Wave functions

Wave functions, operators and infinite dimensional Hilbert spaces.
Related information you may find at:
Griffiths, Chapter 3, Formalism

https://web.stanford.edu/class/rad226a/Lectures/Lecture4-2017-Quantum-Il.pdf

Tutorium Quantenmechanik, J.-M. Schwindt, Springer, ISBN 978-3-642-37791-4. (... written in
German...)

Related topics you find in the papers “Continuous functions as vectors” and “Discrete probability and
probability density” on this website.

Hope | can help you with learning quantum mechanics.
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Wave functions

Vector space
Let V be a vector space over the field C.

Let M be a set.

The set of functions F(M,V) = {f: M — V} will also represent a vector space over C. We call it space
of functions.

Note: Rc C
We are in search for position operator X and differentiation operator D.
The position operator X multiplies any function by x:

Xf(x) = xf(x)

The differentiation operator D differentiates any function with respect to x:

d
D =—
fx) il (x)
If we work with matrices as operators, we have the eigenvalue/eigenvector behavior:
Xf(x) = Af (%)
Df(x) = Af (x)
Note: f(x) should be a vector in this case.

Scalar product
In the space of functions, we define a dot-product.

Let f, g be functions:

(flg) = f £ g(rdx

Note: We work in one dimension only.
Note: f*(r) denotes complex conjugation.
Properties of the dot-product:

- antilinear in the first argument, (af + bg|h) = a*(f|h) + b*(g|h)
- linearin the second argument, (f|ag + bh) = a{f|g) + b{f|h)

- Hermitian, (flg) = (glf)"

- positive definite, (fIf)ZO,(flf)=0<—>|f)=6
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Wave functions

We check the properties:

Antilinear in the first
argument:

(af + bglh) =

f(a*f*(r) + b*g*(r))h(r)dx =

f FRr)dx + b f 5 (PR dx =

a*{flh) + b (glh)

Linear in the second
argument:

(flag + bh) =

f f*(r)(ag(r) + bh(r))dx =
ff*(r)ag(r)dx+ff*(r)bh(r)dx =

jf (r)g(r)dx+bf f*(Mh(r)dx =
a{flg) + b(flh)

Hermitian:

(flg)y={flg)" = (f"lg")" =

f £ g x| = f F(g* ()dx

*

f g @Ff@dx | = (glfy

X

Positive definite:

(fIf) = f £V (r)dx =

f F()I2d™x > 0
FO2=0 f(r) =0

From the dot-product we get a norm:

Quantum mechanics constraints to functions the integral over x remains finite, the so-called square-

IFll = f £ g(r)dx

integrable functions or L?-functions. For these functions holds the necessary condition:

Jm f(r) =0

What we have so far is a Hilbert vector space of square-integrable functions:

H =12(R,C)

D. Kriesell
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Wave functions

In this space are valid the Schwarz inequality and the triangle inequality:

KA1 < NIfI- gl
If +gll < IfIl+llgll

Orthonormal basis
Polynomials are good-natured functions that easily can be broken down to a sum of basis-functions:

P(x)=co x4 c - xt+ -+ cy-x™

Basis vectors are:

eo =x%e; =x'e, =x2, ...

Note: The basis-functions are called monomials.

Note: All polynomials are built from these basis functions.

Polynomials are not square-integrable functions:

[oe]

j P(x)dx = o
Note: with the exception of the zero polynomial.

