®m e'B —i e'®m e'B e's

This is the matrix for the Fourier transformation for four qubits.

Remark

We can see in the matrix for the Fourier transformation the “rotation of the unit vector” clockwise.
In the first row the vector is steady at position 1.

In the second row the vector is rotating slowly:

2T 157

—== ——

_iT
l,e 8,e "8,..,e 8

In the third row the vector rotates twice as fast:

2T AT 301

—— ——

_i2m
l,e 8,e "8,..,e 8

.14m .7

Note that we must calculate modulo 27, the last term becomes e_lTresp. e \a,

Due to the discrete nature we get an alias effect. In the last line the rotation seems to be reversed:
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Quantum Fourier Transform

151 14m A

—_ —— ——

L L
l,e 8 ,e "8 ,..,e 8

In between this becomes a jumping of the unit vector forward and backward that culminates in line 9
to a jumping between +1 and —1.

Basic level
We apply to the 4 qubit Quantum Fourier transform. The matrix becomes 16 X 16:

We use the unitary matrix:

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
—m’1 —1'tiZ —1'tiE —Tig —Ttig —mz —Tig —ml— —m’E —Tig —Tmi —ml—s
1 e"8 e '8 e '8 —i e '8 e '8 e '8 -1 e '8 e '8 e '8 i e '8 e '8 e '8
ﬂtiz . 77'ri§ 7nim . 71'[i& 77'[1'; . 711i§ 77'[1'9 . 7111'2
1 e '8 —i e’ -1 e '8 i e '8 1 e '8 —i e '8 -1 e '8 i e '8
7m'§ 7m'§ 77112 . *TH'LS 711iz 711i§ 7111'2 7111'2 7111'1 . 7m'z 711i2 7111'5
1 e 8 e 8 e 8 L e 8 e 8 e 8 -1 e 8 e 8 e 8 -l e 8 e 8 e 8
1 —i -1 i 1 —i -1 i 1 —i -1 i 1 —i -1 i
—Tim 77112 77[11—5 77.“-2 71'[11— —Tiz —Tig m'E —Tiz 77'[12 77'[1'9 71112
1 e 8 e 8 e 8 —l e 8 e 8 e 8 e 8 e 8 1 e 8 e 8 e 8 —l e 8
—mi —mi2 —mitk —mit? —mi —miZ —mitd —mikd
1 e '8 i e '8 -1 e 8 —i e '8 1 e '8 i e '8 -1 e '8 —i e '8
—Tig —1'u'ﬁ —1'u5 —Tig —m’l— —ml —m'l—s —Tig —1'L'iE —1'L'1E —Tig —mg
111 ™8 ™5 e™ i e™ e ™8 e s -1 e 78 e "8 e 8 - e 8 e '8 e '8
411 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
—Tig —Tig —mE —m’E —Tig —n11—5 —Tiz —m’2 —m§ —Tig —mH —mz
1 e"8 e "8 e "8 —i e 8 e '8 e '8 -1 e '8 e '8 e '8 i e '8 e '8 e '8
—mE —mE —Tiz —1'[iE —Tig —Tig —m'Q —mﬁ
1 e "8 =i e 8 —1 e"8 i =i e '8 -1 e '8 i e 8 1 e 8 e 8
—mE —Tig —m‘l —mz —Tiz —mE —Tig —ni1—4 —1'ti2 —mE —mﬂ —m§
1 e™8 e"8 e "8 i e "8 e "8 e '8 -1 e '8 e '8 e '8 =i e '8 e '8 e '8
1 i -1 —i 1 i -1 —i 1 i -1 —i 1 i -1 —i
—mE —mE —mz —m1 —1'[iE —m2 —mE —Tig —m’l—s —mg —mﬁ —m§
1 e”8 e "8 e "8 —[ e 8 e '8 e '8 -1 e '8 e 8 e '8 i e "8 e 8 e 8
—1'u'ﬁ —mE —mé —mZ —m'E —1'n2 —1'L'1é —1'L'1Z
1 e '8 i e "8 =1 e "8 —i e '8 1 e '8 i e '8 -1 e '8 —i e '8
—m‘l—s —ml— —mE —m’E —m1 —n12 —Tig —TTi; —mE —Tig —Tig —1'L'1l
1 e"8 e "8 e '8 i e '8 e "8 e '8 -1 e '8 e '8 e '8 —i e '8 e '8 e '8

This is a symmetric matrix.

