Expectation values for x and p in the square well

This paper deals with expectation values in a square well. It is based on Problem 5, Chapter 3, of
Hans Ohanian's “Principles of Quantum Mechanics".

Note: Without a CAS the calculations will not be easy to handle.

A good place for the integrals is https://www.integralrechner.de/

Hope | can help you learning quantum mechanics.
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Expectation values for x and p in the square well

A particle of mass m moves in an infinite square well with x € [0, a].

We know the eigenstates of the infinite square well:

2 o mux
Y, (x) = Esm (T),n =123,..

We know the associated energies:

n?h?m?

2ma?

n=—

We use the wave function:

W(x,0)=£ﬁ5in(2%)+ﬁﬁsm(?)

This is not an energy eigenstate (the function is not periodic with respectto a ...), but itis a

superposition of the eigenstates:
2 [2nx
Y,(x) = |—sin (—)
a a

Y (x) = \/gsin (?)

1 2
¥(x,0) =\/;Lp2(x) +\/;qj3(x)

We use the time evolution of energy eigenstates:

Y(x,t) = \/%‘PZ(x)exp (—i%t) + \/§W3(x)xp (—i%t)

We resolve the energies E, and E5:

4h2m? 9h2m?
Ey =——E3=

ma 2ma?

We will need the difference E; — E5:

4h%°m? 9?2 5h%m?

ma? 2ma? 2ma?

We calculate:

WO = |ow S P 3y =
(x,t) = 3 Z(x)exp( e ) 3 3(x)exp< i~ >_
1 (2 . (271x> ( E5 t)+ 2 |2 (3nx) ( E3 t)—
3 asm o exp | —i o 3 asm o exp | —i 2t =
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Expectation values for x and p in the square well

2 (an) ( 'E2t>+ 4 (3nx> ( 'E3t)
3aSln 2 exp l 7 3aSlTl a exp l 7

We calculate the expectation value for position {x):

(x) = fa‘lj*(x, t)-X-W¥(x, t)dx =
0

We calculate the interior of the integral, remembering that W(x, t) is a real function and the
operator X becomes the multiplication with x:

Y*(x,t) - X -P(x,t) =

o[ [fmn (i) Prcen(i2)
[ () s ()
o (et [P (720 (7
2 (9,00)°
(B ) e ) (252
¢ o ()on (e (7)o 0 (29 ) -

2 ([ 2ma\\’ 8  2mx\  (3mx E,—E; 4 3\
x| —| sin (—) + 2 —sm( )sm( )cos( t) + —1\ sin (—) =
3a a 9q? a a h 3a a
2 2
2 . (2mx . (2mx\ | (3mx E, —E3 . (3nx
x—| | sin (—) + \/§sm ( ) sin ( ) cos ( t) + 2| sin (—)
3a a a a h a

We look at Wikipedia:

2
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Expectation values for x and p in the square well

We build the complete integral:
2 (@ 2\ \ 2 2 E,—E a 1 mx
— | x- sin(—) dx+—cos( 2 3t>f x-2\/§—cos(——)dx
3a ), a 3a h 0 2 a
2 E,—E a 1 Smx 2 (@ 3mxy |
——cos( z 3t)f x-2x/§—cos(—>dx+—f 2x sin(—) dx =
3a h 0 2 a 3a ), a
2 (@ 2y \° 2W2 (B, —E a mx
— | x- sin(—) dx + cos( z St)f x-cos(——)dx
3al, a 3a h 0 a

2V2  (E,—E; \ (® Smx 4 (% [ 3any)
- cos( t)f X " CcoS (—)dx+—f X sm(—) dx =;
3a h 0 a 3a ), a

We use https://www.integralrechner.de/

2fa _(an)zd _a?2 1
3a), 7 """\ g *T43a 6"
@ 2\/2 (EZ_E?,t)ja ( T[X)d _ 2(12 2\/2 (EZ—E3 t)
3a coS 7 . X C0S a X = 7_[2 3a coS 7
2V2 E, —E; \ [® Smx 2a% 22 E, — E;
~ g o5 (Ft) [ eos () = a3 o5 (B )
4[“ ) (3nx) 2d _at4 1
3a), “\°""\q * =43¢ 3%

We build the middle sum +

2a% 242 E, — E; 2a% 22 E, — E;
COS( t) ( t)
2572 3a h m? 3a h
2a% 2v2  2a%2V2 E, — E;
—_— coS ( t) =
252 3a 7?2 3a h

2a°2v2 /1 25 E,—E;
(-3 (5570
m23a \25 25 h

2a22\/§< 24) <E2—E3 t)_
m23a 25 cos h B

96a~2 E, — E; .
- coS =
7512 ( h )

32(1\/7 E2 - E3 t
- cosS
25712 ( h )

Result:
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Expectation values for x and p in the square well

We get:
= af X 322 Shr?
X =U 27T 2502 %%\ T 2maz
Quickcheck:
32av/2
a7 = 0.18 = (x) € [0,a]