X2
We use the exponential e” 2 to get the property “square-integrable”:

2

_x-
e 2 -P(x)
We get basis functions:
x2 x2 x2 x? .
eo(x)=¢e 2, e;(x)=e 2 -x, e,(x)=e 2 -x%,..,ei(x) =e 2 - x
These are linearly independent and can serve as a basis.
We will orthonormalize them via the Gram-Schmidt procedure.
Note: The Gram-Schmidt procedure you find e. g. in Wikipedia.
We start with ey:
2
by =ey(x) =e 2 - x°
We normalize:
(o] oo oo
~ - Xz _x? 2 1
(bo|bo) = J eo(x)eg(x)dx = f e 2e 2dx= f e **dx = [\m=n2
—0 —o0 —0o

We get our first normalized basis function:

e 2 1 x?
bO = ) =1 4e 2
T4
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Wave functions

Note: ||boll = y/{bo|bo) = 1.
Next one, basis-function two, by:

We orthogonalize:

b= e <b0|e1)b 5
1°= € — 73— bo
(bolbo)
v 12
_ X2 [ m % 2-e"Z xdx _1 x*
b1=e 2 ~x — 1 T 4e 2 =

(o)

_x? 1 2 x2 X

e 2 'x—m 2 fe‘x ‘xdxe 2 =e 2:x—0=
— 00

XZ
e 2 x
We normalize:
[ee] [ee]
~ = _x? _x? . 11 1 1
(b1|by1) = je 2 -xe 2 -xdx = fxze‘x dx = EnZ = E-n‘t
—o0 —o0
We get the second orthonormal basis function:
xZ
e 2 -x 1 x?
b1=—1=\/§7r ‘¢ 2 -x
11
i
Next one, basis function three, b,. We note that basis functions are normalized:
(bolbg) = (bq1]by) =1
We calculate:
b= e (bolez) <b1|6’2>b _
2+ = €3 — 0~ 1=
(bolbg) (b1]by)
ez — (bglez)by — (b1lez)by —
2 b 2 2 2 0 2 2 2
~ X 1 xt X7 1 x* _1 x7 X 1 x”
by:=e 2 -x?— fn 472 e 2x%dxm %e” 2 — f\/fn ie zx-e 2x%dx\2mde 2x =
—00 —o0

2 o 2 © 2
=, _1 —x2 2 X 1 x2 3 X
e 2 x“—m 2 e “x“dx-e 2 —2mw 2 e ‘x’dx-e 2 x=
—o0 —00
2

x? 11

X
e 2 -x:—1m Z-E-Jﬁ-e 2 —-0=
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Wave functions

We normalize:

¢ x2 1 x2 1 1
fe 2 (x2—§> e 2z (x2—§>dx= fe‘xz (xz—z) dx =
fx4e_x2dx— fxze_xzdx+— fe‘xzdx—

3 1 1 113—2+41 111
—_ R —_ — 4 [— = 4 |—
\/4\/_ 2\/E+4\/E i ’ 2 mt |

The third orthonormal basis function b,:

e_xz_z (x2 1) 1 x? 1
) -9 X
N i I N

= l\/i >
T4 5

Next one, basis function four, b;. We note that basis functions are normalized:

<b0|b0> = <b1|b1> = (b2|b2> =1
We calculate:
b, _tboles) (biles)  (bales) _
T Abolby) 0 (bylby) ' (bylby) ?
e3 — (boles)by — (b1les)by — (bzle3)b, —
- x_ v x x? 1 1 x2 x? 1 x2
bs: Zx f T e Txidxm e T — \/_n Te Txe 2x3dx\/_n e 2x

[0}

1 x? 1 x? 1 x? 1
- f V2nT4e" 2 - <x2 - E) e  2x3dx\2n e 2 - <x2 - E) =

x2

x? 1 2 4 _x
X x*dxe 2x

w
Q
K
(9]
[\
|
N
)
[\S]
|
8——3g
o
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Wave functions

_x? _13 _x?
e 2x3—2m ZZ\/Ee 2x =

X2, 3 X
2 — = 2 =
e X 26 X
2 3
7 (x3-2
e (X 2X>

We normalize:

r o x? 3 X 3 r 3 \2
fe 2 <x3——x) e 2 (x3——x>dx= fe‘xz (x3——x> dx =

[ee] [ee] 9 [ee]
jx6e_x2dx—3 jx4e_x2dx+z fxze_xzdxz

15 9 9 1/15-18+9
j?f‘ﬂ“gﬁ—”“j—s =

The fourth orthonormal basis function b;:

