Wave function for scattering free particles

This short paper deals with the flux of wave functions (free particles) while scattering. The main

purpose is working with the wave functions, not going into detail of the scattering itself. For this you
might see the following links:

https://www.tcm.phy.cam.ac.uk/~bds10/aqp/lec20-21 compressed.pdf

https://ocw.mit.edu/courses/8-06-quantum-physics-iii-spring-
2018/45dbd7038c3e969491eceeae86c44d42 MIT8 06518ch7.pdf

Hope | can help you learning quantum mechanics.

D. Kriesell page 1 of 5


https://www.tcm.phy.cam.ac.uk/~bds10/aqp/lec20-21_compressed.pdf
https://ocw.mit.edu/courses/8-06-quantum-physics-iii-spring-2018/45dbd7038c3e969491eceeae86c44d42_MIT8_06S18ch7.pdf
https://ocw.mit.edu/courses/8-06-quantum-physics-iii-spring-2018/45dbd7038c3e969491eceeae86c44d42_MIT8_06S18ch7.pdf

Wave function for scattering free particles

The simplest scattering experiment: a plane wave moving on the z-axis impinging on localized
potential at the origin, V (r).

The space is oriented in the usual way:

We imagine that we use a constant beam of particles, so the time dependency of the wave function

.E
. —i—t P .
results in a global phase e ™'2" we can omit in our calculations.

Both the incoming and the scattered wave must be present, so we get the following wave-function in
position representation:

w) = et + Lo =y ) 4 )

P, () = e'*? represents the incoming wave function along the z-axis.
P, (7) = 1) pikr g h i functi
2(N) =~ presents the outgoing wave function.

We assumer > 1.

The amplitude f(8) for the scattered particles is 8-dependent but not ¢-dependent. We will not
investigate f(0), a complex function of 6.

The probability current f for wave functions:

~

J= T%'Im(lll*VlD)

Note: Im denotes the imaginary part of a complex function/value, * denotes complex conjugation.

[ <<e_ikz N0} e_m>v( e L0, >> _
m T

citrg £ O i FO) e lk2+f(9) _lkrvf(G)
r r r

We get:

E_Im <e—ikzveikz+e lkT+
m
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Wave function for scattering free particles

We handle this in three parts:

z-part J, Interference part fi,; spherical part J

Jz = Jine = Js =
E-Im(e‘”‘ZVe“‘Z) E-Im e—ikzvf(e) elkr +f(9) e~ ikrygikz E . Im (6 e—ikrvf(e) eikr
m m T r m r r

fz represents the contribution from the incoming plane wave, f3 the contribution from the deflected
spherical waves, [, is the interference between incoming and outgoing waves.

z-part jZ
. h . ,
]Z — E . Im(e—lkzvelkz)
R I I A I L.
e ikzygikz — o—ikz a_ etkz — p—ikz 0. =10 |=ikZ
it ike™®#/  \ik
oz
We get:

. h ) hk
J, =—"Im(ik2) = —7Z
m m

The flux @, over a sphere of radius R:

Note: Z - 7 = cos(0)

Interpretation: If we send a stream into a sphere and it goes out of it the content of the sphere will
remain unchanged, so the flux will be zero if the incoming rate equals the outgoing rate.

Spherical part J
js = E Im (@e—ikr . V@eikr>

m
. h 0" . o) .
7']5=—'1m<M€_lkr'f)'Vf( )elkr>:
m r r ;
) e Note:F-V=;
BVOP | (0 e
m r or r
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Wave function for scattering free particles

m r

r2

nOr (e_m ikrel* — eikr>

h If (8)]? _Im(ikr— 1) _

m r

ﬁ_ 1F(0)|? . (f) _ Note: Im (riz) =0
m r m r)

hk 1f(O)I

m r2

The flux @4 over a sphere of radius r:
. . hk 0)|?
dbs=# ]S-dc'i=# (]s'T)T‘ZdQ=—'# _|f(2)| r2dQ =
R R m Jg T

Rk ,
o ff @ Pan

We rewrite the angular element dQ.:

dQ = sin(0)dOde
We get:

hk 2T T
o, = o f f |f(8)|?sin(8)dOde =

@=076=0

2mwhk (™

| (6)1%sin(6)do
6=0

Interference part

The interference term J,,; is given by:

r

j. = E -Im e—ikZVf(G) elkr 4 f(e)* e ikrypikz
int = r

We compute:

- h : o) . )" _. .

- int = Falm <e—lkzvj¥elkr + f(r) e—tkrvelkz> —
E-Im <€_ik27'V@€ikr +f(9)* e—ikr;, Veikz)
m r r
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Wave function for scattering free particles

We calculate separately:

e—ikz? v <f(0) eikr) — f(f)* e—ikr? . veikz —
T
. etkr fO) ko oikz
f(g)e—lkz?,v< - ) — - e 2 Tr Zel Z —
. k _ k —_—
floye-iea M € ax
-TZ f(@)* —ikr2 4 ikz
£(8)e-zeikr ikr —1 _ Te T E et =
r2
d
O (1 2
Telk(r z) (lk - ;) 0z

* 0
f(g) e—ik?"f.’ . 0 —
r ikeikz

@e—ikr,ﬁ. 7

" 7 iketkz
As we use R > 1 we concentrate on:
ikf(G) eik(r—z)
r
We use:
z =r cos(0) | 7+Z = cos(0)
We get:
e~ ikzg . V<f(9) eikr) ~ ik Q) gtkr(1-cos(9)) @e—ikr; . Veikz =
r r T
f(f) ik COS(Q)e—ikr(l—cos(e))

We combine the results:

N h . (7] . 0)* ] .
Pl = m (e_lkzF SO i SO e_lkrf_wkz> N
m r r

% 1m (i(f (0)e™r(1=<05®) 1 £(6)* cos(§)e~kr(1-cos®))) =

%. (f(@)eikr(l—cos(e)) + f(g)*cos(g)e—ikr(l—cos(@)))
Remark:

The local flux 7 - J;,,; appears to go like % but integrating the sphere over 8 gives another factor%

keeping the total flux finite.
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