Uncertainty Relation for Gauss Wave Packet

The uncertainty relation for momentum and position in both momentum and position representation.
Related information you may find at:

https://www.doe.carleton.ca/~tjs/475 pdf 02/snew5.pdf

https://quantummechanics.ucsd.edu/ph130a/130 notes/node79.html

Hope | can help you with learning quantum mechanics.
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Uncertainty Relation for Gauss Wave Packet
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Uncertainty Relation for Gauss Wave Packet

Position and momentum

The position wave function:

P(x) = (x[y)

The momentum wave function:

P() = (plp)

W) = Gl = [ Gelp)ply)dp =
f (plx)d(p)dp =
1 *© DN -
T Lo exp (lgx)w(p)dp
Note: We get ¥ (x) by integrating over all
possible momenta p.

Mm=mwvj‘wmmww=
f<mwmm=
1

mf_o:o exp (—i%x)lp(x)dx

Note: We get 1(p) by integrating over all
possible coordinates x.

Note: inserting |p){p| resp. |x){x| is called resolvin

g the identity.

The effect of the position operator X and
momentum operator P in position
representation:

XY =% Y0
PY(x) = ~ih—p(x)

The effect of the position operator X and
momentum operator P in momentum
representation:

_ d .
XY(p) = ihd—pl/J(P)
PY(p) =p-P(p)

We use a Gauss wave function in momentum representation:

. Vo
Y(@p) =——e
n#Vh
The shape of the function looks like:
()

o

_a?(p —po)?
2n2

)

yeo

ol

The factor @ chosen for the function to be normalized:

mavh

<ww=f|ﬂmﬁw=1
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Uncertainty Relation for Gauss Wave Packet

Calculating the momentum uncertainty by use of the momentum wave function

We calculate the expectation value (P}, in momentum representation:
® = 2
(Pl = WIPy = [ - [5G dp =

wap.exp(_M>dp -,
o n? '

We replace:
P—Po=q—>p=q+pydp—dq
o o) O.Z(q)z
— + rexp| ————|dq =
hﬁf_m(q Po) p( 2 > q
L]wq.exp< 2(Q))dq f p exp( 2(Q)Z)dq:
o h? Ao’ h?
o [} Uz(q)z
+— rexp| ————]dq =
h\/Ej_wpo p( Rz ) 1
o J-oo < O.Z(q)2>d
 — ex — =
Po =3 14 PP q
o h\/_
Po h\/_ o
Po
We get:
(P)y = Do

We calculate the expectation value (Pz)ll,:

(P2)y = (WIP? ) =

o (°, a%(p — po)* Iy =
IN;: _Oop expl\———7 )P =;
P—Do=q—>p=4q+podp—dq
o (o) 0.2q2
ﬁf_m(CI‘FPo)z'exp(_ 72 )dq:
o %) X . - O.ZqZ d 3
TN _m(q +2poq +po”) - exp| ——5—|dg =
o f°° 5 a2q? do + o f”z a2q? p
Py _ooq exp 2 ) da Py Doq * exp 2 ) da
L9 (7, a’q _
_+h\/Ef_°op0 exp( e >dq

We replace:
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Uncertainty Relation for Gauss Wave Packet

oh3\m polohvT
+0+ =
203m/n ohT
hZ

2
F"‘Po

We get:

hZ
(P?)y = S5zt Po’

We get the uncertainty for the momentum:

h
(AP)y = /(chp —(P)?y = o3

Note: this is the statistical variance.

Calculating the position uncertainty by use of the position wave function
We calculate the Gauss wave function in position representation.

