The Ramsauer-Townsend Effect.

This paper deals with the Ramsauer-Townsend effect. Its main purpose is to show that calculations
done with exponential functions are more straightforward compared with sin/cos functions.

Hope | can help you with learning quantum mechanics.
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The Ramsauer-Townsend Effect.

The Ramsauer Townsend effect
We use a finite potential well and a plane wave coming from the left.
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We remember the energy. Outside the well we have energy E:

) 2mE
K==z
Inside the well we have energy (E+V;):

17— 2m(E+V,)
T Rz
Y, (x) is a superposition of an incoming and maybe reflected wave:
P(x) = Aetk* + Be~ikx
Y, (x) is a superposition of an incoming and reflected wave above the well:
P (x) = Ce™'* + De~ik'*

Y, (x) is an outgoing wave only:

Pr(x) = Fell*

Note: We use letter F to avoid mix-up with the letter E usually used for energy.

The three waves fit at the borders a and 0 together with their derivatives.

The waves:
P1(0) = Ae™® + Be~k0 = A+ B Ym(@) = Ce¥'@ 4 pe=iira
1/)m(0) = Celk/-o + De—lkl'() =C+D lljr(a) — Felka

The waves fitatx = 0 and x = a:

A+B=C+D Ceik’a + De—ik’a = Felka
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The Ramsauer-Townsend Effect.

The derivatives:
d d " ik ' . i
dxlpl(X) = dx (Ael x + Be t x) = lk(Ael X __ Be i x)

:_xll'm(x) = :—x(Ceik'x + De~Hx) = jk'(Celkr® — pe~ikix)

i1/) (x) = ikFetk>
dx "

The derivatives fitatx = 0 and x = a:

400 =Ly L om(@ =Ly (@)
dxlpl B dxl‘bm dxlpm 4= dxl’br a
ik(Aek® — Be~ik0) = jk'(Ce*'® — pe~ik'0) ik'(Ce*'® — pe~ik'a) = jkFeika
ik(A — B) = ik'(C — D)

We get the system of equations:

I A+B=C+D
11 Ceik'a + De~ik'a = ppika
111 k'
A—B= I(C —D)
1A%
ik'a —ik'a _ k ika
Ce — De = ?Fe
Weadd Il +1V:
F . ' k
— _ pia(k—k") (1 _)
C > e + o

We subtract I1 - IV

!

D= Eeia(k+k’) (1 _ E)
2
We insert the results in I and I11:

F . k F . k
— la(k—k’) ( ) _ la(k+k’) ( _ )
A+ B > e 1+ o + > e 1

!

kK'(F . ky F . k
— = |_ ia(k-k") ( _) — _pla(k+k') ( — —)
A-B=7 (2 ¢ R '

We add both equations:

F . k F . k kK'(F . k F . k
— _ La(k—k') ( ) _ La(k+k’) ( _ ) _ La(k—k’) ( ) _ La(k+k’) ( _ )
2A 2 € 1+k’ +Ze 1 +k 2 € 1+k’ 2 € 1 o

kl
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The Ramsauer-Townsend Effect.

o1 B 1) (1) (1)

>:

ela(k- k)(1+li€)+ela(k+k)( :)_l_ela(kk %<1+ ) za(k+k’)k<1_£>:

kl
. k k' k
ia(k-k") ( ) ( ia(k+k")
e < 1+ 7 X 14+ — k +e

pia(k—k") (1 +%) + pia(ktk’) (1 _%) +%,<eia(k—k’) (1 +%> _ pia(k+k') (1 _5)

k
(-hre-2)
ela(k- k,)(1+: WK +1>+ela(k+k') <1————+ 1)

k

eia(k—k") <2 + K+ K ) + ela(k+k’) (2

k2 + k'2
kk'

’ 12 ’ 12
i) (K2 2+ RPN (K = 20K+ k
kk’ kk'

Result:

M _ ia(e) (_(" * "')2> _ ia(isc) ((k - k')2>
F kk' T

We subtract both equations:

2o e 1 ) o 1) e 1 1))
Bt (1-) o oo K1) -

et (1) (1)) r e (1) (-5 -

. k k' , k k'
ia(k-k") S ia(k+k") —— 4 —
e (1+k’ i 1>+e <1 k’+k 1)
. K2—k'?\ k'? — k2
ia(k—k") ia(k+k") —

IZ [2
pla(k—k") k? -k _ pla(k+k") k2 — k
kk' kk'

Result:

4B . ! . i kz _klz
? — (ela(k k') _ ela(k+k ))( T >

We calculate the ratio of the amplitudes of incoming wave A to outgoing wave F, ignoring for
simplicity the factor 4:
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The Ramsauer-Townsend Effect.