We calculate the expectation value for momentum (p):

(p) = j Y (x,t)-p-¥P(x, t)dx
0

The momentum operator in position representation:

. ha
p= lax

The wave function:

Wi t) = 2 (an) ( 'E2t>+ 4 (37rx> ( 'E3t)
x,t) = 3a5m 7 exp lh 3a5m " exp lh

The expectation value for momentum (p):

(p) = hf an ( E, t) (37rx> (_E3 t)
p i sm exp i~ 3asm 7 exp|i Y
(an) ( 'E2t>+ 4 <3nx> ( _Egt) dx =
ax 3a sin " exp Y 3asm 7 exp i~ X =

,h.[“ 2 (27rx) (_E2 t) N 4 (3nx) (,E3 t)

l . 3asm 2 pit 7 3asm 2 exp it 7
2 2m (2nx> ( E, t>+ 4 3m (3nx> ( E3 t) dx =
3a a cosS 2 exp l 7 3q a coSs 2 exp l 7 X =

ex
2
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Expectation values for x and p in the square well

4 (3nx) (,E3 t) 2 2m (27rx) ( E, t)
3a3m 7 exp|i » 30 a cos m exp | —i 7
+ 4 (37rx) (,E3 t) 4 3m (an) ( E3 t) dx =
3asm " exp|i n 32 a cos m exp|—i - x =
] J‘a 2 2 (27mx 27rx , 27rx 3mx E, —E5
—ih ——sin (—) cos — m cos (—) exp (l t)
o \3a a a 3a.|3a a a h
i 37rx (an) (_E3 - E, t)
32.13a ln cos 7 exp|i 5
in 37Tx (3nx) dx =
3a.3a a COS a x=

4 2 <2nx) ('Ezt) 4 3m <3nx) ( 'E3t)
gsm T exp l? £7COS T exp lz
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Expectation values for x and p in the square well

(4w 27x 27X 6w /2mx 3mx E, — E;4
—th 55 Sin (—) cos (—) + \/5—2 sin (—) cos (—) exp (l t)
o \3a a a 3a a a h
4t /3nx 2mx Es—E,

+ <ﬁ s () eos () e (75 t))

12 /3nx 3mx
+ sin ( ) cos ( ) dx =
3a? a a

2m (¢ . (2mx 27X
—ih— 2-sin (—) cos (—) dx +
3a? J, a a
a

The integrals:

2w (@ ~(27x 27X
—lh—f 2-sin (—) cos (—) dx =
3a? ), a a
2 E, —E 3
(o) -ingmmeny(E2520e) [ 2 s () cos () s -

th (EZ_E3t> 3-2?a
302 P\ 57

ih

8v2 (_EZ—E3t>
5, exp\t 7

27 E a 3nx 2mx
—ih—exp (i > 2 t) f V2 - 2sin (—) cos (—) dx =
3a? 0 a a
5

th (Eg_Ezt) 3-22a )\
32 P\'T g st |

.h8\/2 ('E3_E2t>
i T exp|i -

2m (° - (3nx 3nx
—lfl—f 6-sin (—) cos (—) dx =0
3a? ), a a
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Expectation values for x and p in the square well

We get the sum of integrals:

_h8\/§ (_EZ—E3t) _h8\/§ (_E3—E2t)_
{ g exp\i 7 l Eexp { 7 =
16v2  (E, —E4
—h o sm( - t)

We replace the energy difference E, — E5:

4h%m?  9h%r? 5h%m?
Ez - E3 =

ma?2 2ma?  2ma?
We get:
162 5hn?
= —h—"Z.sin| - t
(p) 5a sm< 2ma? )

With this we can check the Ehrenfest theorem:
d (x) = ! (p)
dt X = m p

(x)=a

1 322 < 5h7r2>
S

——— ——t
2 25m2 co 2ma?

dt X “dt\  25n2 cos " 2ma? © 2572 s " 2ma? " 2ma?

d d[ 32av2 ( 5h7r2> _32av2 | ( 5hm? )( 5h7r2>

1
=—(p)

S5ma 2ma? m

16AV2 < Shm? >
sin| — t
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  m


  x ∈  [ 0 , a ]


   Ψ  n  ( x ) =   2  a s i n  (   n 𝜋 x  a ) ,   n = 1 , 2 , 3 , …


    E  n =     n 2  ℏ 2   𝜋 2  2 m   a 2


  Ψ  ( x , 0 ) =   1 3   2  a s i n  (   2 𝜋 x  a ) +   2 3   2  a s i n  (   3 𝜋 x  a )


  a


   Ψ 2  ( x ) =   2  a s i n  (   2 𝜋 x  a )


   Ψ 3  ( x ) =   2  a s i n  (   3 𝜋 x  a )


   Ψ 3  ( x ) =   2  a s i n  (   3 𝜋 x  a )


  Ψ  ( x , 0 ) =   1 3  Ψ 2  ( x ) +   2 3  Ψ 3  ( x )