We calculate the wave function in position representation:

lp(x)z—l ooex (igx)l[)( )dp =
2mh ) S P g *)vpIep

L Y G ol VY O DI

fln% —oo 2h? h P

We substitute g :=p —py = p = q + po; dp = dq
Vo [ < 0%q*>  q+Dpo >
— | exp|- x|dq =

+1i

3 2
P 2h h
Vo [ o%q* q  .po
F _ooexp<—2—hz+lﬁx+l?x>dq=
T4
Vo Po N (7 o’q* q
Fexp(l?x)-f_mexp<—ﬁ+zﬁx>dq =
T4
ﬁex (i@x)foo exp — azqz—igx dg =;
héph I TP s
T4

. . . o2q® .
We work with the inner expression ( thz - l%x):
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Uncertainty Relation for Gauss Wave Packet

a? 5 i2h
(0" - axgz) =
? 2 2 lh —
W(q menar ?>_
o2 ih h2 h2
— 2 gy 2. 2, ) =
2h2 (q 21qx o2 x o* x 0'4'>
a2 ) ih ) h? h? o2 _
W q _Z.q.x._z_x .F .F-ﬁ_
o[ ih B2\ x?
PTG S ey P
02( ih)2+ x?
2h2 - 02 202
We insert the result:
Vo Po N\ [ a’q®> q o =
gexp(l?x) _Ooexp— pz x| da =

2 2

hra
2

Vo Do ® o i x
_3””(7")]_00””_<W(q_"'?) +F)dq

Vo Do x2\ [® o in\? _
—zexp\iT x5 ) exp— |5z \4 % 3 dq =;

Note: shifting the Gauss integral along the imaginary axis doesn’t change the result of the integral.

Vo Po X\ (% a’q*
—exp l?x—m f_wexp BTy dq =

?x_Zaz o

1 T 92
\/ET[Z h 20

V2 <.P0 x2>
exp|i—x

Result: We get the position wave function ¥ (x) in position representation:

V2 P x?
Y(x) = \/En% exp <l?0x — F)

V2 Do x2
Y (x) = T exp (—l—x——z 2)
We normalize:

i) = [ 9 ewead=1
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Uncertainty Relation for Gauss Wave Packet

f P 0P dx =
f‘”iex P XEN V2 (po  xPY
_oo\/ETL_% P h 202 \/En% P\'% 202 N
2 (% x2 e =
= _wexp 20_2 X =
2
—Jo?mr =2
oVTr

We must correct the factor and get the normalized function:
ex i@x - x_Z
P{\'% 202
1 x?
Pr(x) = T exp (—ip—;x—ﬁ)
Vot

This is a Gauss function, oscillating by exp (ip—;x). The oscillation does not change the expectation
values (X) and (X?).

Y(x) =

1
Vo

We calculate the expectation value of the position operator in position representation (X):

Xy = WIX|Y) =

j xlp(o)|2dx = j W (O () dx =

foo 1 < . Do x2> 1 (.Po x2>d
X" rexp|—i—x—s— | —exp|i—x—>=|dx =
—oo \/ETL'Z h 20 \/ET[Z h 20

1 foo . Do x? . Do x? dx =
py= _oox exp| —im x ——— )rexp|ix — o Jdx =

1 J‘°° ( x2>d 0
—| x-exp|——|dx=
om0 P\"o?

We get:
(X)y =0
We calculate (X?),:

(X2)y = WIX? ) =

f X2 [2dx = f X2 () dx =

— 00

0 2 2
[t e (e 35 ) o155 -
— o \/ET[Z o \/_Tl.'_ o
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Uncertainty Relation for Gauss Wave Packet

waxz-ex —ip—ox—ﬁ - ex i@x—x—2 dx =
ovVr ) P AT 202 P\"n ™™ 202

1 foo 5 ( x2>d
— | x*-exp|—-=)dx=
oV ) oo P\" o2

We get:

o
(X%)y = >

@y = o)y - 02, ==

(AP)y(AX)y =
o 1
V2 V20 2

Calculating the position uncertainty by use of the momentum wave function
We calculate the expectation value of position operator (X)J, using the momentum wave function

P(p).