We need to build this matrix out of a series of gates (matrices) in order to let it run on a quantum
computer. We will calculate all gates “from left to the right” and strictly follow the wiring diagram.

Note: no implicit swaps, we
ljo? ¢ H = use the wiring diagram “as
|]1> L d H 1 Rl iS".
lj2) H H R jf Ry We also avoid to distinguish
lj3)— H Ry Ry || Rs between j; and k; and

simply name all wires j;.
The first Hadamard is the Kronecker product:

1 0 1 0 1 0y, 11 1
lagragladh = (; 1)®(, 1)®(, 1)o5( )=

®d®Id® 0 1 ® 0 1 ® 0 1 ®\/§ 1 -1

11 0 0 0 OO O O O o O O O o0 o

1 -1 0 0 0 O O O O O O O O O O0 o

o o 1 1 0 O O O O O O O O O o0 O

o o 1.-10 0 O O O O O O O O o0 O

o o 0 0 1. 1. 0 0 0O OO O O 0 o0 o0

o o 0 0 1. -1 0 0 0O OO O O O 0 O

o o 0 0 0 06112 0 00O O O 0 o0 o0

i o o 0 0 0O 01 -1 0 0 O O O 0 o0 o0

20 0 0 0 0 0 0O 01 1 0 0 0 0 0 O

0 0 0000 0 0 1-10 00 0 0 0

0 0 00 0O0O 0 0O 0 0 1 1 0 0 0 0

0 0 00 0O0O 0 0 0 0 1 -10 0 0 0

0 0 00 OO 0 00 0 O0 01 1 0 0

0 0 00 0O 0O 0 00O 0 0 0 1 -120 0

0 0 00 0O 0O 0 0O 0O 0 0 0 0 0 1 1

0 0 00 0O 0O 0O OO 0 0 0 0 0 1 -1
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Quantum Fourier Transform

The second, R{-gate. We multiply j, = 1 = j; by —i.

JoJujaJs

1100

1000

0100

0000

1101

1001

0101

0001

1110

1010

0110

0010

1111

1011

0111

0011

0
1
0

1
0
0

0

0

—-i 0 0 0 O

0 0 O
0
0
0
0
0
0

0
0

0
0
0
0
0
0

0

0 0 00 -t 00 O O O

0

0 0 00 -i 00 O0 O

0

0

0

0
0
0

0 0 0 0 —i

0

0

i

1=j3bye 4,

JoJ1j2Js
0000
0001

0010

0011

0100
0101
0110
0111

1000
1001
1010
1011

1100
1101
1110
1111

The third, R,-gate. We multiply j;

JoJuj2Js

1100

1000

0100

0000

1101

1001

0101

0001

1110

1010

0110

0010

1111

1011
0 0 0 0O
0 00 0O
0 00 0O
0 0 0 0O
0 0 0 0O
0 00 0O
0 0 0 0O
0 0 0 0O
1 0 0 0 O
010 00
0 01 0O
0 0010
0 00 01

0111

0011
1 0 0 0 O
0 1.0 0O
0 01 0O
00010
0 00 01
0 00 0O
0 00 0O
0 00 0O
0 00 0O
0 00 0O
0 00 0O
0 0 0 0O
0 0 0 0O
0 0 0 0O
0 0 0 0O
0 0 00O

0
0
0
0
0
0

0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
0

0
0
0
0
0

0
0

i
4
0
0
0
0
0
0
0
0
0
0

0

e

0 .

_m
4

0
0
0
0
0
0
0
0

e

0
0

0
0

0
1
0

_mi
2

0 0 0 0 0 e
0 0 0 0O
0 0 0 0O

0
0

_mi
e 4

JoJ1j2J3
0000
0001

0010

0011

0100
0101
0110
0111

1000
1001
1010
1011

1100
1101
1110
1111
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Quantum Fourier Transform

The fourth, R;-gate.

i

1=jzbye s.

