Quantum Parallelism — Deutsch Algorithm

We use a function f(x): {0,1} - {0,1}.

We use a two-bit quantum computer starting in the state |x, y).
All states |x), |y) are the basis states either |0) or |1).

We use logic gates to transform this state into |x, y@®f (x)).

@ denotes addition modulo 2.

® denotes the Kronecker product or tensor product.

We call the unitary transformation matrix Uy.

Ur maps |x,y) = |x, y®f (x)).
U

[x) — x x —IYo)

lyy —— ¥ y®f()—[¢1)

Input: |xy) = |x)®|y)
Output: [Po1) = [Yo)R|P4)

input
100) 01) 110) |11)

Let f be constant, |00) — |00) [01) — |00) [10) — |10) [11) — |10)
fx)=0vxe{0,1}

Let f be constant, [00) — |01) [01) — |01) [10) — |11) [11) — |11)
fx)=1vx€e{0,1}

Let f be balanced, |00) — |00) |01) - |01) [10) — |10) [11) - |11)
fO©=0f1=1

Let f be balanced, |00) — |01) |01) — |00) [10) - |11) [11) - |10)
fO=1f1)=0

For each input we get two times the same output connected. Thus, the output is not sufficient to
decide what function f(x) we used.

We bring the input into superposition by use of the Hadamard operator:

1

1

HI0)=\/§(|0>+I1)); Hll):ﬁ(|0>_|1>)
We use:
Ur
|c) H x x —1ho)
ly) ———— ¥ y&F()|—[¥1)

Input: |xy) = H|x)®|y).
Output: [ho1h1) = [P)®[P1)

Note: %QO) +11)]0) =

1
7

|00) + |10)) etc.
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Quantum Parallelism — Deutsch Algorithm

input | Let f be constant, f(x) =0V x € {0,1} Let f be constant, f(x) =1V x € {0,1}
y =y®f(x) y =y®f(x)
1 1 1 1
100) v—i(IOO) +10)) - E(IOO) +110) E(IOO) +110)) - E(IOD +111)
o 5(01)+ 11) = —=(01) + [11) —501) + 11) = —=(00) + [10)
1 1 1 1
10) v—i(IOO) —[10)) - E(IOO) —110) E(IOO) —[10)) - E(IOD —111)
1 1 1 1
111) \/_7001)_ [11)) *ﬁ(lm)— [11)) E(IOI)— [11)) HE(IOO)— [10))
input Let f be balanced, Let f be balanced,
f(0) =01 =1 fO=1f1=0
y =y®f(x) y =y®f(x)
x=0y=0-0 x=0y=0-1
x=0y=1-1 x=0y=1-0
x=1y=0-1 x=1y=0-0
x=1y=1-0 x=1y=1-1
1 1 1 1
100) E(IOO) +[10)) - E(IOO) +111) E(IOO) +[10)) - E(IOD +110))
1 1 1 1
01) E(I01)+I11))—>E(I01)+I10)) E(I01)+I11>)*ﬁ(IOOHIll))
1 1 1 1
10) E(IOO) —10)) - E(IOO) - 111) E(IOO) —[10)) - E(IOD —110))
1 1 1 1
111) E(IOD— [11)) ﬁﬁ(lm)— [10)) 5001)— [11)) *E(IOO)— [11)

Now something has changed. As before we know the input, e. g. |00) resp. 717 (]00) + |10)) after the

Hadamard, but the output is unique coupled with the kind of function we use.
There is still one problem that we can not use the output as it is. Take e. g.

1 1
ﬁ(|00) +[10)) - E(IOD +110))

\/%(|01) + |10)) is not separable meaning it cannot be written as a Kronecker product |x)®|y).
Measuring the first qubit in this case will give random results zero or one. The same holds for all
other possibilities.

We modify further:
Ur

|) H x x—{ H | [Yo)

ly) H y yOf )—— |¥1)

We get the combined input: |xy) = H|x)®H|y).