_x? 3
e 2 (x3—7x) 4 1 3
b; = = |=m%e 2 -<x3——x>

1J§ 3 2
T4 Z

Next one, basis function five, b,. We note that basis functions are normalized:

(bolbg) = {(b1|b1) = (ba|bs) = (b3|b3) =1

We calculate:

~ (boles) (b1|e4)b _(b2|e4)b _(b3|94)b _
L (bylby) ? (bslbs) °

=e, — -
YT (bolbe) " (bylby)
e3 — (bgles)by — (b1les)by — (byleq)by — (b3les)bs —

1 x? 2 1 x?

[o'e]
1o x2 X2 1 x? 1ox2 X2 1 X
m4e 2 e 2x*dxm %e 2——[\/271 1" 2x e 2x*dx\V2n T4 2 x

S
o~
I
ml
N|><N
=
o~
|
|
8 > 8

— 00

2

1 x 1 x? 1 x? 1
- f \V2n ie T2 - (xz - E) e Zx*dx\2nTde T2 - (x2 - E)

(|4 1 e ; 3 _x agy |2t X 0 3
— — 4 2 - —_— ' 2 — 4 2 - —_— =
f 37'[ e (X 2x> e X ax 37'[ e (X ZX)

[oe]
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Wave functions

xZ o0 xz o 2
e zxt—n2 fe_x x*dxe 2 —2n"2 fe x%dxe” 2 x
1 - ) 1 x? 1
ot et bt ()
i fe x¢—5xt)dxe x* =3
4 1 ° x2 3
—§n_7 fe‘xz (x7 ——xs)dxe_T-(x3 —§x> =

[oe] (o] (0]

e ! ) ! - ! ) 1

e 2 x4—n2fe‘xx“’dx—ZnZfe‘xxdx-x—ZHZIe‘x -<x6—§x4)dx
—oo —0o —0o

1 1 1

-2 Z(Ie L xbdx — = fe‘xz-x“dx) (xz—z)

4 af ¢ 4 3
——7 z(fe x x7dx—§ fe"‘z-xsdx) <x3—§x) =

x 13 1,15 13 1
2 4 _ _7—\/ — 0 - 2 —A\TT — ——1/ . 2——)— ) =
¢ (x & 4 m—0-2m (8 24 T[) ( 2 0

We normalize:

2 (.4 2, 3
2 — — =
e (x 3x +4)
oo 22 3 2 3 oo ] 2
fe 2 <x4—3x2+—> e 2 <x4—3x2+z>dx= fe‘x (x4—3x2+—> dx =
r 2 9 9
—x2 8 _ b a_ 22 _
fe (x 6x° +—x 2x 16)dx
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Wave functions

fe‘xz-dex—6 fe‘xz-x6dx+7 fe‘xz-x“dx—z fe‘xz-xzdx+ﬁ fe‘xzdx=

105 90 63 9 9 1105—-180+126—-36+9
J f‘ﬂﬂﬁf‘zﬁ*ﬁﬁ:’”J T:

16
% 24 % 3
™16~ "2
The fifth orthonormal basis function by:

_x? 3
e 2(x4—3x2+z) 2 1«2 3
b, = = |-m %e 2<x4‘—3x2+—)
1 f3 3 4
T4 Vi
Next and last one, basis function six, bs. We note that basis functions are normalized:

(bglbo) = (b1]b1) = (by|by) = (b3|b3) = (bs|bs) =1

We calculate:

_(b0|35)b _(b1|95)b _(b2|35)b _<b3|es)b _<b4|35)
(bolb) °  (bylby) ' (bylby) 2 (bslbs) > (bylby)

es — (bgles)by — (by|es)b; — (by|es)b, — (bs|es)bs — (bsles)by —

Es:zes b4 =

[ee] [ee]

B 2 1 x? x? 1 x? 1 x? x?