JoJujaJs
)

We multiply j,

i
— Bl
JTOoO 000 OO0 OO0 O0 OO0 oo 00_
v
=
o | Oocoococococo0co0 o0 OO0 o-H O

— m_oo

S C OO OO OO OCO OO oo | o o

— N

(=]

S C OO OO OO OCO OO O+H oo O

i
- Sl
Sooococooocoo 00T © oo ©

)
(=)
= C OO OO OO OCO O+ OO oo O
—

— Bl

= CcCoocoococoocooco0o0T] ©O o0 oo ©

= v

o

S C OO OO OO OH OO OO OO O

i
i
O o000 o000 o000 HO OO0 OO0 oo o
o <
T oo ocococoocoHOO OO OO oo ©
o

s CO00O0O-HOOO OO0 OO0 oo o

—

o O

S CO0O0O-HOOOO OO0 OO0 oo ©

o
i
e oco 100000 OO0 OO0 oo o
o O
m C O OO OO OO OO OO oo O

—

S O O OO OO OO OO OO oo O

o

(=]

m H O O OO OO OO OO OO oo O
Yo o010 401040 do oo o
O oo d8 0D+ 00 dd i o d o
O 000 dddd 6 000 d o o o
3O 0O o0o0o0o0ddAA AN A A

The fifth, Hadamard is the Kronecker product. We calculate:

-1

G Dol Deogl

1d®Id®HQId

0000000000000104.

000000000000101_.0

SO OO O OO OO ODODOOO O
C O OO OO OODODOOO O O

000000000101_‘0000

00000000101_.00000

C OO OO OO OOHOHOOOO
C OO0 OO OOHOHOOOOO

00000101_400000000

0000104000000000

C O OO O T O HODODODODOOOO
C O OO O HODODODODOOOOOo

0104000000000000

1040000000000000

OO OO ODODODDODODODOOOO

T O T O OO OO ODDODODODODOOO

=

page 31 of 40

D. Kriesell



Quantum Fourier Transform

The sixth, R;-gate. We multiply j; = 1 = j, by —i.

