Simon’s Algorithm

This paper follows a lecture Peter Shor has given at

https://openlearninglibrary.mit.edu/courses/course-
v1:MITx+8.370.2x+1T72018/courseware/Week2/lectures U2 3 simons alg/?child=last

In the first part we use a simple function f(x): {0 1} x {0 1} — {0 1} x {0 1} and examine the case
the function is 1: 1 and the case the function is 2: 1.

1: 1 the function is bijective, f(x;) # f(x;) for x; # x,.

2:1 there exists a constant ¢ with: f(x) = f(x®c).

Note: © = addition modulo 2.

We work through the first part on conceptual level as well as on basic level.

In the second part we use a more elaborated function:
f):{01} x{01}x..x{01} > {01} x {01} x..x {01}

We go through the process again, this time only on conceptual level and try to generalize it.
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Simon’s Algorithm

Simple example, conceptual level
For our example we use the following circuit:

Note: The oracle takes the
10— " M A= first two qubits as input but
|0y—{ H [ Oracle 4 H H A= modifies the second two
10y — Uy — qubits only.
|0)—]

We use a function f(x): {0 1} x {0 1} - {0 1} x {0 1}:

| £(00) = 01 | f(01) = 10 | f(10) = 11 | f(11) = 00 |

Obviously f is 1: 1, the constant ¢ = 00, f(x) = f(x®c).

For information only: The matrix for this function (shortform):

f(x)
00 01 10 11
00 0100
01 0010
10 000 1
11 1000

Note: This is a typical permutation matrix with a single "1" in every row/column. This matrix is
equivalent to the identity matrix and in the end we have no oracle at all.

Note: You find the complete matrix in the basic level.
We start with input |0000).

We apply the Hadamards:

1 1
E((IO) +[1)(10) +1))[00)) = 5 (100) +101) +|10) + 11))|00) =

1

§(|0000) +|0100) + |1000) + [1100))
We apply the oracle, using our example function above:

1

§(|0001) +|0110) + [1011) + [1100))

We apply the Hadamards after the oracle a second time. This results in:

1
Z((IO) +1ID(0) + [1)]01) + (10) + [1)(]0) = [1)[10) + (|0) = [1)(|0) + [1))|11)
+(10) — [1)(10) — [1))]00))

We expand the products and get:

1
7 (10000) +[0001) +10010) + [0011) — [0100) + [0101) — [0110) + |0111) — [1000) +|1001)
+1]1010) — |1011) + |1100) + |1101) — |1110) — |1111))
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Simon’s Algorithm

We collect the first two qubits:

1
Z(|00)(|00)+|01>+|10>+|11)j)—|01>(|00>—|01>+|10)—|11))
—110)(|00) — [01) — [10) + |11)) + [11)(J00) + [01) — |10) — |11)))

We get probabilities:

| 100) > 0 | |01) >0 | [10) >0 | [11) >0 |
We achieved no reduction and assume the functionis 1: 1.

We change the function to:

| fOm=00 | fOH=01 | f10)=00 | fA1 =01 |

Obviously f is 2: 1, the constant ¢ = 10: f(x) = f(x®c)

For information only: The matrix for this function (shortform):

f()

00 01 10 11

00 1000
.01 0100
10 1000
11 0100

Note: The matrix is not of full rank 4 X 4.
Note: You find the complete matrix in the basic level.
We start with input [0000).

We apply the Hadamards:

1 1
E((IO) +[1)(10) +1))[00)) = 5 (100) +101) +|10) + 11))|00) =

1
5(10000) +]0100) + [1000) + [1100))

We apply the oracle, using our example function above:

1
5(10000) +]0101) + [1000) + [1101))

We apply the Hadamards after the oracle a second time. This results in:

Note: The oracle takes the
first two qubits as input but
modifies the second two
qubits only.

1
Z((IO) +1INA0) + [1)]00) + (10) + [1)(10) — [1)[01) + (|0) — [1)(|0) + [1))]00)

+(10) — [1)(10) — |1))]01))

We expand the products and get:

1
7 (10000) +]0100) + [1000) + [1100) + [0001) — [0101) + [1001) — |1101) + 0000} +[0100)
—11000) — [1100) + |0001) — [0101) — |1001) + [1101)) =

D. Kriesell
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Simon’s Algorithm

1
§(|0000) +|0100) + [0001) — [0101))
We collect the first two qubits:
1
5(100)(100) +101)) +101)(|00) ~ 01)))