A_ k2 + k' k2 + k'
Z = elalk-k") (2 4 ia(k+k") (o —
7 e < ok ) +e o

A2 . k2 + k'2 . k2 + k'? . k2 + k'?
—| = la(k_k,) la(k+k’) _ —la(k—k’)
‘F e <2 + e > +e (2 o ) e (2 + o >

12
4 o-ia(k+k’) <2 Kk )

kk'

Kk’ o

. , k2 + k'”
ia(-k-k") (o _ _
+e < o )

12 2 /2
ela(k—k") <2+k2+k ) ia(k'- k)< k™ +k )
kk'

12 ,2
+ ela(k-k") (2 k2+k > ia(~k- k’)< k? +k )

2 [2 2 ,2 2 /2
gla(k—k") <2+k I:;cf‘ >+eia(k+k’) (2_k tk ) ela(k'—k) (2+k tk >

kk'
12 [2
+ ela(k+k’) (2 — k + k eta(k'=k) kz +k
kk'
- k’z k2 + k'
ia(k+k") [ 9 _ gia(-k-k') —
+e (2 < o )

<2 * k2k+kf<,2>2 + a2k’ <4 - <k2,;f’2>2) 4+ glazk’ <4 _ <k2;(f"2>2) s (2 ~ kzllfc'Z)Z _
<2 + kzlj;ffz)Z s (e_iaZk’ + eiaz"') <4 _ <k2;{f(12>2> . (2 ) kzlj;(’ka)z _
2 <4 + (kzl;Cfcﬂ)Z) 4 (eiazk' 4 giazk' <4 _ (kzlj;ja)z) )
2 <4 + (kz;fﬂ)Z) . (Re(ei‘ﬂk,)) . <4 ~ (kzlj;f,z>z>

Result (with the correct factor added):

. k2 + k' 2 poloiai ). (4 k2 + k'2 2
) +(Re(e ™))\ 4= (7

B 8

7
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The Ramsauer-Townsend Effect.

We check:
k = k' meaning there is no Potential:

s (#)2 s (Re(eiazk)) . ( (kzg;{m) >

= 5 =8~

F

|A

Result: We get a transmitted wave F only, no reflection.

We recheck this by calculating g for this case:

B . . k? — k?
4524(QMWzo_emwwg< = >):o

We want to plot the transmission ratio as a function of V.

2
A .
|F| could be problematic if F becomes zero, so we plot the reverse:

8
‘Z - 2\ 2 2\ 2
k2 + k' a2k’ k? + k'
4 + <T> + (Re(elaz" )) . (4 - (T) )
We use:
2mE
kz = %) =
k=1
2m(E +V,) 2mE 2mV,
2 = = 24 Ak=1+A
k %) %) + 7z =k“+Ak =1+ Ak
kK'=+v1+ Ak
a=1
We get:
F*> 8
Al T 2\ 2 2
k2+k' P k2 + k'
4+<T> +(R€(€la2k ))( — kk, )
8
14 1+ Ak\? . 1+1+Ak
+ (—) + (Re elaZ\/1+Ak |4 —
Vv1+ Ak ( ( )) V1 + Ak
8 —
2 + Ak \? . 2+ Ak \2\
4+ (—) + (Re elaZ\/1+Ak |4 — (_)
Vv1+ Ak ( ( )) v1+ Ak
8 —
(2 + Ak)? . ( (24—Ak)2)"
4 +~~=——2 4+ (Re elaZ\/1+Ak 4 — = ——2
Vi+ak (e ) Vi+ak
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The Ramsauer-Townsend Effect.

8
WIT Ak +(2+8K)?% (Re(cia2T757)) . (4\/1 TAk—(2+ Ak)z) -
VI+ Ak VI+ Ak
8-VI+ Ak ~
WT+AK + (2 + Ak)? + (Re(ei2VI¥8F) ) 4VT+ Ak — (Re(ei@2V178K) ) (2 + Ak)?
8-VI+ Ak ~
4T+ Ak (1 + Re(et@VIF8F) ) + (2 + Ak)? (1 — Re(ei02/T70F) )
8-VI+ Ak

4T+ 8K (1 + cos(2VI+AK)) + (2 + Ak)2 (1 — cos(2VT + AK) )

The plot:
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