Spin Flip

This paper deals with the time evolution of a two-level quantum system, a qubit in a real
existing system.

We do this with the picture of a precessing magnetic moment (a spin up/down) and access
this by both working with a static laboratory system and the rotating frame method. Both are
giving the same result.

You may find more information at:

https://en.wikipedia.org/wiki/Rabi frequency

https://quantum-abc.de/spin flip 1.pdf

Hope | can help you with learning quantum mechanics.

This is an experimental text and may contain errors.
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Spin Flip

General two-level system
The time-dependent Hamiltonian of a precessing magnetic moment, a precessing spin:

S 1 —iwt
H=—ﬁ'B=—h< @o . URE )

iwt
2 \wge —wy

This Hamiltonian describes the energy of a two-level magnetic moment in a combination of
static and rotating magnetic fields:

B = —|§1|§xcos(wt) — |§1|5y5in(wt) + |§0|§Z
The rotating magnetic field in the x — y-plane:
—|§1|§xcos(a)t) — |§1|§ysin(wt)

The static field in the z-direction:

|Bolé;
Note:
wo =y|By|  Larmor frequency
) frequency of the driving field
wg =y|B;|  Rabifrequency
14 gyromagnetic ratio

d =w—w, difference between frequency of the driving field and Larmor frequency
Qg = /6% + w?y generalized Rabi frequency.

We use the standard basis for qubits:
DNy =10y = 0\ |1y = 1) =
() =19 =10 =leyand () =11 =11) = 1g)
Note: In spin terminology |g) is the ground state, |e) is the (first) excited state.

Note: In spin terminology | T) and | |) are states with i being oriented along the F¢, axis.

Note: ground state and excited state depend on the charge of the particle. For electrons the
spin in direction of the magnetic field is the excited state, the spin antiparallel to the magnetic
field is the ground state. For positive charges like a proton this reverses.

The general time-dependent two-level system described in probability amplitudes:

(D) = ag(D)e' 2% g) + ae (e "2 [e)
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Spin Flip

We transform the picture of a precessing magnetic moment resp. a precessing spin around a
magnetic field along the z-axis into its projection onto the z-axis.

Vd% A F 3
=
In case the spin is In case the spin is In case the spin is
precessing tightly around precessing perpendicular to | precessing tightly around
the z-direction the the z-direction the the —z-direction the
probability amplitude for spin | probability amplitude for spin | probability amplitude for spin
up is nearly one, the up is the same as the up is nearly zero, the
probability amplitude for spin | probability amplitude for spin | probability amplitude for spin
down is nearly zero. 1 down is nearly one.
down, each equal /2.

Note: Don’t confuse the angle ¢ and the basis vectors ((1)) and (2) For ¢ = 0 we have 100%
spinup = (é) for ¢ = m we have 100% spin down = ((1))

Note: Instead of using “probability amplitude” we can call this “population of a state”.

We name a, and a, the probability amplitude of the population of ground level and excited
level, both are time dependent.

According to quantum computing rules we have:
N0 2 ) 2

(ag(t)elTOt) + (ae (t)e_lTOt) =1
More precisely:

. . . .

ag(t)elTOtag(t)e_lTOt + ae(t)e_lTotae(t)eLTOt =1
This gives:
2 . . . .
(ag(t)) e 2t 2t 4 (ae(t))ze_‘Tote‘Tot =1
2 2
(a() + (ac(®) =1

This fits with a4 (t) = sin(t) and a.(t) = cos(t).

To obtain the change of probability densities a, and a, we solve the Schrédinger equation:

- d
HIp() = ih—[¥(©)
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Spin Flip

We write |1(t)) in vector notation:

.Wo
120 (0 ~i% (1 (e 2"
[Y(©) = ag(®)e" 2" (7 ) +a.(e™ 2" ()= .
We apply the Hamiltonian: We differentiate |y (t)):
Hlyp@)) = d
th—y(t)) =
. _ @0, dt
1 h( wg a)Re_“"t) ac(t)e 27\ Do,
5 - Wo d the 2
2 \wget -, ag(t)el(%ot in L ac(t)e

@0
o . W\ gy
—_i%o . 0
1 [weap(t)e 2t + wge “tay(t)e' 2 t w0, W, w0
h , wg w, | = a,(e 2" —i—a,(t)e "2t
iwt ==t i—-t e 2 e
wre'“a,(t)e 27 —woay(t)e 2 ih
1 (e 20 + 120 q (el 2
_i%o i(Qo_ ag - 4
1 [ weap(t)e 2t + wRag(t)el( R-w) 2

i (—20 190
wRel(w 2 )tae(t) — weay (e 2"