  Ψ  ( x , 0 ) =   1 3  Ψ 2  ( x ) +   2 3  Ψ 3  ( x )


  Ψ  ( x , t ) =   1 3  Ψ 2  ( x ) e x p  ( − i     E 2 ℏ t ) +   2 3  Ψ 3  ( x ) x p  ( − i     E 3 ℏ t )


    E 2


    E 3


    E 2 =   4  ℏ 2   𝜋 2  m   a 2 ,   E 3 =   9  ℏ 2   𝜋 2  2 m   a 2


    E 2 −   E 3


    4  ℏ 2   𝜋 2  m   a 2 −   9  ℏ 2   𝜋 2  2 m   a 2 = −   5  ℏ 2   𝜋 2  2 m   a 2


  Ψ  ( x , t ) =   1 3  Ψ 2  ( x ) e x p  ( − i     E 2 ℏ t ) +   2 3  Ψ 3  ( x ) e x p  ( − i     E 3 ℏ t ) =


    1 3   2  a s i n  (   2 𝜋 x  a ) e x p  ( − i     E 2 ℏ t ) +   2 3   2  a s i n  (   3 𝜋 x  a ) e x p  ( − i     E 3 ℏ t ) =


    1 3   2  a s i n  (   2 𝜋 x  a ) e x p  ( − i     E 2 ℏ t ) +   2 3   2  a s i n  (   3 𝜋 x  a ) e x p  ( − i     E 3 ℏ t ) =


    2  3 a s i n  (   2 𝜋 x  a ) e x p  ( − i     E 2 ℏ t ) +   4  3 a s i n  (   3 𝜋 x  a ) e x p  ( − i     E 3 ℏ t )


   〈 x 〉


   〈 x 〉 =   ∫ 0  a   Ψ ∗  ( x , t ) ∙   x ^ ∙ Ψ  ( x , t ) d x = ;


  Ψ  ( x , t )


    x ^


  x


   Ψ ∗  ( x , t ) ∙   x ^ ∙ Ψ  ( x , t ) =


  x ∙  (   1 3  Ψ 2  ( x ) e x p  ( i     E 2 ℏ t ) +   2 3  Ψ 3  ( x ) e x p  ( i     E 3 ℏ t ) ) ∙  (   1 3  Ψ 2  ( x ) e x p  ( − i     E 2 ℏ t ) +   2 3  Ψ 3  ( x ) e x p  ( − i     E 3 ℏ t ) ) =


  x ∙  (   1 3  Ψ 2  ( x ) e x p  ( i     E 2 ℏ t ) +   2 3  Ψ 3  ( x ) e x p  ( i     E 3 ℏ t ) ) ∙  (   1 3  Ψ 2  ( x ) e x p  ( − i     E 2 ℏ t ) +   2 3  Ψ 3  ( x ) e x p  ( − i     E 3 ℏ t ) ) =


  x ∙  (  1 3    (  Ψ 2  ( x ) ) 2 +   2 9  Ψ 2  ( x )  Ψ 3  ( x ) e x p  ( i     E 2 −   E 3 ℏ t ) +   2 9  Ψ 3  ( x )  Ψ 2  ( x ) e x p  ( i     E 3 −   E 2 ℏ t ) +  2 3    (  Ψ 3  ( x ) ) 2 ) =


  x ∙  (  1 3    (  Ψ 2  ( x ) ) 2 +   2 9  Ψ 2  ( x )  Ψ 3  ( x ) e x p  ( i     E 2 −   E 3 ℏ t ) +   2 9  Ψ 3  ( x )  Ψ 2  ( x ) e x p  ( i     E 3 −   E 2 ℏ t ) +  2 3    (  Ψ 3  ( x ) ) 2 ) =


  x ∙  (  2  3 a    ( s i n  (   2 𝜋 x  a ) ) 2 +   8  9   a 2 s i n  (   2 𝜋 x  a ) s i n  (   3 𝜋 x  a ) e x p  ( i     E 2 −   E 3 ℏ t ) +   8  9   a 2 s i n  (   3 𝜋 x  a ) s i n  (   2 𝜋 x  a ) e x p  ( i     E 3 −   E 2 ℏ t ) +  4  3 a    ( s i n  (   3 𝜋 x  a ) ) 2 ) =


  x ∙  (  2  3 a    ( s i n  (   2 𝜋 x  a ) ) 2 +   8  9   a 2 s i n  (   2 𝜋 x  a ) s i n  (   3 𝜋 x  a ) e x p  ( i     E 2 −   E 3 ℏ t ) +   8  9   a 2 s i n  (   3 𝜋 x  a ) s i n  (   2 𝜋 x  a ) e x p  ( i     E 3 −   E 2 ℏ t ) +  4  3 a    ( s i n  (   3 𝜋 x  a ) ) 2 ) =