JoJujaJs

1100

1000

0100

0000

1101

1001

0101

0001

1110

1010

0110

0010

1111

1011
0 00 0 0O
0 00 0 0O
0 0 00 0O
0 0 00 OO
0 00 0 0O
0 00 0 0O
0 0 00 0O
0 0 00 0O
1 0 0 0 0 O
010 0 0O
0 01 0 0O

0 00100

0111

0011
1 0 0 0 0O
01 0 0 0O
0 01 0 0O
0 0 01 0O

0
0
0
0
0
0
0
0
0
0
0
0
0
0
—i

0

0
0
0
0
0
0
0
—i
0
0
0
0
0
0
0
0

0
0
0
0
0
0
—i
0
0
0
0
0
0
0
0
0

000 01O

00 0 0 O0 1

0

0 0 0 0 0O

0 0 0 0 0O

00 0 0 0O

00 0 0 0O

0 0 00 00O

00 0 0 0O

0 000 10

00 0 0 0O

0 000 01

0 0 00 00O

0 000 0O
0 000 0O

0 0 00 00O

—i

0 0 00 0O

i

1=]2by€ 4.,

JoJ1j2Js
0000
0001

0010

0011

0100
0101
0110
0111

1000
1001
1010
1011

1100
1101
1110
1111

The seventh, R,-gate. We multiply j,

JoJuj2Js

1101

1100

1001

1000

0101

0100

0001

0000

1110

1010

0110

0010

1111

1011

0111

0011
10 0 00 0 0 0 0O

0100 0O0OO0OTGO0OTPO
0 01 0 O0O0OO0OO0OTGO0OTP O
0 00100 O0O0OO0OTPO

000 01O0O0O0O0UO

0
0

0
0

0 000 O0OT1TTO0O0TO0TPO

0000 O0OT1TO0O0TUO

0 00 0 O0O0OOT1TO0O0

0 00 0 0 O0OOT1TO

0

0 000 O0OOTO0OTGO0OT1

_mi
z

0

_mi
2

0 0 00OO O OO OO0 O0 e

0 000 O0OOO0OTGO0OTDO

e 0 0 O

0
0

0 000 0 O0OOO0OTGO0OTPO

0 0000 0 O0OTUO0OTFP O

0

_mi
4

0 0 0 e

0
0

0 0000 O0O0OOTUO0OTFP O

_mi
e 4

JoJ1j2Js
0000
0001

0010

0011

0100
0101
0110
0111

1000

1001
1010

1011

1100
1101
1110
1111

0

0 000 0 0 O0O0OTO0OTPO
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The eighth, Hadamard is the Kronecker product. We remember that they perform an implicit swap

and calculate:

1
ﬁi —11)®(é (1))®((1) (1)

®

0 1)

JdQH®IARId = (

0000000000010004.

000000000010001_‘0

00000000010001_‘00

0000000010001_.000

OO OO OO OO HOOO
OO OO OO OO OOHOOO O
OO OO OO OO HOODOH OO
OO OO OO OOHODOO HOOO

0001000400000000

0010004000000000

0100040000000000

1000400000000000

C OO 1O OO OO ODODODOOO
OO 1O OO HOODODODODODODOOO
OO OO OODODODODODOOOO

T O OO O ODODODODODDODODOOO

=<

1=j, by —i.

The ninth, R;-gate. We multiply j,

JoJuj2Js

1100

1000

0100

0000

1101

1001

0101

0001

1110

1010

0110

0010

1011 1111

10 00000 OOTUOOUO
0100 O0OOOUOUOO OO
0 01 0 O0OOOTOOTU OGO
0 001 00 O0OO0OO0OO0OTUO0OTGO
0 000 1O0O0OO0OO0OUOTUOTGO
0 000 O0OT1TTO0TO0OTO0OUOTUOTO

0111
000 0 O0OOT1TTUO0TUO0TUO0OTGO0OTFO

0011

0
0
0
0
0
0
0
0
0
0
0
0
0

—i

0
0
0
0
0
0
0
0
0
0
0
0
—i
0
0
0

0 00 0 O0OO0OOT1TTUO0TUO0TGO0OTFOo

0 000 O0OOOOTI1TO0TGO0OTFO®

0 000 O0OOOOOTI1TO0TO

0 0000 O0OOOUOUOT1TTPO

0 000 0O O0OOTOUOU OO O0OTI1

0 000 O0OOOTOUOUOTU OO
0 000 0O OOOUOTU OTO
0 000 0O OOOUOOU OO
0 000 0O OOOUOUOOTO

0

JoJ1j2Js
0000
0001

0010

0011

0100
0101
0110
0111

1000
1001

1010

1011

1100
1101
1110
1111
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Quantum Fourier Transform

The tenth, Hadamard is the Kronecker product:

The final swap:

11 1 1 0 10 1 0\ _
H®1d®1d®1d—ﬁ(1 el el Dol 1)=
10 0 000OO0O 1T O O O o0 o0 o0 o
o1 00O0O0OOO0O0 0 1 O O O o0 o0 o
o 0100O0O0O0OO0O O0O O 1T O O O0 o0 o
o o0 010000 0O O O 1 0 0 o0 o
o o0 0o0100O0O0O0 O O O 1 0 o0 o
o o0 0o001O0O0OO0 O O O o 1 o0 o
o o0 o0oo0o0O0O11O0 0 O O O o o 1 o
i0000000100000001
J2lt 0 0000 OO -1 0 0 O O O O0 O
o100 00OO O -1 0 O O O o0 o
o o0100 00O O O -1 0 o0 o0 o0 o
o o0 010O0O0OO0O O O O -1 0 O0 o0 o
o0 0 010OO0OO O O O -1 0 o0 o
o o0 o0o0010O0O O0O O O O O -1 0 o
o o0 000010 0 O O O o o0 -1 o0
o 0 00 O0OO0OOT1T O O O O O o0 0 -1
Joluas
)
0000 0100 1000 1100
0001 0101 1001 1101
o 0010 0110 1010 1110
JoJ1J2J3 0011 0111 1011 1111
0000 100 00 0O0O0O0UOOUOOTOTU 0O
0001 000 0O0OO0OO OT10UO0UO0UO0TUO0O0O
0010 000 010O0O0UO0UO0GO0OO0UO0OO0O0O
0011 000 0O0OO0OUOUOOOOO0OT10UO0O0
0100 001 00O0OO0OO0OO0OOO0UOTO0O0O
0101 000 0O0OO0OOOOOT10UO0TO0UO0O
0110 000 0O0OO0OT1U0UO0UO0UO0OO0UOO0UO0 O
0111 000 0O0OO0OUOUOOOOO0OOTO 010
1000 01 0000O0O0O0OO0OO0UOO0O0O
1001 000 0O0OO0OOUOOT1O0TUO0O0O0UO0O
1010 000 0O0O1O0O0UO0OO0GOO0UOO0O0O
1011 000 0O0OO0OOUOOOOOOT1O0O0
1100 0001 00O0O0O0OO0OO0UOO0UO0O
1101 000 0O0OO0OOUOUOUOGOT1O0TUO0UO0O0
1110 000 0O0OO0OOT1O0UO0O0UO0UO0UO0UO0 O
1111 000 0O0OO0OUOUOOOOOOO0O0 1

In contrast to the two and three qubit case we strictly followed the wiring diagram:

Temp = H4'R13 'H3'R22 'Rlz'HZ 'R31'R21'R11'H1

Note: " - " denotes the matrix product.

Note: indices for better distinguishing between gates of the same name.

A consequence of our access is that we have to swap columns, not rows and in the end multiply the
swap matrix from the right:

FT =Temp - SWAP

D. Kriesell
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JoJui2J3
l
0000 0100 1000 1100
0001 0101 1001 1101
o 0010 0110 1010 1110
JoJu2J3 0011 0111 1011 1111
0000 10 0 0 00O OO O O O O0OOUOTU® OTPWO
0001 O 0o o o0o0OO0OO0OT1UO0OTG0TG0WGTGO0OO0OO0TO
0010 o 0o 0oo1 000 0 0 0 0 0 0 0o0
0011 o 0o oo OO 0O O0OO0OTO0ODO0OTO0ODTI1ITO0OTUWO0OTFOo
0100 O 01 o0 o0 0 0 0 O0O0O0OO0DO0OTUO00OTGO0OSFOo
0101 O 0o o o0o0O0O0OO0OO0OTUO0ODCTI1ITUO0OUGO0OTUWO0OOUO0OTO
0110 o 0o oo 0O0O1T 0 O0OO0OO0OO0ODO0OTUO0TU0OTO
0111 o 0o oo o0 0O OO O0OTGODTGOUGOUOUGOTI1TO
1000 o1 0 0 0 0 O O0OO0DO0OO0ODUO0OTUO0OTGW0OTOoOTOo
1001 O 0o oo 0oO0O0O OO0OT1TTUO0TUG0LGTGO0OTUO0OOUO0OTO
1010 o 0o 0o 0o0O1 000 0 0 0 0 0 0o0
1011 0O 0000 0 0 0 O0OO0OOOO0OTI1TO0TUDO
1100 0O 0010 0 0 0 O0O0OO0OUOO0OO0OTO0OTDVO
1101 o 0o oo OO 0O OOUO0ODO0OTI1ITTGO0OTG0GTOoOTO
1110 o 0o oo 0OOO1T O0OO0OTO0OTO0ODTGO0OTGO0ODTUGO0OTO
1111 0 000O0O0G OOO0OO0OOO OO0 O0 1
DERERT LRI,
T A A I
We get the result: FT =
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
—in _121'[ —i3n —Ls—n —16—1[ —l7£ —lg—n —ilo—n _11171[ _113711’ e . —i5m
1 e '8 e '8 e '8 —i e '8 e '8 e '8 —1 e '8 e 8 e 8 i e 8 e 8 e 8
2T 6T 101 141 21 T 107 14m
1 e'8 —i e™8 -1 e 8 i e 8 1 e’ —i e”'8 -1 eB i e "8
_@m _gm _om st _am _sm _im _uam _m gmo _jgom 3w
1 e'8 e'8 e'B i e'8 e'8 e'8 -1 e'8 e'8® e —i e'®m e'B e's
1 —i -1 i 1 —i -1 i 1 —i -1 i 1 —i -1 i
L _;1om _;15m _on _lan _i3r _3m _i2m _Im i _om i
1 e'8 e'8 e'8 —i e's e'8 e'8 -1 e'8 e'B ' i e'8 e's '8
3n 7 .51 .31 B 7T 51
1 e "% i et -1 ez —i et —1 e'7 i et -1 e "2 —i LY
7T 14w 5m 3T 10 .61 13m 11w 2T 9o
If1 e™8 e85 e'8 i e'8 e's8 e -1 e '8 e's —i '8 '8 e’
411 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1
_gm _gm _ain _a3m _gm _asm T _gn _gm _gm
1 e'8 e% e'8 —i e'8 e'F '8 -1 e '8 % ' i e'8 ez e's
5T 7 . 3m 5T 7T T .3m
1 e'% —i e -1 ™2 i e ® 1 ez —i e”'7 -1 e -1 ez
_un _en _gm _gn _mnm _@m _gam_asm st _jgom _sm
1 e8 e'8 e'8 i e'8 e'8 e'8 -1 e'8 e'8 e'8 —i e'8 e'8 e's
1 i -1 —i 1 i -1 —i 1 i -1 —i 1 i -1 —i
13w .10 Vs T 14w .13m 5m 21 15m o 61T 3n
1 e8 e'8 e'8 —i e’ e'8 e'8 -1 e'8 e'8 e'8 i e's e'8 e'®
_.n _.5m _.3m T T _.5m _.3m T
1 e'2 i e -1 ez —i e’z 1 ez i e”' 7 -1 2 —i e 2
.15 .14m .13m Alm .10m .91 7T .61 .51 .31 2T LT
1 e8 e'8 e'8 i e'8 e'8 e'8 -1 e'8 e'8 e'8 —i e'8 e's '8

This is the quantum Fourier transform matrix for four qubits.

For your convenience there is a wxmaxima-file available on this net site. You may find all matrices
there and can check my results. As the syntax for the matrices is used by other CAS too, you may
copy the matrix definitions in a CAS of your choice and verify the results. This may need some “work
by hand” to get the definitions out of the surrounding context.
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Quantum Fourier Transform

Appendix

Discrete Fourier Transform
We use a binary sequence:

Xg, X1, ey Xpyoq N =21
Note: we use n as a power of 2, n = 1,2,4,8, ... in order to get quadratic matrices.

We perform a discrete Fourier transform and calculate a new sequence:

n-1
y izxe—mn%
k J
Vn&y
1 —omi%0 o l0 . _.(n-1)-0
Yo :ﬁ(xoe R b xe” R b xy_ge T :x0+x1+---+xn_1)
1 1-1 (n-1)1
Y1 —(x0+x1e L R )
n
1 -1 . (n=1)(n-1)
Yn-1 :ﬁ(xo-l'xle M + -+ x40 2mt n )

The bit k of the resulting bit-vector is the sum over all bits of the input vector multiplied by a factor.

We express this with matrix multiplication:

Uoo Up1 Up(n—-2) Up(n-1) Xo Yo
U10 U11 U1(n-2) ul(n 1) X1 V1
Un-2)0 Un-2)1 - Unm-2)(n-2) Un-2)(n- 1)) \xn 2 Yn-2
Un-10 Un-D1 - Un-1D0n-2) Un-1)n-1) Xn—1 Yn-1
The corresponding matrix U:
k
l
0 1 n—2 n—1
0 / e—27'ri0—r'l0 e—Znilr'l—O e—Zni—(n_nz)'O (n 1)0 \
1 1 I e—27'ri0—r'l1 e—21‘ti17'l—1 e—Zni—(n_nz)'l 27l (= nl)l I
n—2 n e_zﬂiO-(r:q—Z) e_zml-(r;l—Z) e—2ni(n_2),;("_2) o (n 1) (n-2)
n—1 2ni0'(7;l_1) e_zml-(f;l-l) e_zm(n—Z)T-l(n—l) o 2= 1) (n-1)