We get the equation:

. _'ﬂt 3 (IJ() _‘ﬂt NN (W

" de(t)e™ 2" ~ 17%@9 "z 1 N woa, (t)e 2t + wRag(t)e‘(To_“’)t
l ﬂ w m =5 . _0)0 .Wo
4y +i 220,00 T | e "2V a, (€) - woay (e 2"
We remove h:
_i%o _i% —_i% i(Lo_
2iae (e 2 + woae(e 2"\ [woac(t)e™ 2 Ly wRag(t)el( P-w)t
N i@o [@o i 0—L0 Yo
2ia,(t)e' 2" — woay(t)e' 2 * wRe‘(“’ 2 )tae(t) — weay(t)e 2"
We treat the two equations separately:
Equation one: Equation two:
_i% _i% _ ary @0
2id,(t)e "2 4+ wpa,(t)e le t 2iag(t)e'2 b wpag(t)e'2 t
_'ﬂ i(£0_ t . _ﬂ %
= woa. (e 2" + wRag(t)el( 2=) = wRel(w 2 )tae(t) — woag(t)el 2t
_i%0 i(©Lo_ -Wo S wo
2ia,(t)e 2t = a)Rag(t)el( 2ot 2iag(t)e'2 t= wRel(w 2 )tae(t)

2id,(t) = wgpay(t)e'@o=wt 2ia,(t) = wre@=@)iq, (1)

.. 1 i(wog—w)t . 1 (w—wo)t
ia,(t) = EwRag(t)e 0 iay(t) = EwRe ota,(t)

What we have at this stage is the change of population or the change of probability
amplitudes. This is a system of differential equations we will handle later.
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Spin Flip

Parallel, we work with the time-independent Hamiltonian H' in the rotating frame.

We compare both Hamiltonians:

The laboratory system with the time- The rotating system with the time-
dependent Hamiltonian H: independent Hamiltonian H':
- 1 W wpe lwt 1 -0 wpg
H=—[i-B=<h 0 R H’=—h< )
u 2 (wReza)t —w, > 2 \wg 6

Note: In the rotating frame we have w = 0,6 = w — wy = —wy.

To obtain the equations of motion, the change of probability densities a, and a, we solve the
Schrédinger equation:

/] s d
H$©) = ih—[$(©)

We rewrite [ (t)) in vector notation:

.Wo
_ i@o; (0 _i@0; (1Y _ [@e(®)e 2"
W = ey () + o ()= (407
We apply the Hamiltonian: We differentiate |y (t)):
H'|Y(t)) = . d
= ih 3 (1)) =
1fl<_6 wR) ae(t)e_iTOt Do,
Z - _i%
Or 87\ g (1)el2" in L[ e®e 2

dt 20t
a,(t)e' 2
1 Sa (e "2t + el 7t o
o[ 92 ®e wrdy(t)e i @0 oy
_l‘ﬂt iﬂt ae (t)e — 1= ae (t)e
wra.(t)e "2 + bay(t)e 2 ih 2

. 'ﬂt ,Wo 'ﬂt
ag(t)e 2" + 17ag(t)el 2

We get the equation:

. .
_.wg wg . -i%0 . Wo —i=0t
1 " —8a,()e” " 2" + wray(t)e' 2" " de(t)e "2 — 17%(03 2
Z =i
—i%0; 2ot . % . Wo i20¢
wra.(t)e 2"+ ba,(t)e 2 a,(t)e 2" +i—a,(t)e 2
g g 2 Y
We multiply by %:
. . . _ %o, ., Wo —i%o;
—5ae(t)e_170t + wRag(t)elTot _ ae(t)e 2" — l7ae(t)€ 2
= 2i
—i%¢ Lo . Loy . Wo Lo
wrae(t)e 2" + Say(t)e'2 a,(t)e" 2" + L7ag(t)el 2
_i% 20 _i%0 _ %
—Sa,(t)e™ 2 + wRag(t)el 2t [ 2ia.(t)e 2t f woa,(t)e 2t
—i%o; Lo, - .. i20¢ 20t
wra.(t)e "2+ day(t)e 2 2iag(t)e 2" — woagy(t)e 2
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Spin Flip

We get two equations:

-i%0t i20¢ . -i%0t —i%0;
—ba,(t)e 2" + wrag(t)e 2" = 2ia,(t)e 2" + woa.(t)e "2

Wra, e ag e = lag e woag e

Equation one:

—i%0t 20t . —i%0; —i%0;
—ba,(t)e 2" + wrag(t)e 2" = 2ia,(t)e "2" + wopa.(t)e "2

. —i%o; —i%o¢ i20¢ —i%o;
2ia,(t)e 27 = —ba,(t)e 2" + wray(t)e 2" — woa,(t)e 2

2ia,(t) = —6a,(t) + wray(t)e' ot — wya,(t)

2ia,(t) = —a,()(8 + wy) + wray(t)e' ot

ia.(t) = —%ae(t)(é‘ + wy) + %a)Rag(t)ei“’Ot
We use the specifics of the rotating frame:
w=0,0=w—wy=—-w
We get:
1 1 ) 1 .

ia.(t) = —Eae(t)(é‘ + wy) + Ea)Rag(t)e‘“’Ot = Ea)Rag(t)e“"Ot
Equation two:
i

—i%o¢ 2o iy Yo 20t
wrac(t)e 27 +8ag(t)e 2" = 2iay(t)e 2" — woay(t)e 2

2ic'lg(t)ei%t = wRae(t)e_i%t + Sag(t)ei%t + woag(t)ei%t
2ia,(t) = wrae(t)e "0 + §a,(t) + woay(t)
2ia,(t) = wra(t)e "o + 8ay (t)(8 + wy)
iag(t) = %wRae(t)e_"“’Ot + %ag(t)@ + wq)
We use the specifics of the rotating frame:
w=00=w—wy=—w,

We get:

1 . 1 1 .
lag(t) = EwRae(t)e_lwot + Eag(t)(6 + a)o) = EwRae(t)e—lwot
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Spin Flip

We compare the results of the two ways to access the problem:

Static frame Rotating frame
B 1 . N 1 i
iag(t) = EwRe‘(“’ ®otq, (1) iag(t) = EwRae(t)e twot
ia,(t) =1w a,(t)el(@o—w)t ia,(t) =1a) a,(t)ei@ot
e 2 R%g e 2 R%g

Noting that in the rotating frame w = 0 we have the same result.

Equations of change in probability density resp. population
We rewrite § = w — w,.

Wg . , WR
7€latae ae = —1—

ag=—l

This system of differential equations has the solutions (calculated by https://mathdf.com/dif/)
a, =C; -sin(%(\/m—d)t) +C- cos(%(m— 5)t>
a = i(6—m)ei&-sin(%(m—6)t) +c1w%(m_5)ewt
* COS (%(m - 6) t)

We use the boundary condition that the system at time t = 0 is in the ground state:

ag(t=0)=1a,(t=0)=0

i 1)
ag(t=0)=1=C1w—R(w/62+(1)R2_6)—>C1zi(\/W:)RZ_S)

a,(t=0)=0=C

We get the complete solution:

w 1
e ™ i(,/c?2 +ZR2 _5) S (5(“ 6%+ wp? _6) t)

ay = e - cos G (\/62 + wg? — 6) t)

For (t = 0) the ground state is complete:

ag(t=0)=1
For (t = 0) the excited state is empty:

a.(t=0)=0
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Spin Flip

What happens if the ground state becomes zero for the first cycle:
1 1
cos(z(w/ﬁz + wg? —6)1:) =0 —>E(\/62 + wg? —6)t =g—>
T
(\/52+wR2—5)t=n—>t=

82 +wp? -4

We insert into the excited state:

1
e i(y/52 +‘w:)R‘z - o) o <5(” 5% + wg? =) t) ”

wWpr

a, = 6)-sin<%(w/62+wR2—6)

T
T ——
i(w/62+wR2— w/52+a)RZ—6>

_ wpr LT
a i(W—&) -sm(z) -
a, = OR
" (o7 wr? - 6)
We get the absolute value of a,:
|ae|2 = Ok Ok =
(V37 F wr? - 8) —i({/37 + @ - 5)

wg?

(o)

Note: we need § to be negative.
We take a look at the argument of the sin with an example w, = 50.

a

yo

50 -45 -40 35 -30 -25 -20 -15 -10 5 O 5
-0,25-

_0,5.

What we get is:

If the difference between the frequency of driving field and Larmor frequency is zero, we
have a complete interchange between ground state and excited state.

If the difference between the frequency of driving field and Larmor frequency is not zero, the
excited state will not be filled up completely.
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