  x ∙  (  2  3 a    ( s i n  (   2 𝜋 x  a ) ) 2 +   8  9   a 2 s i n  (   2 𝜋 x  a ) s i n  (   3 𝜋 x  a )  ( e x p  ( i     E 2 −   E 3 ℏ t ) + e x p  ( i     E 3 −   E 2 ℏ t ) ) +  4  3 a    ( s i n  (   3 𝜋 x  a ) ) 2 ) =


  x ∙  (  2  3 a    ( s i n  (   2 𝜋 x  a ) ) 2 +   8  9   a 2 s i n  (   2 𝜋 x  a ) s i n  (   3 𝜋 x  a )  ( e x p  ( i     E 2 −   E 3 ℏ t ) + e x p  ( i     E 3 −   E 2 ℏ t ) ) +  4  3 a    ( s i n  (   3 𝜋 x  a ) ) 2 ) =


  x ∙  (  2  3 a    ( s i n  (   2 𝜋 x  a ) ) 2 + 2   8  9   a 2 s i n  (   2 𝜋 x  a ) s i n  (   3 𝜋 x  a ) c o s  (     E 2 −   E 3 ℏ t ) +  4  3 a    ( s i n  (   3 𝜋 x  a ) ) 2 ) =


  x ∙  (  2  3 a    ( s i n  (   2 𝜋 x  a ) ) 2 + 2   8  9   a 2 s i n  (   2 𝜋 x  a ) s i n  (   3 𝜋 x  a ) c o s  (     E 2 −   E 3 ℏ t ) +  4  3 a    ( s i n  (   3 𝜋 x  a ) ) 2 ) =


  x ∙  2  3 a  (    ( s i n  (   2 𝜋 x  a ) ) 2 +  8 s i n  (   2 𝜋 x  a ) s i n  (   3 𝜋 x  a ) c o s  (     E 2 −   E 3 ℏ t ) + 2    ( s i n  (   3 𝜋 x  a ) ) 2 )


  x ∙  2  3 a  (    ( s i n  (   2 𝜋 x  a ) ) 2 +  8 s i n  (   2 𝜋 x  a ) s i n  (   3 𝜋 x  a ) c o s  (     E 2 −   E 3 ℏ t ) + 2    ( s i n  (   3 𝜋 x  a ) ) 2 )


  s i n  (   2 𝜋 x  a ) s i n  (   3 𝜋 x  a ) =  1 2 c o s  ( −   𝜋 x  a ) −  1 2 c o s  (   5 𝜋 x  a )


   2  3 a   ∫ 0  a  x ∙    ( s i n  (   2 𝜋 x  a ) ) 2 d x +  2  3 a c o s  (     E 2 −   E 3 ℏ t )   ∫ 0  a  x ∙ 2  2  1 2 c o s  ( −   𝜋 x  a ) d x −  2  3 a c o s  (     E 2 −   E 3 ℏ t )   ∫ 0  a  x ∙ 2  2  1 2 c o s  (   5 𝜋 x  a ) d x +  2  3 a   ∫ 0  a  2 x    ( s i n  (   3 𝜋 x  a ) ) 2 d x =


   2  3 a   ∫ 0  a  x ∙    ( s i n  (   2 𝜋 x  a ) ) 2 d x +   2  2  3 a c o s  (     E 2 −   E 3 ℏ t )   ∫ 0  a  x ∙ c o s  ( −   𝜋 x  a ) d x −   2  2  3 a c o s  (     E 2 −   E 3 ℏ t )   ∫ 0  a  x ∙ c o s  (   5 𝜋 x  a ) d x +  4  3 a   ∫ 0  a  x    ( s i n  (   3 𝜋 x  a ) ) 2 d x = ;


   2  3 a   ∫ 0  a  x ∙    ( s i n  (   2 𝜋 x  a ) ) 2 d x +   2  2  3 a c o s  (     E 2 −   E 3 ℏ t )   ∫ 0  a  x ∙ c o s  ( −   𝜋 x  a ) d x −   2  2  3 a c o s  (     E 2 −   E 3 ℏ t )   ∫ 0  a  x ∙ c o s  (   5 𝜋 x  a ) d x +  4  3 a   ∫ 0  a  x    ( s i n  (   3 𝜋 x  a ) ) 2 d x = ;


   2  3 a   ∫ 0  a  x ∙    ( s i n  (   2 𝜋 x  a ) ) 2 d x =     a 2 4  2  3 a =  1 6 a


    2  2  3 a c o s  (     E 2 −   E 3 ℏ t )   ∫ 0  a  x ∙ c o s  ( −   𝜋 x  a ) d x = −   2   a 2    𝜋 2   2  2  3 a c o s  (     E 2 −   E 3 ℏ t )


    2  2  3 a c o s  (     E 2 −   E 3 ℏ t )   ∫ 0  a  x ∙ c o s  ( −   𝜋 x  a ) d x = −   2   a 2    𝜋 2   2  2  3 a c o s  (     E 2 −   E 3 ℏ t )