bs:=e"2x5— fn 1-e"2-e 2 -x%dx-m4-e 2 — f\/f-n 2.7 2x-e 2 x%dx-2
— 00 —00

1 2 2 1 2 x2
nd-e 2 -x— f\/E T 4-e 2 (x2—§> ez -x%dx V2 -mi-e 2
N [ |4 1 2 3\ 4 1 2
(xz—z)— f 37 1.2 <x3—§x)-e 2 - x5dx 37 1.7 2
3 r 2 1 x? 3 x2 2 1
3 __ — — 1T 4 _7( 4 _ 2 —)- 2 5 — 7T 4
(x 2x> f 3 T e X 3x +4 e x>dx 3 T
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Wave functions

We normalize:

é\)g

3
e %’ (x9 —3x7 + sz)

2 [o'e]

; fe‘xzx

1 _x?
-(x7—5x5 dx-e 2 -(xz

3 _x?
(xs——x6)dx e 2 -(x3
x2
dx-e 2

1r 4 1 .
2 fe_x2x6dxx——n_7f
3
15 4 _1/105 45
R L D
2 5 30 4(60)(3 3) B
¢\ T T 3\e/\" T2Y)) T
E 240( ; 3 ) B
e X 8X 48 X ZX =
_9;_2( . 30 240 3+30 )_
e X 8x 48X 4X =
R
2 —_ -
e (x x° + 4x)
_x 5
e 2<x5—5x3+rx) =

3
(x Ty

3 3
e ¥ (x8 —§x6) dx - (x3 — Ex)) =

. _;x))

é\g

I

—y2
ex-<x

65

75 225

10 — 10x8 +7x6 ——x* +—x2) dx

2 16
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Wave functions

r 75 [ 225 [

fe‘xz xlodx—10f 8dx+—f xﬁdx—7 fe‘xz-x4dx+ﬁ fe‘xz x2dx
945 105 6515 753 2251 945 1050 975 225 225
JE‘E— TG R W AR T NS J32 16 16 8 @ 32

4\/945 — 2100+ 1950 — 900 + 225
s
32

The sixth orthonormal basis function bs:

2

_x*
e 7 (x°

15

—5x3 4+ =—"x 4 1 x? 15
4 ) = |—n"Fe"Z (xS —5x3 + —x)
1 [15 15 4

7T4T

b5:

We rewrite the six normalized basis-functions and compare with the Hermite polynomials:

2

1 x H =1
bo(x) =m %e 2 0(x)
1 1 x2 Hl(x) = Zx
bi(x) = En_ze_T - 2X
1 1 Hy(x) = 4x%2 -2
b,(x) = g” T4e72 - (4x%2 - 2)
Hy(x) = 8x3 — 12x
bs(x) = 48 (8x —12x)

Hy(x) = 16x* — 48x% + 12

[UnN

by(x) = 384 e 2(16x —48x?% +12)

[ee}
.[;

Hg(x) = 32x° — 160x3 + 120x

1
bs(x) = ’ 0 e 2 (32x —160x3 + 120x)
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Wave functions

The orthonormal basis functions b; (x) correspond with the Hermite polynomials. The leading factors
are result of the normalization process. The dependency becomes clearer if we work with the
orthogonal, but not normalized basis functions b; (x):

Ho(x) =1 Eoze‘x?z-l
Hy(x) = 2x by =%e_x72'2x
Hy(x) = 4x%2 -2 b, = %e‘x?z(z}xz —-2)
Hy(x) = 8x3 — 12x By = %e—xz—z(&ﬁ —12%)
Ho(x) = 16x* — 48x2 + 12 5, = %e—§(16x4 _48x% +12)
Hs(x) = 32x° — 160x3 + 120x by = %e_xZ_z(?)ZxS — 160x3 + 120x)

We can build the orthogonal basis functions Bl- by help of the Hermite polynomials H;(x):

I R
bi = ;e  ZH;(x)

This way we can proceed and build an infinite basis of orthonormal functions of the vector space of
square-integrable polynomials without the recursive Gram-Schmidt process.