We get probabilities:

| 100) > 0 | [01) >0 | [10) =0 | [11)=0 |
As 00 is no valid value for ¢ we got the result ¢ = 01.
We achieved reduction and assume the function is 2: 1.
Simple example, basic level
We use the circuit above:
|0y— H [ —H H A=
10y— H Oracle | H H A=
0y——1 U
|0) —]
We work with the 1: 1 function
The first Hadamards applied to the input vector:
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 1 1
01 0 0 O 1 0 0 0 1 0 0 0 1 0 0 0 0
0 01 0 O 0 1 0 0 0 1 0 0 0 1 0 0 0
00 01 O 0 0 1 0 0 0 1 0 0 0 1 0 0
10 0 0 -1 O 0 0 1 0 0 0 -1 0 0 0 0 1
0100 0 -1 O 0 0 1 0 0 0 -1 0 0 0 0
0 01 0 O 0 -1 0 0 0 1 0 0 0 -1 0 0 0
looo1 0 o o -1 0 0o 0 1 0 0 o0 -1ffof_1fo
211 0 0 0 1 0 0 0 -1 0 0 0 -1 0 0 0 0 211
01 0 0 O 1 0 0 0 -1 0 0 0 -1 0 0 0 0
0 01 0 O 0 1 0 0 0 -1 0 0 0 -1 0 0 0
00 01 O 0 0 1 0 0 0 -1 0 0 0 -1 0 0
10 0 0 -1 O 0 0 -1 0 0 0 1 0 0 0 0 1
0100 0 -1 0 0 0 -1 0 0 0 1 0 0 0 0
001 0 O 0 -1 0 0 0 -1 0 0 0 1 0 0 0
00 01 O 0 0 -1 0 0 0 -1 0 0 0 1 0 0
We construct the oracle.
We use the function:
| f0=01 | fon=10 | fa0=11 [  f(11)=00 |

The oracle acts:

10000) > [0001) 10001) > [0000) 10010) > [0011)

[0011) > [0010)

10100) > [0110) |0101) > [0111) |0110) > [0100)

|0111) — |0101)

11000) > [1011) |1001) — |1010) [1010) — |1001)

|1011) > [1000)

11100) > [1100) [1101) — |1101) |1110) > [1110)

[1111) > [1111)
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Simon’s Algorithm

We construct the oracle from the conceptual level:

output

|0000) === ==========-------——mo————— - |1111)

010 0/j0 O OO OOOUOOTGOTGOTUO
1 0 0 0j]O O OO OOOUOUOU OTU O@W
0 0010 0 OO OO OO0OOTGO0OTGOTP®O
0 01 0Jo 000 0O O0OO0OO0OTO0OTO0OTFPO
0O 0 0 0JOO1O00O0O0O0OO0OTGO0OTGOTGO
0O 0 0 0JOOO 10 0 0 0 00 0O
0 00 0j1 00 0j]O O O0OOOTGO0OTGOTP®
0 00 001 00000 0O0O0O0OTO0
0O 0 00O0OOOO0OO0OU OTI1T00 00O
0O 0 00OOOOO0O0OT1TO0/]0 0 00O

0 0o o000 0010 0/0 0 00O

0 0 00OOO OO 1 00 0j]O0 0 00O
0 000 0O OOOOOTUOTG O|1T 000
0O 0o oo o0 0 O0OOOUO01O00O0

10000) —

0O 0o oo 00O 0OOOUOUO0O0OT11TO0

0 0000 O OOO0OOTUOTG OO0 O0O0T1

11111) —

We apply the oracle:

OO0 OO OO OO—H—1OOO

— N
Il

THO OO HOOO—HOOO—HOOoOOo

— |

OO O OO0 OO OCDOO OO

OO OO OO ODOOO HO

OO OO OO OCOOO OO

OO OO OO OO HO OO

OO OO OO O HODOOOOOO

OO OO OO OO HOOOOOO

OO OO OO OO OO OOO

OO O OO0 OHOOOO

OO OO O HOODODDODODOOOOO

OO OO HOOODODODODODOOOOO

OO OO O OO HOODODOOOOO

OO OO OO HOODODODODOOOOO

OO —HOODODODOODODODOoOOoOOOO O

OO O T OO OO OO OOO

H O OO OO ODODOODDODODOOOOO

QS OO ODODODODOODDODODOOOOO

We apply the Hadamards again:

—

O OO0 OO HOODOO—H—HOOO

— N

— —

i i

i i

— —

— —

I I

— —

- O OO | OO0 +HO OO | S O o

C OO —TO OO —HODOOHOOO
CO 1O OO —HOODO-HOOOHO
OO OO —TOOO—=HOOO OO

HO OO T OO O—"1OOO O OO

— N

We compare with the result from the conceptual level. There we got:

1
4

(J0000) + [0001) + |0010) + [0011) — [0100) + |0101) — [0110) + [0111) — [1000) + [1001) + |1010) — [1011)

+]1100) + [1101) — [1110) — |1111))
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Simon’s Algorithm

These are 16 basis vectors, we build them with the appropriate signs:

-1
-1

2
. . . (1 .
Both results match. The probability to measure one of the basis vectors is (Z) , we achieved no

reduction in probability.