We combine the two qubits |x) and |y) via the Kronecker product, expressed in the |0) |1) basis:
|x) =a-|0)+b-|1), ly)=c-10)+d-|1)

Note: a,b,c,d € {0,1}

D. Kriesell page 2 of 11




Quantum Parallelism — Deutsch Algorithm

The Kronecker product:

H|x)®H|y) = H(a|0) + b|1))®H(c|0) + d[1)) =

1 1 1 1
(aﬁ(lo) +11) +bﬁ(l0) - Il)))®<cﬁ(|0> +1) + dﬁ(IO) - |1))> =

( L0y + a— 1) + b—]0) b1|1))®< L0y 4 e 1) + d—|0) d1|1))
a— a— —|0)—b— c— c— —|0)—d—|1)) =
2 2 2 2 2 2 2

2t TR T N AR A L)
(a+b|0>+a—b|1>)®<c+d|0)+c—d|1>)_
V2 V2 V2 V2 -
a+b)(c+d a+b)(c—d a—>b)(c+d a—b)(c—d
( )( )|00)+( )( )|01)+( )( )|10)+( )( )|11)
2 2 2 2
We have four possible combinations for a and b and get after the Hadamard:
a=1,b=0,c=0d=1-1001 1
@ §(I00> —[01) +10) —[11))
= = = = 1
@) a=1,b=0,c=1d=0-1010 L (100)+ 101) + 110) + |11
a=0b=1c=0d=1-0101 1
© E(IOO) —101) — [10) + |11))
@ a=0b=1c=1d=0-0110

1
5 (100) +]01) — |10) — [11))

We apply U to the possible combinations.

1 0 1 0)—]1
Let f be constant, | D) E(IOO)—|01)+|10)—|11))=(l )\'/1; » ( )ﬁl )
é(?o)f}ovx @ 1(|00)+|01)+|10)+|11))—(|0)+|1))-(|0)+|1))
| ® . _< >\/E N ( >ﬁ »
y =y&f(x) 100y 101y — _(oy -1ty oy -1
y=0-0 @ i(|00> Y <|o>ﬁ|1>> (|o>ﬁ|1>>
= ' - +
1o 3 (100) +101) =10} = [11)) = ===
et f e constant, | @100y — 01) + [10) ~ [11)) > 3 (101) ~ [00) + [11) ~ [10)) =
x)=1V 1 0)+ |1 0)—|1
];?0,1} x —§(|00>—|01>+I10>—I11>)=—(| >\/+§| D >ﬁ| »
y =y®f(x) @ %(|00>+|01)+|10)+|11>)—>%(|01)+|00)+|11)+|10))=
y=0-1, 1 _ 10y +11) (10} + 1))
2(|00)+|01)+|10)+|11)) Nei 7
y=1-0 © 1 1
5(100) = 01) = 10) + [11)) - 7 (101) — |00) - [11) + |10)) =
1 ~ (0= 11) (0) = 1)
1 —§(|00>—|01>—|10>+|11>i— = =
@ 5(100) +[01) = [10) = [11)) - 2 (|01) +100) — |11) — |10)) =
1 _ (0= 11) (10) + 1))
2 (100) +101) = 10y — [11)) = =
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Let f be balanced, | D) 1 1 _
010 3100~ 10D)+ 101~ 11) > 3000 - {01+ 111 10) -
S 001 - 1) - oy ¢y = Q0110 Q01

=0,y=0-0 1 1

r—0y—1o1 @ 5(100) +101) + ]10) + [11)) - = (100) + [01) + [11) + [10)) =

x=1Ly=0-1 1 10y +11)») (10) + 1)

x=1y=1-0 1 E(|00)+|01)+|10)+|11)i= =5

® §(|00>—|01)—|10)+|11))*E(loo)—|01)—|11)+|10))=
1 LD gy a0 -1
: §(|00> |01) + |10) |11)i— Nei Nel
© §(|00)+|01)—|10)—|11))*§(|00)+|01)—|11)—|10))=
1 0 —11) (0 +11)
§(|00)+|01)—|10)—|11))— Nei Nei

Lee fbebalanced, | D 100, 101y 4 110 — 111) = 2(01) — [00) + 10) 1)) =
Q= “ S g0 -11) (0= 1)
:O - -

y = y®f (x) : —§(|00)— |01) — |10)+|11)i= 5 5
=0,y=0-1

=03 =10 @ 5(100) + [01) + [10) + [11)) > = ([01) + 00} + [10) + | 11)) =

x=1,y=0-0 1 10y +11)) (]0) + [1))