For a unitary quantum Fourier transform we work with kets (states) in the |0/1)-basis:

n-1 ik
=) e i)
k=0

|j) =100 ...0) is a n-bit state.
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Quantum Fourier Transform

We get:

n-1

n—-1

jk 1 ,

100..0) > — Y e 2™ k) = ?Z e=2mi0 |y =
k=0 nk=0

= nik) —i(oo 00) +00...01) + -+ |11..10) + |11 ...11))
7 | —\/ﬁl 00 ... 111 .. 111 ...

This is a superposition over all basis states, a kind of Hadamard.
Note: If n is a power of two the exponentials contain binary fractions.

In order to make this kind of calculation available for quantum computing this must be an operation
represented by a unitary matrix.

We take the matrix U:

k
)
0 ! 2 n-—2 n—1
0 1 1 1 1 L
/1 e_z’”% e—zm% e—zm(";z) e_Zm(nnl) \
jo 2 il 1 e oo mamittR2 JRRLESE
n-2 . 2mi=2) (n=2)2 (n-2)(n-2) (n-2)(n—-1)
1 e Mg M- gmAmi——— m—g
n—1 1 e—zm'(nr—ll) e—zni@ e_zm(n_l)nﬂ —27Ti(n_1)nﬂ

A matrix U is unitary if UTU = UUt = Id.
Note: Id is the identity matrix.
Note: U is symmetric

Note: UT is the transposed and complex conjugated version of U.

Note: U contains binary fractions.

We build UT:
1 1 1 1 1
1 2 (n—2) (n—1)
(1 o2y 27 eZmnT eZmnT \)
1 | 1 eZn’i% eZni% ezm% ezmw
1 27_L_l.(n—Z) 2m.(n—Z)-Z 2m.(n—z)(n—z) 2m.(n—z)(n—l)
e n e n . € n e n
1 ezm(ngl) eZm.(n—nl)-Z ezm(n—l)n(n—z) ezm(n—l)n(n—l)
D. Kriesell
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Quantum Fourier Transform

We calculate UTU:

1 1 1 1 1 1 1 1 1 1
/1 e*Zm’% e*ZT[i% e*Zni@ efzrri@ \/1 ezm% ezm% eZm'(nn;Z) eZni# \
1 1 e*ZTri%1 e*ZT[i% e 727_”.7(71—712)-2 672111'7(11_”1)'2 1 ezm% ezm% le[ii(n_nz)-2 eZnii(n_nl)-z
72m(n7—12) 727”'(7[_7:2)-2 e’Z”i(n_Z)‘,fn_Z) - (n 2)(n 1) 1 eZni(n;Z) ezﬂ(n—nz)-z ezm(n—z)n(n—z) ezm(n—z)n(n—l)
1 eizm(nr_zl) eizm'(n_nl)-z e—Zni(n_l),'fn_Z) - (n 1)(n 1) 1 eZ"i(nr_ll) ezﬂ(n—nl)-z ezm(n—l)n(n—z) ezm(n—l)n(n—l)
The first row times the first column obviously gives 1.
The first row times the second column:
1 n—-1
- eZmH
n
1=0
We see that the product is a geometric series
1 n—-1 . 1 n—-1 N n-1 1 N
2mi— 2mi— 2mi—
n n n
1=0 %, 1=0 1=0
Zm
We multiply by ( ) #0
n—-1 !

=0
0 1 2 -2 -1
_(1 em%> <(ezm%) +(62m%) +(em%> N +(e2mn>” +(e2m-%)” >:
n
1 ((eml)" (em,ll)l _l_(ezmrll)l_(em%)z . +(62m‘%>n_2 (em_)"‘l +(62m_)”‘1 (em%)">=
n

The result is 0.