We work with the 2: 1 function.
The first Hadamards applied to the input vector:

1000 1 0 0 0 1 0 0 0 1 0 0 0\ /1 1
0100 0 1 0 0 0 1 0 0 0 1 0 o01\/0 0
00100 0O 1 0 0 0O 1 0 0 0 1 0[O 0
0001 0 o0 0 1 0 0 O 1 0 0 0 1f{|O 0
1000 -1 0 0 0 1 0 0 0 -1 0 0 o0f[]o 1
0100 0 -1 0 0 0 1 0 0 0 -1 0 o0]|o 0
00100 0 -1 0 0 0 1 0 0 o0 -1 0f{|o 0

1o oo0o1 0o o o -1 o o o 1 o o o -1|lo|_1]o0
2ltooo 1 0o o 0 -1 0 0 0 -1 0 0 o0/|]lo]l 2|1
0100 0 1 0 0 0 -1 0 0 0 -1 0 o0{|o 0
00100 0 1 0 0 0 -1 0 0 0 -1 0f{|o 0
0001 0 0 0 1 0 0 O -1 0 0 o0 -1{|o0 0
1000 -1 0 0 0 -1 0 0 0 1 0 o0 o¢{lo 1
0100 0 -1 0 0 0 -1 0 o0 0 1 0 o01]o 0
0010 0 0 -1 0 0 0 -1 0 0 o0 1 o0/\o 0
0001 0 0 O -1 0 0 0 -1 0 0 0 1/ 0

We construct the oracle.

We use the function:

| fom=00 | fOn=01 | fa0)=00 | fAn=01 |

The constant or “secret string” s := 10

flx) = f(x®10)

We apply the oracle:
prepare i act
j0y— H ; A=
j0)—|H | oy
10) i
10) |

D. Kriesell page 6 of 17



Simon’s Algorithm

The logic behind the scheme:

1. We place a CNOT on every pair of qubits — we prepare the calculation.

2. We search for the first "1" in the secret string. This defines the control line.

3. Forevery "1" in the secret string we place a CNOT between the control line and the target
qubits — we are acting.

The oracle acts:

10000) — [0000)

10001) — [0001)

10010) — [0010)

10011) - [0011)

10100) > [0101)

10101) > [0100)

|0110) > [0111)

|0111) > [0110)

11000) - |1000)

|1001) - |1001)

[1010) — |1010)

[1011) — |1011)

11100) - |1101)

[1101) - |1100)

[1110) — |1111)

[1111) — |1110)

We construct the oracle from the conceptual level:

0000 0010 0100 0110 1000 1010 1100 1110 output

0001 0011 0101 0111 1001 1011 1101 1111

0000 10 0 OO O O O O O OO OU OO OUOTPWO

0001 0 10 0f0 O O O O O O OOUOTU OFPWO

0010 0 01 0j0O 0 00O O OOOOUOTGOTDWO

0011 0O 00 1/0 0 000 0 0 O0OO0O0OO0OTPWO

0100 0o 0 0o 0|0O1 O 0,0 O O O O O0 0 O

0101 o0 0 0 0f1 0 O 0O O O O OUOTU OFPWO

) 0110 0O 00 0O O 0 110 0 0 0 0 0 0 O
MPUt 10111 | o 0 0 olo 0 1 00 000 00 0 0
1000 0O 0 0o OO0 00 O0Ol1T O O 0[O0 O0O0O0UDO

1001 0O 0 0o OO0 00 0,01 O0 00 0 00

1010 0O 00 00O 0 0 0,00 1T 0[O0 o000

1011 0O 0 0o OO OO0 0,0 0 O 1T|I0 0 0 O

1100 0o 0 0o OO OO O O0OO0OTUOUOIO0OCT1T 00

1101 0O 000 0 0 00 0 O0OOTUOf1T 0O00WO

1110 0O 000 0 0 0 0 0 OO OO OTUO0OT1

1111 0o 0 0o OO OO0 0O O0OO0OTUODTUOIOO0OTI1IO0O0

Note: This looks like a CNOT from qubit 2 to qubit 4. In fact, that is what remains from the three
CNOTs, because the first CNOT and the third CNOT cancel. A CNOT applied to itself gives the identity
matrix.