Y ly—11 1 E(|oo>+|o1>+|10)+|11)1= o

© §(|00)—|01)—|10)+|11))—>§(|01)—|00)—|10)+|11))=
1 0 -1 (10)+ 1)
- —§(|00)—|01)+|10)—|11))— Nei NG

1 1
5(100) +101) — [10) — [11)) - = (]01) +]00) — [10) — |11)) =
10y —11) (0)+11)

1
5(100) +101) - [10) — 11)) =

V2 V2
We summarize the results:
abcd=;
1001 1010 0101 0110
fx)=0 0y +11) (j0y - 1)) 10y +11) (j0) + 1)) (o) =11) (0 -11)) (o) =11) (10} + 1)
V2 V2 V2 V2 V2 V2 V2 V2
fx)=1 (o) +11) (o) —11) (10) +11) (0} +11)) (o) =11) (oy—11) (o) =11) (10} + 1)
V2 V2 V2 V2 V2 V2 V2 V2
f(0)=0 (10)=11) (0)—11) (19)+11) (10) +11) (9)+11) (10)—11) (10)=11) 10y +11)
fy=1 V2 V2 V2 V2 V2 V2 V2 V2
fO)=1 _ (o) —11) (0)—11) (19)+11) (10) +11) (o +11) (o) —11) (10)=11) 10y +11)
f=0 NA V2 V2 V2 V2 V2 V2 V2
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We apply the final Hadamard to the first qubit.

We notice:

1 2
WMHM=3®HM+Mﬂm=7M=ﬁM

1 2
mmﬂm=7mwm—MHm=7m=ﬁm

We get as final state:

2

V2

abcd=;

1001 1010 0101 0110

f(x)=0 |0)'(|0)\/_7|1>) |O>'(|O>\7§|1)) Il)'(l())\/_fll)) |1)-(|0)\}L§|1>)
= 0)—|1 0)—|1

f)=1 —|0)-(| )ﬁl ) |O>_(IO)\}l-Ell)) _|1>_(| )ﬁl ) |1)'(|0)\7§|1))
f(@=0 (10) — [1)) 10y + 1) (10) = 1)) (10) + 1)
f(1)= 1 |1) \/7 [0) - \/Z |0) \/7 [1)- \/i
f@=1 10y — 1) (10) + 1)) (10) + 1)) (10) + 1)
f=0 —|1)'T 0) - 7z —|1)'T 1) 7

The combinations 1001 and 0101 have a special property. By measuring the first qubit we get:

inthecase100 1: inthecase0101:

+]0) if the function is constant,
+|1) if the function is balanced.

+|1) if the function is constant,
+0) if the function is balanced.

With one measurement we can decide whether the function in question is balanced or constant.
Interpretation (with respect to case 1001):

Noting that £ (0)@®f (1) = 0if f(x) is constant, f(0)@®f (1) = 1if f(x) is balanced we can rewrite:
Output: [eh1) = £|f(0)Df (1)) ((loi;ill)))

Citing Nielsen/Chuang?: “... the quantum circuit has given us the ability to determine a global
property of f(x), namely f(0)@®f (1), using only one evaluation of f(x). ... in a quantum computer it
is possible for the two alternatives to interfere with one another to yield some global property of the
function f, ...”

Please note that we never modified qubit one directly. The superposition transports effects of the
modification of qubit two to qubit one. We are not dealing with two isolated qubits of dimension two
each but with a four-dimensional entity after applying the Hadamards.

We must destroy this four-dimensional entity by the process of measurement to get a two-
dimensional entity back.

1 Quantum Computation and Quantum Information, Nielsen/Chang, Cambridge University Press, ISBN 978-1-107-00217-3,
page 33.

D. Kriesell page 5 of 11




Quantum Parallelism — Deutsch Algorithm

Basic level
We will go to back to the function and its implementation in the quantum circuit, the unitary
operator Uy.

Ur

X X

y yOf(x)

Depending on what function we use the operator looks different.