  −   2  2  3 a c o s  (     E 2 −   E 3 ℏ t )   ∫ 0  a  x ∙ c o s  (   5 𝜋 x  a ) d x =   2   a 2  25   𝜋 2   2  2  3 a c o s  (     E 2 −   E 3 ℏ t )


  −   2  2  3 a c o s  (     E 2 −   E 3 ℏ t )   ∫ 0  a  x ∙ c o s  (   5 𝜋 x  a ) d x =   2   a 2  25   𝜋 2   2  2  3 a c o s  (     E 2 −   E 3 ℏ t )


   4  3 a   ∫ 0  a  x    ( s i n  (   3 𝜋 x  a ) ) 2 d x =     a 2 4  4  3 a =  1 3 a


   4  3 a   ∫ 0  a  x    ( s i n  (   3 𝜋 x  a ) ) 2 d x =     a 2 4  4  3 a =  1 3 a


    2   a 2  25   𝜋 2   2  2  3 a c o s  (     E 2 −   E 3 ℏ t ) −   2   a 2    𝜋 2   2  2  3 a c o s  (     E 2 −   E 3 ℏ t ) =


   (   2   a 2  25   𝜋 2   2  2  3 a −   2   a 2    𝜋 2   2  2  3 a ) c o s  (     E 2 −   E 3 ℏ t ) =


   (   2   a 2  25   𝜋 2   2  2  3 a −   2   a 2    𝜋 2   2  2  3 a ) c o s  (     E 2 −   E 3 ℏ t ) =


    2   a 2 2  2    𝜋 2 3 a  (  1 25 −  25 25 ) c o s  (     E 2 −   E 3 ℏ t ) =


    2   a 2 2  2    𝜋 2 3 a  (  1 25 −  25 25 ) c o s  (     E 2 −   E 3 ℏ t ) =


    2   a 2 2  2    𝜋 2 3 a  ( −  24 25 ) c o s  (     E 2 −   E 3 ℏ t ) =


    2   a 2 2  2    𝜋 2 3 a  ( −  24 25 ) c o s  (     E 2 −   E 3 ℏ t ) =


  −   96 a  2  75   𝜋 2 c o s  (     E 2 −   E 3 ℏ t ) =


  −   96 a  2  75   𝜋 2 c o s  (     E 2 −   E 3 ℏ t ) =


  −   32 a  2  25   𝜋 2 c o s  (     E 2 −   E 3 ℏ t )


  −   32 a  2  25   𝜋 2 c o s  (     E 2 −   E 3 ℏ t )


   〈 x 〉 =  1 2 a −   32 a  2  25   𝜋 2 c o s  (     E 2 −   E 3 ℏ t )


    E 2 −   E 3


    E 2 −   E 3 = −   5  ℏ 2   𝜋 2  2 m   a 2


   〈 x 〉 = a  (  1 2 −   32  2  25   𝜋 2 c o s  ( −   5 ℏ   𝜋 2  2 m   a 2 t ) )


    32 a  2  25   𝜋 2 ≅ 0 . 18 ⟹  〈 x 〉 ∈  [ 0 , a ]


   〈 p 〉


   〈 p 〉 =   ∫ 0  a   Ψ ∗  ( x , t ) ∙   p ^ ∙ Ψ  ( x , t ) d x


    p ^ = − i ℏ   𝜕  𝜕 x


  Ψ  ( x , t ) =   2  3 a s i n  (   2 𝜋 x  a ) e x p  ( − i     E 2 ℏ t ) +   4  3 a s i n  (   3 𝜋 x  a ) e x p  ( − i     E 3 ℏ t )


   〈 p 〉


   〈 p 〉 = − i ℏ   ∫ 0  a    2  3 a s i n  (   2 𝜋 x  a ) e x p  ( i     E 2 ℏ t ) +   4  3 a s i n  (   3 𝜋 x  a ) e x p  ( i     E 3 ℏ t ) ∙   𝜕  𝜕 x  (   2  3 a s i n  (   2 𝜋 x  a ) e x p  ( − i     E 2 ℏ t ) +   4  3 a s i n  (   3 𝜋 x  a ) e x p  ( − i     E 3 ℏ t ) ) d x =


  − i ℏ   ∫ 0  a    2  3 a s i n  (   2 𝜋 x  a ) e x p  ( i     E 2 ℏ t ) +   4  3 a s i n  (   3 𝜋 x  a ) e x p  ( i     E 3 ℏ t ) ∙  (   2  3 a   2 𝜋  a c o s  (   2 𝜋 x  a ) e x p  ( − i     E 2 ℏ t ) +   4  3 a   3 𝜋  a c o s  (   3 𝜋 x  a ) e x p  ( − i     E 3 ℏ t ) ) d x =


  − i ℏ   ∫ 0  a    2  3 a s i n  (   2 𝜋 x  a ) e x p  ( i     E 2 ℏ t ) +   4  3 a s i n  (   3 𝜋 x  a ) e x p  ( i     E 3 ℏ t ) ∙  (   2  3 a   2 𝜋  a c o s  (   2 𝜋 x  a ) e x p  ( − i     E 2 ℏ t ) +   4  3 a   3 𝜋  a c o s  (   3 𝜋 x  a ) e x p  ( − i     E 3 ℏ t ) ) d x =