Note: We can shift operators in the circuit from left to right as long as we do not cross “hot spots”.
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Simon’s Algorithm

We construct the matrices:

CNOT one

output

0100 0110 1000 1010 1100 1110
1011 1101

0010

0000

1111

0011 0101 0111 1001
1 0 0 0j]O O OO OOOUOUOU OU OUW
010 0/j0 O OO OOOUOOTGOTGOTO
0 01 0o o 0o0O0OOO0OO0OTO0OTGOTP®O
0 001]0 0 00O OO O0O0OO0OTO0OTGOTPO
0 0 0 0j]1 00 0Oj]O O OOOTGO0OTGOTPO
0 0 0 0JO1T O O0Oj]0O O O0OO0OO0OTO0OTGOTPO O
0 0o 0o 0JOOO1T 0J]O O O O OOTUOFP®O
0 00 0O OO0 1]0 0 0 0 O0O0O0OTFO®O
0O 0o 00O0OOOO0OO0OT1TO0/0 0 00

0001

0000
0001

0 0 0O00O0OOOO0OO0OUOTI1T00 00O

0O 0o o000 01 O0O0 000 0@0O0

0 000 0O O O O0O0O1 000 000

0 000 0O O OOOOUOTG OO0 OT1TO0

0 0o o oo oo 0O0OOO0O0O0O0OT1

0O 0o oo 00O O0OOOUOUO1T 0 00O

N

0010

0011

0100
0101
0110
0111

1000
1001
1010
1011

1100
1101
1110
1111

input

0 0000 OOOOOUOTG O0ODO0T1TO0TGO0

CNOT two

output

1100 1110
1011 1101

0010 0100 0110 1000 1010
0111

0001

0000

1111

1 0 0 0[O O O OOOOOOOOGOD@O
010 0j0O O OO OOUOTU OOU OO OTG OO
0 01 0|0 O OO0OO0OOUOOOTGOTG OO
0 00 1/]0 0 00 0O O0OO0OO0OUOTOPO
0 0 00j0O 1 O0O0O0OOTOOOTGOTG OTGO
0 000|121 00 0[O OOO0OOTGOTG OTD®O
0 0 00j0O OO 10 0 O 0 0 0 0O
0 00 0|0 01 0/00O0O0O0OTO0OT OO

1001
0O 0o 0o 00O OO1TO0O0O00O0O0OTFO

0101

0011

0000
0001

0O 0o 0o 0o00OOO0O0T1TO0O00 0 00O

0 000 0 OO O0OT1TO0OO0UO0OT OGO

0O 00 0OOOOO00O0OO0 1j]0 0 00O

0O 0o o0o0OO0OOOUOUO01TO00O0

0 000 0O O OOO0OOUOTG 0|1 00O

0 000 0O O OOOUOUOTU OO0 O0O0T1

=

0010

0011

0100
0101
0110

0111
1000
1001
1010
1011

1100
1101
1110
1111

input

0O 0o 0o o0o0OOO0OOOOUO0O0T110O0

CNOT three is the same as CNOT one.
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Simon’s Algorithm

We build the matrix product: (CNOT one) - (CNOT two) - (CNOT one):

10 0 00 OOO0OOOUOUOUOUOUOUO
0100 0O0OOOUOUOUOOOTGO0OTGOTGO
0 01 000O0OO0OOUOUOOOTGO0OTGOTO
0 001 000O0OOOOUOOTGO0OTGO0OTO
0 00001 0O0OO0OO0OUO0OUO0OO0OTO0OTGO0OTP
0 0001 00O0OO0OOUO0OOO0OTGO0OTGOTO
0 0o 00o0OO1TO0OUOUO0OUO0OO0OTGO0OTGOTO
0 0o 00o0OO1O0O0OO0OUO0OUO0OO0OTGO0OTGOTO

0 00 0o00O0OO0OT1TO0O0UO0OO0OTO0OTGOT®O

0 00 0o00O0O0OOT1TO0UO0OO0OTO0OTGOT®O

0 0o 000OOOOOOTI1TO0OO0OTGO0OTGOTO
0 00 0o00O0OO0OOOUOT1TO0TO0OTGO0OT®O

0 00 0o0o0O0OO0OOOOOOTI11TTO0TO

0O 0o 0o0o0OOOOOOUOUOT11TO0O0OTOO

0 000 0O OOOOOUOOOO0OUG 0T 01

0O 0o o0o0OO0OOOOOOTGO0OTI11TO0

This is the same matrix we constructed from the conceptual level.