Transformation

We work with the orthogonal b;-basis. We have two basis-functions for the functions space, the e;-
basis and the orthogonal b;-basis:

x? ~ 2
eg(x) =e 2 bo(x) =e 2 -1
eg(x)=e 2 -x bl(x)=§e 2 - 2x
_x? _ 1 2
e,(x) =e 2 -x? bz(x)=ze 2 (4x% - 2)
x? _ 22
es(x)=e 2 -x3 by(x) = ge_7(8x3 —12x)
_x? - 1 X2
es(x)=e 2 -x* by(x) = ¢ ° (16x* — 48x2 + 12)
x? _ 22
es(x) =e 2 - x5 bs(x) = ﬁe_7(32x5 —160x3 + 120x)

We can express the b; basis in terms of the e; basis:

Eo(x) = e_xz_z = eo(x)
by (x) = e_xZ_2 x =e;(x)

2

~ x 1 1
by() = e 77 (¥ = 3) = e,(0) — 7 e0(0)
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Wave functions

- x? 3 3
b;(x)=e 2 <x3 — Ex) =e3(x) — Eel(x)
by(x) = e_xz_2 (x“’ —3x%+ %) = e,(x) — 3ey(x) + %eo(x)

_ _x? 15 15
bs(x) =e 2 (xs —5x3 + T) = es(x) — 5e3(x) +Tel(x)

Analog to finite vector spaces we can build a transformation matrix T that changes the components
of a vector b; into the components e;.

We build the transformation matrix T':

10 -2 o 32
2 8
01 0 -5 o D
| > 0 T
lo o 1 0o -3 o |
00 0 1 0 =5
00 0 0 1 0
o0 0 0 o0 1

We try:

—
(SN
(=)
|
N| =
(=)

S olw
[S=

e ©
_/

= eo(x)

N

o
SO O -
OO Rr O
[\S]
|
w
o
m—
OO OO O
OO OO O

0
\o 1
0 0 O 0 0

This works the same with the other basis vectors b ... bs.

We can express the e; basis in terms of the b; basis:
eo(x) = by(x)
e (x) = by (x)

- 1.
ey(x) = by(x) + Ebo(x)
- 3.
e3(x) = By () + 2 B ()
- - 9._
eq(x) = by(x) +3b,(x) + gbo(x)

- - 15 .
es(x) = bs(x) + 5b3(x) + - by (x)
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Wave functions

We build the transformation matrix 7~1:

1 0 ! 0 0 0
(10205 °)
0 1 0 > 0 15
T-1.= 2 4
0 01 0 3 O
0 0 01 0 5
\0 0 0 0 1 0/
0 0 0 0 0 1
We try:
1 9
/1 050 ¢ 0\ ) .
R IANA
T-1. 2 4 '0|:|0|:b
“Zlo o103 ollo 0 | = bo®
0 001 0 5 0 0
\0 0 0 0 1 0/ 0 0
0 000 0 1
This works the same with the other basis vectors e; ... es.
We check whether T - T~ gives the identity matrix:
1 3 1 9
/10—5050 105050\100000
3 15 3 15 /0 1 0 0 O 0\
010—507 0105072,00100(),
0 0 1 0 -3 0 0 01 0 3 O 0 001 0O
0 0 O 1 0 -5 0 001 0 5 0 000 1O
\000010/\000010/000001
0 0 O 0 0 1 0 000 0 1

Operator P
We examine the effect of the momentum operator P onto the b;-basis.

The momentum operator P differentiates.

The structure of the orthogonal basis functions:

d
56_7 ((—2x) - H;(x)) + (a (Hl-(x)))
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Wave functions

We remember: Hermite polynomials are polynomials.

Differentiating a polynomial delivers another polynomial.

The sum of two polynomials gives a polynomial.

Multiplying a polynomial by x gives a new polynomial.

Polynomials can be broken down into basis functions.

Result: By applying the operator P we will not leave the vector space.