  − i ℏ   ∫ 0  a   (   2  3 a s i n  (   2 𝜋 x  a ) e x p  ( i     E 2 ℏ t ) )  (   2  3 a   2 𝜋  a c o s  (   2 𝜋 x  a ) e x p  ( − i     E 2 ℏ t ) ) +  (   2  3 a s i n  (   2 𝜋 x  a ) e x p  ( i     E 2 ℏ t ) )  (   4  3 a   3 𝜋  a c o s  (   3 𝜋 x  a ) e x p  ( − i     E 3 ℏ t ) ) +  (   4  3 a s i n  (   3 𝜋 x  a ) e x p  ( i     E 3 ℏ t ) )  (   2  3 a   2 𝜋  a c o s  (   2 𝜋 x  a ) e x p  ( − i     E 2 ℏ t ) ) +  (   4  3 a s i n  (   3 𝜋 x  a ) e x p  ( i     E 3 ℏ t ) )  (   4  3 a   3 𝜋  a c o s  (   3 𝜋 x  a ) e x p  ( − i     E 3 ℏ t ) ) d x =


  − i ℏ   ∫ 0  a   (  2  3 a   2 𝜋  a s i n  (   2 𝜋 x  a ) )  ( c o s  (   2 𝜋 x  a ) ) +  (   2  3 a   4  3 a   3 𝜋  a s i n  (   2 𝜋 x  a ) c o s  (   3 𝜋 x  a ) e x p  ( i     E 2 −   E 3 ℏ t ) ) +  (   4  3 a   2  3 a   2 𝜋  a s i n  (   3 𝜋 x  a ) c o s  (   2 𝜋 x  a ) e x p  ( i     E 3 −   E 2 ℏ t ) ) +  (   4  3 a   4  3 a   3 𝜋  a s i n  (   3 𝜋 x  a ) c o s  (   3 𝜋 x  a ) ) d x =


  − i ℏ   ∫ 0  a   (  2  3 a   2 𝜋  a s i n  (   2 𝜋 x  a ) )  ( c o s  (   2 𝜋 x  a ) ) +  (   2  3 a   4  3 a   3 𝜋  a s i n  (   2 𝜋 x  a ) c o s  (   3 𝜋 x  a ) e x p  ( i     E 2 −   E 3 ℏ t ) ) +  (   4  3 a   2  3 a   2 𝜋  a s i n  (   3 𝜋 x  a ) c o s  (   2 𝜋 x  a ) e x p  ( i     E 3 −   E 2 ℏ t ) ) +  (   4  3 a   4  3 a   3 𝜋  a s i n  (   3 𝜋 x  a ) c o s  (   3 𝜋 x  a ) ) d x =


  − i ℏ   ∫ 0  a   (   4 𝜋  3   a 2 s i n  (   2 𝜋 x  a ) c o s  (   2 𝜋 x  a ) ) +  (   8  9   a 2   3 𝜋  a s i n  (   2 𝜋 x  a ) c o s  (   3 𝜋 x  a ) e x p  ( i     E 2 −   E 3 ℏ t ) ) +  (   8  9   a 2   2 𝜋  a s i n  (   3 𝜋 x  a ) c o s  (   2 𝜋 x  a ) e x p  ( i     E 3 −   E 2 ℏ t ) ) +  (   12 𝜋  3   a 2 s i n  (   3 𝜋 x  a ) c o s  (   3 𝜋 x  a ) ) d x =


  − i ℏ   ∫ 0  a   (   4 𝜋  3   a 2 s i n  (   2 𝜋 x  a ) c o s  (   2 𝜋 x  a ) ) +  (   8  9   a 2   3 𝜋  a s i n  (   2 𝜋 x  a ) c o s  (   3 𝜋 x  a ) e x p  ( i     E 2 −   E 3 ℏ t ) ) +  (   8  9   a 2   2 𝜋  a s i n  (   3 𝜋 x  a ) c o s  (   2 𝜋 x  a ) e x p  ( i     E 3 −   E 2 ℏ t ) ) +  (   12 𝜋  3   a 2 s i n  (   3 𝜋 x  a ) c o s  (   3 𝜋 x  a ) ) d x =


  − i ℏ   ∫ 0  a   (   4 𝜋  3   a 2 s i n  (   2 𝜋 x  a ) c o s  (   2 𝜋 x  a ) ) +  (   8  9   a 2   3 𝜋  a s i n  (   2 𝜋 x  a ) c o s  (   3 𝜋 x  a ) e x p  ( i     E 2 −   E 3 ℏ t ) ) +  (   8  9   a 2   2 𝜋  a s i n  (   3 𝜋 x  a ) c o s  (   2 𝜋 x  a ) e x p  ( i     E 3 −   E 2 ℏ t ) ) +  (   12 𝜋  3   a 2 s i n  (   3 𝜋 x  a ) c o s  (   3 𝜋 x  a ) ) d x =