We apply the oracle:

10 0 000 O OO0OO0OO0OOUOUOU OODW
0100 O0O0OOOUOUOUOUOOO0OO0OTO
0 0100O0OO0OO0OO0OOOOOOTOT OO
0001 0O0O0OO0OO0OOUO0OOOSO0OTOTG OO
0 00001 0OO0OO0OO0OUO0OUO0OO0OO0OTGO0OTO
0 0001 00O0OO0OO0OO0OUO0OUO0OUO0OTGO0OTO
0 000 OO0OOT1TO0OOUO0OTO0OTO0OTOTG OO

o

(=N

— | N

0

0
1

0

1
2

0

0 000 OO1O0O0OOO0ODO0OOTGOTO
0o 000 0OOOO0OT1TO0OUOUO0OO0OTGO0OTPOO
0O 000 0OOO0OO0OT1TO0O0OO0OUO0OTO0OTPO

0 000 OO0OOOOOT1TO0O0OTO0OT OO

0O 0000OOOOO0OOOT1TO0OO0OTGO0OTPOO

0O 000 0OOOOOOUOUOOT1TO0TUO

0 000 OO0OOOOOOOT11ITUO0TG0TO

0O 000 OO OOOUOOOTO0OTO0OTG 0?1

0O 000 0OOOOOOUOUOOO0OTI11TO0

We apply the Hadamards again:

i

O O | =lelelelelolelele)=]

— N

TH OO OO OO 1 OO OO OO

— N

— —

i i

i i

— —

— —

i I

— —

- O O O | O OO —+HO OO | S O o

C OO —TO OO —HODOOHO OO
CO 1O OO —HODODO-HOOOHO
OO OO —TOOO—=HOOO OO

HO OO HOOO—HOOOHOOO

— N
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Simon’s Algorithm

We compare with the result from the conceptual level. There we got:
1
§(|0000) +|0001) + [0100) — [0101))

These are 4 basis vectors, we build them with the appropriate signs:

00j00
00i01
00!10
00i11
01i00
01/01
01{10

[any

[N
2
(=]
(=]

[=NeNoloNoNolo NNl | R OO

1

1\2 2 4
Both results match. We get a probability ((5) + (5) = 5) for vectors |00) and|01)

and zero probability for vectors |10) and|11).

Basic level, slow motion
We take a closer look at the action of the oracle.

10 H 1 H AR
0P L A
oy <X —
o

(1) (2) (3) (4) (5) (8)

We take a look at how the input changes after each matrix:

(1) Hadamard (2) CNOT1 (3) CNOT2 (4) CNOT3 (5) Hadamard (6)

0o (1 1 1 1 g o(
1 0 0 0 0

2 |o 0 0 0 0 /

3 o . 0 0 O
4 o 1 > 1

5 |o o \0/\%/?\ >/?\)/ @
6 |o 0 0 [~ o /

7 0 i 110 1] 0 1 1] 0

8 |o 2( 1 2| o 0 1 2| o

9 o \0’\/0\ /o\/\o’ 0

10 |0 0 1 > 1 0 0

11 |0 y o o 0 0

12 |o 1 0 0 0

13 |o \0/\,0\ 0 /g\)/ 0

14 \o 0 1 \07 0

15 \o 0 0 0

D. Kriesell page 10 of 17



Simon’s Algorithm

The input is a single basis vector in position 0.

The first pair of Hadamards set the superposition, the positions 4,8 and 12.
The first CNOT moves position 8 to 10 and 12 to 14.

The second CNOT moves position 4 to 5 and 14 to 15.

The third CNOT shifts back position 10 to 8 and 15 to 13.

The last Hadamard “goes fail” and produces another superposition by shifting position 13,8 and 5 to
5,4 and 3.

Second part

We use a function
f):{01} x{01}x..x{01} > {01} x {01} x..x {01}

Domain and range are bit strings of length n.

f(x) is either 1: 1, bijective x =y — f(x) # f(y) or f(x) is 2: 1 with f(x) = f(x®c).

@ = addition modulo 2.

The task:

Determine which of the two options applies to f and, if applicable, determine the constant c.

Example:

fe):{013* > {0 1}*

x - f(x) X - f(x)
{0000} {1101} {1000} {1000}
{0001} {0110} {1001} {1011}
{0010} {0101} {1010} {1001}
{0011} {1111} {1011} {0001}
{0100} {0110} {1100} {1011}
{0101} {1101} {1101} {1000}
{0110} {1111} {1110} {0001}
{0111} {0101} {1111} {1001}

The function is 2: 1, the constant ¢ = 0101. c is often referred as “secret string”.