We have four possibilities:

@ f(x) constant, f(x) =0
@ f(x) constant, f(x) =1
@ f(x) balanced, f(0) =0,f(1) =1
@ f(x) balanced, f(0) =1,f(1) =0

@ If f(x) = 0 then y@®f(x) = y. In this case Uy is the identity matrix:
00 01 10 11 output

oo/1 0 0 O
(1 0\ (1 0\ _inpu®(0 1 0 0
Uy (0 1)®(0 1) 10{o 0 1 0

11

000 1

@ If f(x) = 1 then y@®f(x) = ¥. In this case Uy is the matrix:
00 01 10 11 output

oco/0 1 0 O
(1 0\ (0 1\ _inpu®f1 0 0 0
Uf_(o 1)®(1 0)_ 000 0 0 1
1\o 01 0
0 1Y, . .
Note: (1 0) is the Pauli X-matrix.
This is a NOT of qubit two. Uy is unitary:
0 1 0 O 01 0 O 1 0 0 O
10001000:0100
0O 0 0 1 0O 0 0 1 0O 01 o0
0O 01 0 0O 01 o0 0O 0 0 1

Q) If f(0) =0 A f(1) = 1 then
x=0y=0-y=0
x=0y=1-y=1
x=1Ly=0->y=1
x=1L,y=1-y=0
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In this case Uf is the matrix:

00 01 10 11 output
oo/1 0 0 O
. 01/ 0 1 0 O
= t
Up=mvtolo 0 0 1
11\0 0 1 O

Note: Uy cannot be decomposed into a Kronecker product of two 2 X 2 matrices. Uy is a CNOT.

The CNOT is unitary:

1 0 0 0O\ /1 0 O O 1 0 0 O
010 0)f0O 1 0 O0Oy_[0 1 0 O
0 00 1f/{lo 0 0o 1] |0 o0 10
0 01 0/\0O O 1 O 0 0 0 1

@ If f(0) = 1 A f(1) = 0 then

In this case Uf is the matrix:

00 01 10 11 output
0/0 1 0 O
) o1f1 0 O O
— input
Ur="""%lo 0 1 o0
11\0 0 0 1

Note: Uy cannot be decomposed into a Kronecker product of two 2 X 2 matrices. Uy is a kind of
inverted CNOT, CNOT. ltis unitary:

01 00O 01 0 O 1 0 0 O

1 0 0 O 1 0 0 O _ 01 0 O

0 01 0 0 01 0 0 01 0

0 0 0 1 0 0 0 1 0 0 0 1

We summarize:

@ f(x) constant, f(x) =0 1 0 0 O
U = 01 0 O
F7lo o 1 o
0 0 0 1
@ f(x) constant, f(x) =1 01 0 0
U = 1 0 0 O
F7lo 0o 0 1
001 0
@ f(x) balanced, f(0) =0,f(1) =1 1 0 0 O
v —[0 100
U 0 0 0 1
001 0
® f(x) balanced, f(0) =1,f(1) =0 01 00
v.—[1 000
U 0 010
0 0 0 1
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We check by help of quirk: https://algassert.com/quirk

®©
o HHHHA or -8
11y H 50.0% —
@
0) 4 H H HAA e
M= H @ 50.0% —  #
®
0y~ H /L H —/7< on = J:
1< H P, 50.0% — 4
@
o H H i A—fe | -
1< H NP, 50.0%— & -
We express in terms of vectors and matrices.
0
1 0y _|[1
on=(p)e(})=|
0
The double Hadamard:
1 1 1
1,1 1 11 1y 11 -1 1
5(1 —1)®ﬁ(1 —1)_5 1 1 -1
1 -1 -1
The Hadamard on line one:
1 0 1
11 1 1 0_1f(0o 1 o
5(1 —1)®(0 1)_5 10 -1
01 0

Note: We compose the

CNOT by first inverting
gubit one and then
applyinga CNOT.