  − i ℏ   ∫ 0  a   (   4 𝜋  3   a 2 s i n  (   2 𝜋 x  a ) c o s  (   2 𝜋 x  a ) ) +  (   8  9   a 2   3 𝜋  a s i n  (   2 𝜋 x  a ) c o s  (   3 𝜋 x  a ) e x p  ( i     E 2 −   E 3 ℏ t ) ) +  (   8  9   a 2   2 𝜋  a s i n  (   3 𝜋 x  a ) c o s  (   2 𝜋 x  a ) e x p  ( i     E 3 −   E 2 ℏ t ) ) +  (   12 𝜋  3   a 2 s i n  (   3 𝜋 x  a ) c o s  (   3 𝜋 x  a ) ) d x =


  − i ℏ   ∫ 0  a   (   4 𝜋  3   a 2 s i n  (   2 𝜋 x  a ) c o s  (   2 𝜋 x  a ) ) +  (  2   6 𝜋  3   a 2 s i n  (   2 𝜋 x  a ) c o s  (   3 𝜋 x  a ) e x p  ( i     E 2 −   E 3 ℏ t ) ) +  (  2   4 𝜋  3   a 2 s i n  (   3 𝜋 x  a ) c o s  (   2 𝜋 x  a ) e x p  ( i     E 3 −   E 2 ℏ t ) ) +  (   12 𝜋  3   a 2 s i n  (   3 𝜋 x  a ) c o s  (   3 𝜋 x  a ) ) d x =


  − i ℏ   2 𝜋  3   a 2   ∫ 0  a   ( 2 ∙ s i n  (   2 𝜋 x  a ) c o s  (   2 𝜋 x  a ) ) +  (  2 ∙ 3 s i n  (   2 𝜋 x  a ) c o s  (   3 𝜋 x  a ) e x p  ( i     E 2 −   E 3 ℏ t ) ) +  (  2 ∙ 2 s i n  (   3 𝜋 x  a ) c o s  (   2 𝜋 x  a ) e x p  ( i     E 3 −   E 2 ℏ t ) ) +  ( 6 s i n  (   3 𝜋 x  a ) c o s  (   3 𝜋 x  a ) ) d x =


  − i ℏ   2 𝜋  3   a 2   ∫ 0  a   ( 2 ∙ s i n  (   2 𝜋 x  a ) c o s  (   2 𝜋 x  a ) ) +  (  2 ∙ 3 s i n  (   2 𝜋 x  a ) c o s  (   3 𝜋 x  a ) e x p  ( i     E 2 −   E 3 ℏ t ) ) +  (  2 ∙ 2 s i n  (   3 𝜋 x  a ) c o s  (   2 𝜋 x  a ) e x p  ( i     E 3 −   E 2 ℏ t ) ) +  ( 6 s i n  (   3 𝜋 x  a ) c o s  (   3 𝜋 x  a ) ) d x =


  − i ℏ   2 𝜋  3   a 2   ∫ 0  a  2 ∙ s i n  (   2 𝜋 x  a ) c o s  (   2 𝜋 x  a ) d x +


  − i ℏ   2 𝜋  3   a 2   ∫ 0  a  2 ∙ s i n  (   2 𝜋 x  a ) c o s  (   2 𝜋 x  a ) d x +


  − i ℏ   2 𝜋  3   a 2 e x p  ( i     E 2 −   E 3 ℏ t )   ∫ 0  a   2 ∙ 3 s i n  (   2 𝜋 x  a ) c o s  (   3 𝜋 x  a ) d x +


  − i ℏ   2 𝜋  3   a 2 e x p  ( i     E 2 −   E 3 ℏ t )   ∫ 0  a   2 ∙ 3 s i n  (   2 𝜋 x  a ) c o s  (   3 𝜋 x  a ) d x +


  − i ℏ   2 𝜋  3   a 2 e x p  ( i     E 3 −   E 2 ℏ t )   ∫ 0  a   2 ∙ 2 s i n  (   3 𝜋 x  a ) c o s  (   2 𝜋 x  a ) d x +


  − i ℏ   2 𝜋  3   a 2 e x p  ( i     E 3 −   E 2 ℏ t )   ∫ 0  a   2 ∙ 2 s i n  (   3 𝜋 x  a ) c o s  (   2 𝜋 x  a ) d x +


  − i ℏ   2 𝜋  3   a 2   ∫ 0  a  6 ∙ s i n  (   3 𝜋 x  a ) c o s  (   3 𝜋 x  a ) d x = ;


  − i ℏ   2 𝜋  3   a 2   ∫ 0  a  6 ∙ s i n  (   3 𝜋 x  a ) c o s  (   3 𝜋 x  a ) d x = ;


  − i ℏ   2 𝜋  3   a 2   ∫ 0  a  2 ∙ s i n  (   2 𝜋 x  a ) c o s  (   2 𝜋 x  a ) d x = 0