Solving classically
We need to find one pair f(x) = f(x®s).

For n bits we have 2" pairs (x;, f (x;)).

Doing this in a deterministic way we need < 2"~ + 1 queries to find ¢ according to the pigeonhole
principle: ©(2™)

Probabilistic we need @ (25) queries to get the solution with high probability.
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Simon’s Algorithm

Solving quantum
For our example we use the following circuit:

1 1
prepare | act

) — H E % E H H AR Note: double lines mean classical bits.
|x)— H i ; 1 H A= Note: |x) are the input values, ranging
lx)— H f i HHHAR  from[0000)to |1111).

|x) — H i i i H H A= Note: we need to apply this quantum
[0) i ' i circuit several times to compute c.

|0) i | i Note: The oracle takes the first four

|0) ; t i gubits as input but modifies the second
0) : : : four ones.

We start with input |x)|0) = |01010000).

We apply the Hadamards:

1
ﬁ((IO) +[1)(10) = [1)(0) + [1))(|0) — |1))]0000)) =

1
7 10000) —0001) +0010) — [0011) — [0100) + [0101) — [0110) +|0111) + 1000) — [1001)
+(1010) — [1011) — [1100) + |1101) — [1110) + |1111))|0000) =

1
1(|00000000) —100010000) + |00100000) — [00110000) —|01000000) + |01010000)

—101100000) + |01110000) + |10000000) —|10010000) + |10100000)
—1]10110000) — |11000000) 4+ |11010000) — |11100000) + [11110000))

We apply the oracle, using our example function above:

1
ZOOOOOllOl) —100010110) 4+ ]00100101) —|00111111) —|01000110) + |01011101)

—]01101111) +|01110101) +|10001000) —]10011011) + |10101001)
—]10110001) — [11001011) +]11011000) — |11100001) + [11111001))

We apply the Hadamards after the oracle a second time. This results in:

1

E[
)(10) + [1)0) + [1N(I0) + [1)[1101))
)(10) + 11D (I0) + [1)(]0) — |1))[0110))
)(10) + [1)(]0) — [1))(]0) + [1))]0101))
)(10) + 11D (0) — [1)(]0) — |1)[1111))
)(10) = [1)(I0) + [1N(10) + [1))[0110))
)(10) = 11D 0) + [1)(]0) — |1))[1101))
)(10) = [1)0) — [IN(I0) + [1)[1111))
)(10) = 11D (0) — [1)(]0) — |1))][0101))
)(10) + [1)(I0) + [1D(10) + [1))[1000))
)(10) + 11D (0) + [1)(]0) — |1))[1011))
)(10) + [1)(10) — [1N(I0) + [1))[1001))
)(10) + 1) (10) — [1))(]0) — |1))[0001))
—((o )(10) = 11D 0) + [1)(J0) + |1))[1011))
+((o0 )(10) = [1)(I0) + [1))(]0) — |1))]1000))

+((l0
—((0
+((l0
—((o
—((|0
+((|0
—((|0
+((|0
+((l0
+((|0
+((l0
—(qo

+ |1
+ |1
+ |1
+ |1
+ 11
+ |1
+ 11
+ |1
— |1
-1
— |1
-1
-1
-1

— ||l |||l ||| ||| |=|=
—~— |~ |~ |~ |~ |~ |~ |~ |~ |~ |~ |~ |~ [~
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Simon’s Algorithm

—((10) = [1)(J0) — |1)(J0) — |1))(|0) + |1))]0001))
+((10) = [1)(10) = [1N(|0) — [1))(|0) — [1))]1001))
]

We expand the products and get:

1
16!

[00001101) + [00011101) + |00101101) + [00111101) + [01001101) + |01011101) + [01101101)
+1]01111101) 4+ |10001101) + [10011101) +|10101101) + [10111101)
+]11001101) + |11011101) + [11101101) + [11111101)

—]00000110) + [00010110) — |00100110) + |00110110) — [01000110) + |01010110) — [01100110)
+1]01110110) — [10000110) + [10010110) —|10100110) + [10110110)
—]11000110) + [11010110) — [11100110) + |11110110)

+|00000101) 4+ [00010101) — [00100101) — [00110101) + [01000101) + |01010101) — [01100101)
—101110101) + [10000101) + [10010101) — |10100101) — [10110101)
+]11000101) + |11010101) — [11100101) — |11110101)