1 1 H L

~1

-1

1 N H b
_H_
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The NOT on line two:

01 0 O -
1 0 0 In_(1 0 0 O
(0 1)®(1 0)_ 0 0 0 1
00 1 0 B
The CNOT from line one to line two:
1 0 0 O
01 0 O
0 0 0 1
0 01 0
The NOT on line one:
0 01 0 EB
(0 1)®(1 0): 0 0 0 1
1 0 0 1 1 0 0 O
01 0 O -
We applicate: o n 0 fA—— 1.
W«E‘—snn%,),
@ single Hadamard double Hadamard
1 0 1 0 1 1 1 1 0 1 0 1 0 1
(o1 0o 1)1 -1 1 -1)f1}_1 o1 0o 1 |[-1]|_
J2{\1 0 -1 O J2\1 1 -1 —-1/10) 2¢2{1 O -1 O 1
01 0 -1 1 -1 -1 1/ \0 01 0 -1/ \-1
2 1
1 (2| _ 1[-1
2v2\ 0 | V2| 0
0 0
We decompose into a Kronecker product:
1
1[-1 I\ 11
NN (o)®\/§(—1)
0
This corresponds to the solution on the conceptual level:
(10) — 1))
|0><—
V2
I1)~|I}® 50.0%— £ -
@ single Hadamard NOT double Hadamard
1 0 1 0 01 0 O 1 1 1 1 0
1fo1 o 1100 o0\1f1 -1 1 -1)[{1)|_
V21 0 -1 0 000 1J2\1 1 -1 —-1/J{o)"
01 0 -1/\0 0 1 O 1 -1 -1 1/ \0
1 0 1 0 01 0 O 1
Tf{o1 o 1)[10 0 0ff-1)|_
2vZ\1 0 -1 0 J\lo o o 1)\ 1 |
01 0 -1 0 010 -1
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1 0 1 0 -1 -2 -1
1 (o1 0o 1 1|\_ 1 (2)\_1[1
22\1 0 -1 0 -1 2421 0 NAWL
01 0 -1 1 0 0

We decompose into a Kronecker product:
-1
111 N L1
vz\ o | (0) ®ﬁ(—1)
0
This corresponds to the solution on the conceptual level:

10y — (1))
()

m{ H 500%— £ -

@ single Hadamard CNOT double Hadamard
1 0 1 0 1 0 0 O 1 1 1 1 0
dfo1 0o 1)[0o 10 0)lf1 -1 1 -1}f1])_
J2{1 0 -1 0 o 0 0 1/2{1 1 -1 -1 0
01 0 -1 0 010 1 -1 -1 1 0
1 0 1 0 1 0 0 O 1
1fo1 o 1|0 10 0}|-1
2v2\1 0 -1 0 0 0 0 1 1
01 0 -1 0 010 -1
1 0 1 0 1 0 0
1 (o1 0o 1\[-1)_11o0 110
24/2\1 0 -1 0 -1 242\ 2 V20 1
o 1 0 -1 1 -2 -1
We decompose into a Kronecker product:
0
(o _(0)®L(1)
NAR! U= z\-1
-1
This corresponds to the solution on the conceptual level:
(10) — 1))
D ——F—=—
V2
- H 4 H /7{ on=i=
1 50.0%— A -
@ single Hadamard CNOT NOT double Hadamard
1 0 1 0 1 0 0 O 01 0 O 1 1 1 1
1fo1 o 1o 1o olf10o0o0}f1 -1 1 -1
211 0 -1 O 0 0 0 1 o o0 0 1/21 1 -1 -1
01 0 -1 0 010 0 010 1 -1 -1 1
1 0 1 0 1 0 0 O 01 0 O 1
(o1 0o 1)f0o1o0o0})f1000|-1)_
2v/2\1 0 -1 0 0 0 0 1 0 0 0 1 1
01 0 -1 0 01 0 0 01 0 -1

[= NN )
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10 1 0\/1 0 0 0\ /-1
1 fo1 o 1|fo1o0o0])|l1])_
2v2\1 0 -1 0 flo 0o 0o 1])\-1)"
01 0 —-1/\0 0 1 0/\1
10 1 0)\/-1
1101 0o 1 1| _
2v2\1 0 -1 0 1|
0 1 -1/ \-1
0 0
Llo)_Lfo
vz\ -2 | ﬁ(l
2 1
We decompose into a Kronecker product:
0
1o 0y 1 (1
AR _(1)®ﬁ(—1)
1

This corresponds to the solution on the conceptual level:

10y — (1))
(e
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