Trigonometric identities

In quantum mechanics observables are real. As we work with complex numbers, results are often
presented in terms of sin and cos. During the process of calculation these are not visible.

This paper takes trigonometric identities and translate them to the according exponentials in order
to help detecting them during messy calculations. You may also find that there is a lot more of
trigonometric identities you can produce with exponentials.

Hope | can help you with learning quantum mechanics.
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Trigonometric identities
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Trigonometric identities

o0 _ p=i0
sin(@) = —
2.1
ei(—e) _ e—i(—B) plf _ o—if
sin(—8) = - =— — = —sin(6)
21 2+
0l 4 o0
cos(0) =
2
el(=0) 4 o=i(=0) =it 4 0
COS(_H) = = = COS(Q)
2 2
( ) 6 _ e—iG . .
sin(6 — elf — o7t
tan(0) = = -92 l_-g =—i
cos(9) e +e™ ol 4 o—if
2
el(=0) _ p—i(=6)
sin(—6) 2. ' e — e
tan(=0) = cos(—0)  el0) 4 gi(-0) ' gm0 4 i —tan(6)
2
o el — e Q0 _ 70 1 o . 1 .
sin(6 = . = (20 _ pifp=if 4 ,=i20) _ _Z(pi20 _ o o ,i20)
(sin(®)) 2+ 2+ 3¢ ) =3¢ )
1 1, . .
—__(piz20 —i20
572 (e'28 + e7129)
2 P4 Q0470 1 o ) 1 . )
(cos())" = S T, T (e + 2™ + e72%) = 2 (e +2+e72%) =

1 1, . .
Z 1 (piz20 —i26
5 + 2 (e'28 + e7129)

Note: This example shows the symmetry of (sin(@))2 and (005(9))2 to %

2 2 1 1 . ) 1 1 . )
(sin(8))" + (cos(8))” = 5 Z(6126 +ei26) 4 ~+ Z(elze +ei20) = 1
Alternativ:

_ 5 , el _ i i _ o=if 0 4 o=i8 oiO 4 ,—i6
(sin())” + (cos(8))” = B T + z z —

%((eize + 210710 4 o=120) _ (gi20 _ 2¢i0pif 4 e—izG)) —

4 . )
Z(elee—ze) =1
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eiZB _ e—iZB (eiG)Z _ (e—iG)Z (eiﬁ _ e—iﬁ)(eie + e—i9)

sin(2-0) = = =
( ) 21 21 21
i0 -i0 i0 -0 i -i0
el —e™! -(ei9+e_i9):2-el —e' t _e‘ +et _
21 21 2
2 -sin(0) - cos(0)
2.0 6?0 4 720 (02 4 (¢79)2  (£9)2 42 4 (e7)% — 2
cos(2 - = = — _
2 2 2
(eie)z 12 eifp—i0 4 (e—iG)z -2 (eie n e—i@)z L
2 B 2 a
eif 4 o—if 2
2. (T> 1=
2
2-(cos(8))" -1
Alternative:
pi20 4 p—i20 (ei9)2+(e—i6)2
cos(2-0) = 3 = 5 =
(eie)z + (e—ie)z + (eie)z n (e—ie)z ~
2-2 a
i6)2 RT: T -i0)?2 i6\2 _ 5 _i0 -0 -i8\2
(e)+Zee +(e )+(e) 2et%e +(e )_
2-2 B
(eie)z 4 2ei00-10 4 (e—ie)z N (eie)z _ 2eifp=if 4 (e—ie)z ~
2-2 2-2 a
(eie)z 4 2pi0p—i0 4 (e—ie)z (eie)z _2pifp-if 4 (e—ie)z ~
2-2 —(2-2) B
elf 4 o—if 2 el _ o—if 2 ~
2 B 20 B
2 . 2
(605(9)) — (sm(@))
plf _ gm0 i0 4 p=ib
sin(2 - 0) 2: 2.7 2
tan(2-0) = = L -
( ) cos(2-80) l0 4 o—i0\? it _ =it ?
2 B 2
. ol _ o—if . eif 4 o—if
21 2 _
220 1 0pif0g—i0 y g—i20 ,i20 _ 2,i0,-10 + o-i20
) + )
.. el _ =i oif 4 p—if

2.1 2 _
ei29 + zeiee—ie + e—iZG + eiZG — zeiQe—iG + e—i29 -
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2 20 t g0
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2 tan(0) _
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(eie _ e—ie)z (eie _ e—ie)z 4eife-i0
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2 -tan(6)
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2 -tan(0) _
120 _ 2pl0g—10 1 o—120 4 410010
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2 -tan(6)

0 1 o-i0y2
—(tan(0))” + %

2 -tan(@)
1- (tan(@))2

—(tan(B))2 +

—(tan(@))2 +¢

ei@ _ e—ie ei(p _ e—i(p
sin(0) + sin(e) = — + — =
"l

2+
ei6 + ei(p _ e—16 — e lp
2 4.1 N
) SO ) A A
4.1 N
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ei(e-l—T(p) — e_ (6+T<p) 61(6;‘/’) + e_l(e;p)
2 -sin(9+ )-005(9;(p>
. . ez@ _ e—LG ei(p — el
sin(0) — sin(e) = T T
ei9 _ 6—19 _ ei(p 4+ e—i(p
2-1 -
ei@ + e—i(p _ e—ie _ ei(p
2-1 -
5 eiG + e—i(p _ e—i9 _ ei(p B
4-i B
) ) )R 55
4 -
A7)y AP) AP, )
2 4-0 B
ei(e;p) — e_i(e;p) e_i(ez(p) + ei(HT(p)
2 -sin(e _(p)-cos<6 +<p)
2 2
i6 —i6 ip —ip
cos(0) + cos(p) = ¢ +2e +e -|-2e =
el® 4 o710 4 oo 4 o0
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el 470 Qv 4 i
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2 . el(6+(p) — 2 . e_l((p+9)
—i— - - — =
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1
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2 2
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7 -
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1
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(et + e~i0)(ei® + e~i¥) -
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g _ e—LG P 4 o7l

sin(@) - cos(p) = c

2-i 2
410 B

4-i B

+ =
4 4

+
2.1 2.1

1 . .
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el0+9) _ oi(6-9) _ ,i(9—=0) 4 ,—i(p+6)
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