—]00001111) + [00011111) + [00101111) — [00111111) — [01001111) + [01011111) + [01101111)
—]01111111) — [10001111) + [10011111) 4+ |10101111) — [10111111)
—]11001111) + |11011111) + [11101111) — [11111111)

—]00000110) — [00010110) — |00100110) — [00110110) + [01000110) + |01010110) + [01100110)
+1]01110110) — [10000110) — [10010110) — 10100110} + [10110110)
+]11000110) + [11010110) + [11100110) + |11110110)

+|00001101) — [00011101) + [00101101) — [00111101) — [01001101) + |01011101) — [01101101)
4+1]01111101) + |10001101) — [10011101) 4+ |10101101) — [10111101)
—]11001101) + |11011101) — [11101101) + |11111101)

—]00001111) — [00011111) + [00101111) + [00111111) + [01001111) + [01011111) — [01101111)
—]01111111) — [10001111) — [10011111) 4+ |10101111) + [10111111)
+]11001111) + [11011111) — [11101111) — [11111111)

+|00000101) — [00010101) — [00100101) 4+ |[00110101) — [01000101) + |01010101) + [01100101)
—101110101) + [10000101) — [10010101) — |10100101) + [10110101)
—]11000101) + [11010101) + [11100101) — |11110101)

+]00001000) + [00011000) + [00101000) + [00111000) + [01001000) + [01011000) + [01101000)
+1]01111000) — [10001000) — [10011000) — |10101000) — [10111000)
—]11001000) — [11011000) — [11101000) — |11111000)

+]|00001011) — [00011011) + [00101011) — [00111011) + [01001011) — |01011011) + [01101011)
—]01111011) — [10001011) + [10011011) — |10101011) + [10111011)
—]11001011) + [11011011) — [11101011) + |11111011)

+|00001001) 4 [00011001) — [00101001) — [00111001) + [01001001) + |01011001) — [01101001)
—101111001) — [10001001) — [10011001) + |10101001) + [10111001)
—]11001001) — [11011001) + [11101001) + [11111001)

—100000001) + [00010001) + [00100001) — [00110001) — [01000001) + |01010001) + [01100001)
—101110001) + |10000001) — [10010001) — |10100001) + [10110001)
+]11000001) — [11010001) — [11100001) + |11110001)

+]00001011) + [00011011) + [00101011) 4+ |[00111011) — [01001011) — |01011011) — [01101011)
—]01111011) — [10001011) — [10011011) — |10101011) — [10111011)
+]11001011) + [11011011) + [11101011) + [11111011)

+|00001000) — [00011000) + [00101000) — [00111000) — [01001000) + |01011000) — [01101000)
+1]01111000) — [10001000) + |10011000) — [10101000) + |10111000)
+]11001000) — [11011000) + [11101000) — |11111000)

—]00000001) — [00010001) + [00100001) 4+ 00110001} + [01000001) + [01010001) — [01100001)
—101110001) + [10000001) + [10010001) — [10100001) — [10110001)
—]11000001) — [11010001) + [11100001) + [11110001)

+]|00001001) — [00011001) — [00101001) 4+ [00111001) — [01001001) + |01011001) + [01101001)
—101111001) — [10001001) + [10011001) + |10101001) — [10111001)
+]11001001) — [11011001) — [11101001) + [11111001)

]
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Simon’s Algorithm

Note: This is the sum:

1 x'b
o . GO
x€{0,1}"
befo,1}n
We collect the first four qubits:

|0000)(]1101) — [0110) + [0101) — |1111) — |0110) + |1101) — |1111) + [0101) + |1000)
+]1011) + |1001) — |0001) + [1011) + |1000) — [0001) + |1001)) =

2(0000)(]1101) — |0110) + [0101) — [1111) + [1101) + [1000) + [1001) — [0001))
The possibility for measuring |0000) is > 0.

|0001)(]1101) + [0110) + [0101) + [1111) — |0110) — |1101) —|1111) — [0101) + |1000)
—11011) + [1001) + |0001) + [1011) — |1000) — [0001) — [1001)) = 0

The possibility for measuring [0001) is zero.

We do this for the other qubits and get probabilities:

10000) > 0 10001) > 0 10010) > 0 10011) - 0
10100) - 0 10101) > 0 10110) - 0 10111) > 0
11000) > 0 11001) > 0 11010) > 0 11011) - 0
11100) - 0 11101) > 0 11110) > 0 11111) > 0

The first run reduces the candidates for ¢ from 15 to 7. Remember that [0000) is not a valid
candidate because the function then would be 1: 1.