We try:

P(El(x)) = :—x<e_xZ_2-x> = —e_xz_z(x2 -1) = —e_xTZ (xz —%—%) = —b,(x) +%Eo(x)
P(Ez(x)) = :—x<e_xz_2 (xz —%)) = <—x-e xz_2 (xz ——) +e 22 2x> =

_x? 3 3 _x? 3 3 3
e 2(—x4+5x2+3x2—§)=—e 2(x4—3x2—5x2+z+z)=
x? 3 x* /3 3
—e 2 (x*—3x2 —) _7<— 2——):
e (x 3x +4 +e 2X" 71

- 3.
—b,(x) + Ebz (x)

P (154(x)) = :—x<e‘x7. (x“’ _ 32 +Z)) — (—x . e—x—zz : <x4 32 4 Z) n e—x; (4x3 — 6x)> _

2

_x? 3 _x?
e 2 -(—x5+3x3—zx)+e 2 -(4x3—6x) | =
_x? 3 _x? 27
e 2<—x5+3x3—1x+4x3—6x)=e 2(—x5+7x3—7x>=
- 5 3 315 12 2 3, 15 S
e 2(—x + 5x° + 2x —Tx—Tx)=—e 2<x — 5x +Zx)+e 2(2x° —3x) =

—bg (x) + 2b3(x)
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Wave functions

We try to find a scheme:
P (bo(0)) = =b,(x)
- - 1.
P(Bi(0) = ~b,() + 5o (®)
P (b2(x)) = —b3(x) + by (x)
~ 3.
P(b3(x)) = —by(x) + Ebz(x)

P(by(x)) = —bs(x) + 2b3(x)

We get the matrix for the operator P:

0 ! 0 0 0
2
-1 0 1 0 0
0 1 0 3 0
2
0 0 -1 0 2
0 0 0 -1 0
0 0 0 0 -1

The structure of the matrix is simple. Below the diagonal we have entries —1. Above the diagonal we
have the sequence:

1234
2°2°2°2"
This corresponds to the position scheme:
i
= forj=i+1
a;;i = Z
Y -1 forj=i—-1
0 else

Operator X

We examine the effect of the position operator X onto the b;-basis.

The position operator X multiplies by x.
~ xZ
X (bo(x)) =x-e 2 =by(x)

_ I LY U AN 2 N NS 1.
X(bl(x))=x-e 2-x=e Z(x —§+E)=e Z(x ——)+—e 2 =b2(x)+zb0(x)

bs (x) + by (x)
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Wave functions

X(B3(x)) =x- (x3 —;x> = e_xz_2 : (x4 —§x2> =

2
x? 3 3 3 x? 3 x* /3 3
e_T-<x4—3x2+Z+§x2—Z) = 6_7-(x4—3x2+Z)+e_7-(zx2—z> =
3.
by(x) +§b3(x)
2 3 _x? 3
X(by(x)) =e™2 (x4 — 3x2 +Z) =e 2 (x5 —3x3 +Zx) =
_x2 15 12 _x? 15 x?
e 2 <x5—5x3+2x3+7x—7x) =e 2 (x5—5x3+Zx)+e 2 (2x3—3x) =

bs(x) + 2b3(x)

We get the matrix:

OO O R ON|K
RO N O O O

[N eNeBleol =
SO R O », O
O = ON| WO O

The structure of the matrix is simple. Below the diagonal we have entries 1. Above the diagonal we
have the sequence:

1234
2 ) 2 ) 2 ) 2 LA
This corresponds to the position scheme:
i
= forj=i+1
a;;i = 2
Y 1 forj=i-1
0 else

Summary

In the Hilbert space of square integrable modified polynomials we can express the process of
differentiation by a matrix operator. This space is countably infinite, so is the matrix. The structure of
the matrices is simple enough to express the coefficients by a position scheme.

The same holds for the process of multiplying a function by x.

For your convenience the normalizing factors:

f e dx = Vi

[oe] o8] (o8]

— 2 2 .2
j ex.xdxzf ex.x3dx:f e X . xSdx =.-=0
—o0 —0o0

— 00
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