The uncertainty:

<I

We get the uncertainty relation:

P(p) = —exp T

Vo (_ a*(p —po)2>
n+h

Note: )(p) = " (p)
(X)g = (PIX[h) =;

Note: In the momentum representation the position operator X differentiates and we need to add the
factor ih:

e d
ih f ¥ () - Fp)dp =
.hf” Vo _*(-p)*\ d | Vo _ @ =P\, _
1 _wﬂ%\/ﬁexp h2 a n%\/ﬁexp TP p=

PP Y i et /) S Y DY il ol V0 | DO
1 P 2n2 ) ap|¥P 282 p

m2h "~
PP Y i Gt WY i ol VA Y i Gt Y A VP
N 2h? P 2h? n2 P
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Uncertainty Relation for Gauss Wave Packet
Lo (® a?(p —po)*\ (7% — po)
ih—— exp| — 5 2 dp =
=) h h
m2h

3 (o] 2 _ 2
ih ? f_ exp <— M) ((p — po))dp =;

TZh3 h?

Note: Shifting from p to p — p, doesn’t change the value of the integral.

P a2p?
~ih— f exp <— e )(p)dp =0
m2h3 =

We get:
X)y=0

We calculate (X2)¢ using the momentum wave function Y (p).

- Vo a%(p — po)?
Yp)=——exp|———F7—
1 2h
n‘h/ﬁ
(X5 = (BX 1) =
Note: In the momentum representation the position operator X differentiates and we need to add the
factor ifi squared:

©  dfa .
(ih)zf_ w*(p)%(%w(p)> dp =

w2 (O Yo ( Gz(p—po)z)d{d [ Vo ( az(p—po)zm _
- exp| —————— exp| ——————]|idp =

1 2 T dn |l 1 2
NI 2h dp (dp A 2h
_oh (® oxp (_ "2(p_p°)2>i{i[exp (_ GZ(P—p0)2>]}dp _
- B L =
73 - 2h? dp (dp 2h?
oh (% a’(p —po)*\ d o*@—p)*\ (L@ —PI\| . _
T PN\T T oz ) ap PP\ 2wz A2 p=
m2""®
o3 [ exp( az(p—Po)2> d {exp< az(p—Po)2> » p)} ip =
——1 —_— | —_— 0 — =
Y 262 Jdp 2h2

_o e (@ —p)’ 2@ —p)?\ (P —p)) .
7| exp e 7 =) (o —P)

hm2 7~
I B Gl VR
p th p -

a® [ a?(p—p0)*\ [ *(—po)\ o’ —po)*\ . _
_F exp\ — 72 T2 (Po —p) —exp Tz P =
27 ~*®
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Uncertainty Relation for Gauss Wave Packet

2 — 2 2 _
__J (_0 (phz Po) >_<_0 (phz Po))_(po )
Y

0.3 [e3) 0.2 _ 2
A exp(_ (P —Po) >dp:

2
hm2 - h
o° [ o?(p — o)’ o (¥ o?(p — o)’
- 1] exp <—TO> “(p —po)?dp +— exp <—TO> dp =
h3mz’- hmz /-

Note: Shifting from p — p, to p doesn’t change the value of the integral.

0.5 [} O.2p2 5 0.3 oo O'
~—= lf exp| — %) pfdp +— exp
h3m2-"- hmz -

)dp_

1 1
a® h3m2 od hm2
T + . —

3 1
h3mz 20 a2z ©
0_2+ , o2
—_—— o [ —
2 2
We get:
2
o
X? —
(X?)g =

We calculate the uncertainty:

@05 = o) — w0y = 7

Calculating the momentum uncertainty by use of the position wave function
We calculate the expectation value of momentum operator (P),, using the position wave function

().