We generalize.
We apply the Hadamards H®"|x):

This is the inner product
of x and b modulo 2.

n
1 2
HEMx) = = ) (T |p) =
i=1

— Y o
‘/Z_nbe{o,l}n

Note: |x) are the first four qubits, |b) are all qubits from |0000) to |1111).
Note: x is the input vector we chose randomly.
Note: x - b is the inner product of the string |x) and all possible values of a bit string |b) of length n.

Then the oracle is acting. It modifies the second half of the input. As we chose |0000) for input we

get [00000f (x)) = |f (x)).

We apply the Hadamards to the upper qubits |b):

(=D*? |b)If ()

bef{0,1}"

1
vz
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We get:

L (=P |b)|f (x))
2n flx
x€{0,1}"
befo,1}n

We are measuring the upper part |b) of |b)|f (x)). This gives an information about the type of
function. We must repeat this with different qubits |x) to determine the type of function.

We group the terms giving the same |b) in the |0)/]1) basis and square the coefficients of the basis
elements. This way we get the probability of seeing |b)|f (x)).

We remember that |b)|f (x)) comes from two different sources: x, and x,@®c.

We calculate the coefficient of |b)|f (x)):

(( 1)%ob 4 (— 1)(xo€Bc)b)|

(( 1)x0 +( 1)x0b®cb)|

L (o4 120 0)| = (o o) =

We note that |((—1)"0'b)|2 always gives 1 and proceed:

2
If the inner product ¢ - b = 0 we get the probability 227 =41 n
if the inner product c - b = 1 we get 0.

Note that we calculate all by using @.

Note: In our example we have 16 vectors b, we have 8 possibilities for f (x) and half of the scalar
products is zero. The total probability thus gives 4174 - 16 - 4 = 1.

This gives one bit of information about c. We need n bit, so we need to repeat this n times.
We go back to the example and run the function three times.
We have 15 possible ¢'s because ¢ = 0000 is not a valid value.
We might get:
b; = 0010,b, = 0111,b; = 1000

After each run the number of possible ¢’s reduces.
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We build the scalar product of b; and all possible c-vectors. Note that all calculations are made

modulo 2:
0 0 0 0
0 0 0 1
(0010){ , | =0 0010)| | | =1 0010)| | | =1 (0010)| ;| =0
1 0 1 0
0 0 0 1
1 1 1 0
(0010){ , | =0 0010)| ;| =1 0010)| ;| =1 (0010)| ;| =0
1 0 1 0
1 1 1 1
0 0 0 1
(0010){ , | =0 0010)| | | =1 (0010)| | | =1 (0010)| ;| =0
1 0 1 0
1 1 1
11 _ 1) _ 1] _
(0010)( o | =0 0010){ ; |=1 0010){ ; |=1
1 0 1

We have 7 possible solutions for c.

We build the scalar product of b, and all possible c-vectors we got from the first pass. Note that all
calculations are made modulo 2:

0 0
o1 9]=1 ot L]=1
0 0
1 0
0 1
1 0
(0111) =0 (0111) =0
0 0
1 0
1 1
o1n|]=1 o1 t]=1
0 0
1 0
1
o1n|t]=o0
0
1
The number of possible solutions reduces to 3.
We build the scalar product of b3 and all possible c-vectors we got from the second pass. Note that
all calculations are made modulo 2:
0 1
1 0
(1000) 0l= 0 (1000) 0l= 1
1 0
1
1
(1000) 0l= 1
1

We get c = 0101.

Note: if the vectors b; are not linear independent, we might get no reduction and use more trials so
this is not a deterministic access.

D. Kriesell
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Simon’s Algorithm

We generalize this to an input of n bit.

In our example we had the reduction chain:

1—2 after the first trial, g after the second trial, % after the third trial. The fourth trial then brought the

result.

For the n-bit case we get the converging chain:

2 —1 1573_(1 1) (1 1)(1 1)(1 1)
2n 716 8 4 2n) 16 8 4

=e 4~78%

This is the probability to get the correct solution after n-1 trials for large n.

Notebooks
You find a jupyter notebook, dealing with simon’s algorithm, at:

https://github.com/amazon-braket/amazon-braket-
examples/blob/main/examples/advanced circuits algorithms/Simons_Algorithm/Simons_Algorithm.ipynb

Note: You need simons_utils.py to run this notebook.
Note: You need to install the amazon-plugin via “pip install amazon-braket-sdk”.

Note: You find a copy of Simons_Algorithm.ipynb and simons_utils.py on this website too.

| would like to thank my students Alex Heinz, Luca K6lsch, Matthias Hospach and Simon Schaal who
made this paper possible.
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