We can apply this procedure to any combination of row b of the first matrix and column c of the
second matrix:

1/< bl 1 1/ (c-b)l
.C c—
= e—zﬂ'ln ezﬂ'lﬁ — ezTL’l
n Z n Z
1=0 =0

We name ¢ — b := d and rewrite:
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This is the same expression as % so we can conclude:
n-1
1 Z omwidL {0 ifd#0resp.b #c
— et | =4, .
n lifd=0resp.b=c
1=0

.d
Note: (1 - ezmﬂ) # 0forallc # b becaused = (c — b) < n.

For the case ¢ = d we can calculate the sum directly and get:

1 n—-1
50
n
1=0

Result:

Ut =uut =14

The matrices for the three-qubit case
The first Hadamard:

1000 1 0 0 O
/0 100 0 1 0 0\
0010 0 0 1 0
1fooo0o1 o o o 1
51 0 00 -1 0 0 o0
0100 0 -1 0 0
\0 010 0 0 -1 o/
0001 0 0 0 -1
The first R;-gate and the Hadamard:
10 0 0 1 0 00
/0 10 0 0 1 0 0\
00 1 0 0 0 10
1foo o 1 0o o0 01
vZ[1 0 0 0 -1 0 00
01 0 0 0 -10 0
00 —i 0 0 0 i 0
00 0 —i 0 0 0 i
The first Hadamard, R;-gate and R,-gate
1 0 0 0 1 0 0
0 1 0 0 0 1 0
0 0 1 0 0 0 1
1]10 o0 0 1 0 0 0
7 1 0. 0 0 1 0.3 0
0 e™2 0 0 0 e ™ 0
0 0 —i 0 0 0 i
.3
0 0 0 e ™ 0 0 0 e
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The first Hadamard, R;-gate and R,-gate and the second Hadamard:

1 0 1 0 1 0 1 0

0 1 0 1 0 1 0 1

1 0 -1 0 1 0 -1 0
110 1 0 -1 0 1 0 -1
Nz 1 0 R i 0 4 1 0 4 i 0 B

0 e—TL’lZ 0 e—TL’lZ 0 e—TL’lZ 0 e_T”Z

1

—1Ii1 —niz —7TiE —m’E
0 e™ 0 e 0 e™ 0 e "

The first Hadamard, R;-gate and R,-gate, the second Hadamard and the second R;-gate:

1 0 1 0 1 0 1 0

0 1 0 1 0 1 0 1

1 0 -1 0 1 0 -1 0

1 0 —i 0 i 0 —i 0 i

—Il1 0 —i 0 -1 0 i 0
\/Z .1 .3 .3 .7
0 e™ 0 e™2 0 e™ 0 e ™2

1 0 i 0 -1 0 —i 0
.3 .1 .5 .3
0 e™ 0 e™2 0 e™ 0 e ™2

The first Hadamard, R;-gate and R,-gate, the second Hadamard, the second R;-gate and the last
Hadamard:

1 1 1 1 1 1 1 1

1 -1 1 -1 1 -1 1 -1

1 - -1 i 1 - -1 i

1 i -1 —i 1 i -1 —1
L 1 e_m% —i e ™ -1 e_m% i e ™
v 1 e™ —i e ™ —1 e_m% i e ™
1 e—rrii i e_”izll- -1 e—rrig i e—n’ii
1 1
1 e™ i e ™ -1 e™ —i e ™

The final swap delivers:

1 1 1 1 1 1 1 1
—7Ti1 —n'i3 —71:13 —m7
1 e "4 i e "4 —1 e "4 [ e 4

1 —1 -1 i 1 —i -1 i
—n'i3 —7'L'i1 —7'l:iE —m3
11 e™2 @ ™2 -1 ™8 —i e ™3

Va1 -1 1 -1 1 -1 1 -1
3 7 1 3
1 e—TL’l4 i e_an _1 e—TL’l4 i e—ﬂ.’l4

1 i -1 —i 1 i -1 —i

1

1 e™ | e™ -1 e™ —i e ™2
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