1 2
Y(x) = T exp <— %) exp (ip—;x)

Voms
. 1 x? P
Yr(x) = \/En% exp <— F) exp (—lzox)
(P)y = (WIPlY) =

Note: In the position representation the momentum operator P differentiates and we need to add the
factor —ih:

7 d
—lhf_ool/) (x)av,b(x)dx =
x? Po \ d 1 x? Do
—lhf 1exp< 2>exp (—i—x)— —exp <——2> exp (i—x) dx =
oo\/_T[‘l' 20 h dx \/ETL’Z 20 h

—i Ooex —i ex (—i@x)i ex —ﬁ ex (i@x) dx =
oV ) p 202 p h/dx p 202 p h
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Uncertainty Relation for Gauss Wave Packet

[ (- 2_) exp (—i22) <exp (- 2_) (- ) exp (i22)
+exp <— ;722) exp (ip—;x) (i p—;)) dx =
] e (<)o (20) exp () (- e (12
e (~ ) exp (<i50x)exp (— 1) e (150) (1 2) =
I e (- e (- ) (- 2) 0 () e () () =
) (

ih [® ( x2
ovrl P\ o2

We get:

(Phy = Do

We calculate (Pz)wusing the position wave function 1 (x).

1 2
Y(x) = T exp <— %) exp (ip—;x)

Jora

1 2
P*(x) = \/En% exp <— ;7> exp (—ip—hox)

(P%)y = (WIP2Y) =;

Note: In the position representation the momentum operator P differentiates and we need to add the

factor —ih squared := —h?:
*© d(d
—H2 * — | — —
w | we dx(dx‘l’("))d"

® 1 x? po \ d|d 1 x? Do
_H2 _ ;&Y | _ i dx =
h f_oo (m%exp< 202) exp( ie x) |3 n}; exp( 53 | €XP (l 2 x) x

nZ [ x2 ( Do )d [ q
= _mexp 552 exp lhx x| 2x ex

h? [ x2 py \d|d po X
e exp|—z=-—i—x|—|—|expli—x—== ] ||dx =
oV )_o 202 A ) dx|dx h a2
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Uncertainty Relation for Gauss Wave Packet

OV J_x 20
We derivate:
2
d 0 x Do XN\
o\ e\ 22 (3 =5 ) =
x Po X\? x 1
exp l?x—z > ( 7 ?) exp l?x—zo_z ?_
0 x Po x\% 1 _
exp th—zz (lh_O'Z) 2
. Po x? Po® . 2xpy  x* 1 _
exp l?x_ﬁ h2 " he? gt g2)
. x? po? 1\ 2xp, 7
P VR T 202 )\ T\ h2 To2) T o T o4
We combine:

h? [ x? .Po d . Po x? Do X
—m _Ooexp —F—lgx E exp lzx—ﬁ (l?—?) dx =
n ooex —i—ip—ox ex i@x—i - p—02+i _l_2xp0+x_2 dx
p p h 202 hZz o2 ho? o*

oVt 202 h
% (® x? P’ 1 2xp,  x?
Sl ) e
hZ 0 x2 pOZ 1 hZ 0 x2 lzxpo
E _ooexp (-;) <?+§> dx +o'_\/E _Ooexp (-;) (l h0_2>dx
hZ o3} x2 x2
L3

We deal with the integrals separately.

First integral:
hZ oo x2 pOZ 1
m _oo exp (-;) (?-‘_F) dx =
hZ pOZ N 1 foo X2
ovE\ 2 ' a2)) exp o2
h? (pe® | 1 po® 1
—_ | —_ — hZ v | =
(32

hZ
Po” +?
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Uncertainty Relation for Gauss Wave Packet

Second integral:

Third integral:

1
__  ._.53 —
oS\m 2 om
hZ
202

We combine:

5 hZ 5 x2 pOZ 1 hZ o x2 .pr0
(P >¢:J\/E_[_wexp —F F-FF dx+o'_\/E_f exp —; (lm)dx

We get:

2
(P?)y = po® +

202
The uncertainty of momentum (AP);:

Py = [(P2), —(P)2, =

2
P02+h_—p02 = i
202 o2

The uncertainty relation:

(8 8Py = =~
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