  − i ℏ   2 𝜋  3   a 2 e x p  ( i     E 2 −   E 3 ℏ t )   ∫ 0  a   2 ∙ 3 s i n  (   2 𝜋 x  a ) c o s  (   3 𝜋 x  a ) d x =


  − i ℏ   2 𝜋  3   a 2 e x p  ( i     E 2 −   E 3 ℏ t )   ∫ 0  a   2 ∙ 3 s i n  (   2 𝜋 x  a ) c o s  (   3 𝜋 x  a ) d x =


  − i ℏ   2 𝜋  3   a 2 e x p  ( i     E 2 −   E 3 ℏ t )  ( −   3 ∙  2   5 2 a  5 𝜋 ) =


  − i ℏ   2 𝜋  3   a 2 e x p  ( i     E 2 −   E 3 ℏ t )  ( −   3 ∙  2   5 2 a  5 𝜋 ) =


  i ℏ   8  2  5 a e x p  ( i     E 2 −   E 3 ℏ t )


  i ℏ   8  2  5 a e x p  ( i     E 2 −   E 3 ℏ t )


  − i ℏ   2 𝜋  3   a 2 e x p  ( i     E 3 −   E 2 ℏ t )   ∫ 0  a   2 ∙ 2 s i n  (   3 𝜋 x  a ) c o s  (   2 𝜋 x  a ) d x =


  − i ℏ   2 𝜋  3   a 2 e x p  ( i     E 3 −   E 2 ℏ t )   ∫ 0  a   2 ∙ 2 s i n  (   3 𝜋 x  a ) c o s  (   2 𝜋 x  a ) d x =


  − i ℏ   2 𝜋  3   a 2 e x p  ( i     E 3 −   E 2 ℏ t )  (   3 ∙  2   5 2 a  5 𝜋 ) =


  − i ℏ   2 𝜋  3   a 2 e x p  ( i     E 3 −   E 2 ℏ t )  (   3 ∙  2   5 2 a  5 𝜋 ) =


  − i ℏ   8  2  5 a e x p  ( i     E 3 −   E 2 ℏ t )


  − i ℏ   8  2  5 a e x p  ( i     E 3 −   E 2 ℏ t )


  − i ℏ   2 𝜋  3   a 2   ∫ 0  a  6 ∙ s i n  (   3 𝜋 x  a ) c o s  (   3 𝜋 x  a ) d x = 0


  − i ℏ   2 𝜋  3   a 2   ∫ 0  a  6 ∙ s i n  (   3 𝜋 x  a ) c o s  (   3 𝜋 x  a ) d x = 0


  i ℏ   8  2  5 a e x p  ( i     E 2 −   E 3 ℏ t ) − i ℏ   8  2  5 a e x p  ( i     E 3 −   E 2 ℏ t ) =


  − ℏ   16  2  5 a ∙ s i n  (     E 2 −   E 3 ℏ t )


  − ℏ   16  2  5 a ∙ s i n  (     E 2 −   E 3 ℏ t )


    E 2 −   E 3


    E 2 −   E 3 =   4  ℏ 2   𝜋 2  m   a 2 −   9  ℏ 2   𝜋 2  2 m   a 2 = −   5  ℏ 2   𝜋 2  2 m   a 2


   〈 p 〉 = − ℏ   16  2  5 a ∙ s i n  ( −   5 ℏ   𝜋 2  2 m   a 2 t )


    d  d t  〈 x 〉 =  1  m  〈 p 〉


   〈 x 〉 = a  (  1 2 −   32  2  25   𝜋 2 c o s  ( −   5 ℏ   𝜋 2  2 m   a 2 t ) )


   〈 x 〉 = a  (  1 2 −   32  2  25   𝜋 2 c o s  ( −   5 ℏ   𝜋 2  2 m   a 2 t ) )


    d  d t  〈 x 〉 =   d  d t  ( −   32 a  2  25   𝜋 2 c o s  ( −   5 ℏ   𝜋 2  2 m   a 2 t ) ) =   32 a  2  25   𝜋 2 s i n  ( −   5 ℏ   𝜋 2  2 m   a 2 t )  ( −   5 ℏ   𝜋 2  2 m   a 2 ) =


    d  d t  〈 x 〉 =   d  d t  ( −   32 a  2  25   𝜋 2 c o s  ( −   5 ℏ   𝜋 2  2 m   a 2 t ) ) =   32 a  2  25   𝜋 2 s i n  ( −   5 ℏ   𝜋 2  2 m   a 2 t )  ( −   5 ℏ   𝜋 2  2 m   a 2 ) =


  −   16 ℏ  2  5 m a s i n  ( −   5 ℏ   𝜋 2  2 m   a 2 t ) =  1  m  〈 p 〉


  −   16 ℏ  2  5 m a s i n  ( −   5 ℏ   𝜋 2  2 m   a 2 t ) =  1  m  〈 p 〉

